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CHAPTER  1 
ELECTRONS  AND  QUANTA 

I.  The  Elementary  Electric  Charge 

Ions  in  solutions.  Since  the  time  of  Davy  and  Faraday  it  has 
been  known  that  atoms  and  molecules  (and  also  fragmenls  of 
molecules — radicals)  may  be  either  electrically  neutral  or  pos¬ 
sess  electric  charge,  positive  or  negative.  As  far  back  as  1807, 
Davy  came  to  the  correct  conclusion  that  electric  charges  can 
arise  in  the  chemical  interaction  of  molecules  (in  solution)  or 
can  be  imparted  to  particles  of  matter  when  the  latter  undergoes 
chemical  decomposition  by  electric  current.  In  1834  Faraday 
expressed  the  view  that  the  electric  conduction  of  solutions  is 
due  to  the  motion  of  these  charged  particles  (which  he  called 
ions)  in  an  electric  field.  Faraday  distinguished  between  positive¬ 
ly  charged  ions,  or  cations,  and  negatively  charged  ions,  anions. 

The  laws  of  electrolysis  discovered  by  Faraday  provided  the 
first  experimental  proof  of  the  existence  of  an  elementary  electric 
charge,  which  was  formulated  most  explicitly  by  Helmholtz  in 
1881  in  his  Faraday  address:  “If  we  accept  the  existence  of  atoms 
of  elements,  we  cannot  avoid  the  further  corollary  that  electri¬ 
city  too — both  positive  and  negative — is  divided  into  definite 
elementary  quantities,  which  behave  like  atoms  of  electricity.” 

The  magnitude  of  this  elementary  quantity  of  electricity,  or 
elementary  charge,  could  be  obtained  from  Faraday’s  laws.  In 
accordance  with  these  laws,  the  passage  of  a  certain  quantity 
of  electricity  through  an  electrolyte  always  causes  the  deposition, 
on  the  electrodes,  of  a  strictly  definite  amount  of  the  given  ele¬ 
ment,  different  elements  being  deposited  in  amounts  proportional 
to  their  electrochemical  equivalents,  that  is,  their  atomic  weights 
A  divided  by  the  valence  of  the  given  element  V.  Thus,  I  coul 
of  electricity  deposits  from  a  solution  of  silver  nitrate  q  = 
=  1.118  mg  (milligrams)  of  silver,  from  a  solution  of  cupric  salt 
0.3292  mg  of  copper,  and  from  a  solution  of  ferric  salt  0.1930  mg 
of  iron.  The  electrochemical  equivalents  of  these  metals  are 
107.88,  31.77,  and  18.62,  respectively.  Dividing  the  electro- 
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cliemic-'l  eciiiivalent  of  a  given  element  by  the  appropriate  value 
ot  u  we  obtain  the  Faraday  constant  F;  this  is  the  number  of 
coulombs  of  electricity  that  deposits  a  quantity  of  grams  of 
the  given  element  whicfi  is  numerically  equal  to  its  electrochemical 
equivalent: 

F  =  96.500  coul. 

N 

Since  in  this  number  of  grams  there  are  ^  atoms  of  the  given 

metal  (N,\  is  the  Avogadro  number,  which  is  6.02X10”  atorns 
per  gram  atom),  by  dividing  the  Faraday  constant  (expressed  in 

absolute  electrostatic  units)  by  the  number  of  atoms  we  ob¬ 
tain  the  following  expression  lor  the  charge  of  a  single  ion: 

Q  =  vf^.  (1.1) 

From  this  formula  it  follows  that  the  charge  of  an  ion  is  an 
integral  multiyte  (V-multiple)  of  a  certain  minimum  {elementary) 
charge: 

e  =  ^^  =  4.82xI0-'“  CGSE. 

Na 

Thus,  the  charge  of  an  ion  of  silver  Ag'^  is  equal  to  e,  that  of 
an  ion  of  biva'ent  copper  Cu**,  2e,  and  of  an  ion  of  trivalent 
iron  Fe'^'^'^,  3e. 

Ions  in  gases.  Afeasurements  of  ion  charges  in  gases  have  shown 
that  in  this  case  also  the  charge  of  the  ion  is  an  integral  mul¬ 
tiple  of  the  eleme.ntary  charge  e  which  has  the  value  given  above. 
We  shall  pass  over  earlier  attempts  at  an  experimental  deter¬ 
mination  of  the  charge  of  a  gaseous  ion  by  various  workers  and 
touch  only  on  the  experiments  of  Millikan  (1910-16),  in  which 
the  procedures  of  earlier  investigators  were  considerably  refined. 
In  his  first  experiments.  Millikan  measured  the  rate  of  fall,  in 
air,  of  individual  water  droplets  formed  through  the  condensation 
of  supersaturated  vapour  on  gaseous  ions  The  presence  of  an 
electric  charge  Q  on  a  liquid  drop  could  be  established  by  the 
change  in  rate  of  fall  (or  by  change  in  the  sign  of  the  velocity) 
when  an  electric  field  was  switched  on.  By  appropriate  choice 
of  the  magnitude  of  the  field  intensity  E,  it  was  possible  to  stop 
the  drop  in  its  fall  when  the  electric  force  QE  balanced  the 
force  of  gravity,  i.e.,  the  weight  of  the  drop  mg  (m  is  the  mass 
of  the  drop  and  g  is  the  acceleration  of  gravity). 

Assuming  that  the  Stokes  law  holds  for  a  freely  falling  drop 
(in  the  absence  of  an  electric  field),  we  have 

mg  =  6nqrv  (1.2)- 
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where  r\  is  the  viscosity  factor  of  air,  r  is  the  radius  of  the 
drop,  and  v  is  its  rate  of  fall.  In  the  case  of  a  stationary  drop. 

mg=:QE.  (1.3) 

Taking  into  account  that  m  =  yJir*Q  (q  is  the  density  of  the 

drop)  and  eliminating  r  from  equations  (1.2)  and  (1.3),  we  see 
that  simultaneous  solution  of  these  equations  gives 

Q=9K^ir"(ge)-''=^ .  (1.4) 

Thus,  by  measuring  the  speed  of  a  freely  falling  drop  v  and  the 
intensity  of  the  balancing  field  E,  it  was  possible  to  determine 
the  charge  of  the  drop  with  the  aid  of  q  and  q,  which  are  found 
from  equation  (1.4).  By  such  measurements  Millikan  found  that  the 
charge  of  the  drop  and,  hence,  the  charge  of  a  gaseous  ion  (just 
as  in  the  case  of  ions  in  solutions)  is  a  magnitude  which  is  a 
muUiple  of  a  certain  minimum  quantity  e  and  which  came  out 
equal  to  e  =  4.70x  10“'"  CGSE;  in  other  words,  it  coincided, 
within  the  limits  of  experimental  error,  with  the  elementary 
charge  of  an  ion  in  solution. 

In  subsequent  experiments,  Atillikan  used  droplets  of  oil.  Be¬ 
sides,  he  introduced  a  correction  for  the  Stokes  law,  which  lakes 
into  account  the  effect  of  Brownian  motion  on  the  frictional 
force  experienced  by  a  falling  droplet.  The  experiments  were 
conducted  at  different  air  pressure.  The  elementary  ionic  charge 
obtained  in  these  experiments  was  e  =  4.774  x  lO"*”  CGSE.  The 
presently  accepted  value  of  the  elementary  electric  charge  is 

e  =  (4.80217±0.0000(i)x  10-’»  CGSE. 

We  may  add  that,  applying  a  method  similar  to  Millikan’s, 
Ioffe,  in  1912,  measured  the  charge  acquired  by  metal  dust  par¬ 
ticles  (suspended  in  air)  through  irradiation  with  ultraviolet 
light  (photoelectric  effect).  In  this  case,  too,  the  charge  of  a 
dust  particle  is  an  integral  multiple  of  the  elementary  charge. 


2.  Specific  Charge  and  Mass  of  an  Electron 

Cathode  rays.  Numerous  investigations  of  ions  in  various  gases, 
show  that  the  positive  ions  always  have  a  mass  comparable 
with  the  mass  of  the  atoms  and  molecules  of  the  given  gas.  In 
other  words,  these  ions  are  positively  charged  gas  molecules  or 
fragments  of  molecules.  In  addition  to  ions  with  masses  com-: 
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|inr;ilili‘  with  those  of  molecules  and  atoms,  at  low  pressures 
there  are  ohserved  negatively  charged  particles  of  mass  thousands 
of  times  less  than  iliat  of  an  atom.  The  e.xistence  of  these 
particles,  called  is  evident  from  investigations  of  the 

so-called  cathode  rays,  which  are  observed  in  electric  discharges 
in  gases  at  low  pressures.  One  of  the  features  of  an  electric 
discharge  arising  in  a  gas  at  pressures  of  several  millimetres  of 
mercurv  or  less  and  at  potential  differences  of  thousands  and 
tens  of  thousands  of  volts  is  luminescence  of  the  gas,  which  is 
particularly  intense  near  the  cathode  (negative  luminescence). 
Ateasurements  of  the  distribution  of  potential  along  the  path  of 
the  discharge  show  that  the  potential  drop  (and,  consequently, 
the  electric  force)  is  particularly  great  also  near  the  cathode 
(cathode  potential  drop),  where  it  can  attain  many  hundreds  of 
volts  per  centimetre  (V  cm).  When  the  gas  pressure  is  reduced 
to  hundredths  of  a  millimetre  of  mercury  and  less,  the  negative 
glow  (and  also  the  glow  in  the  remaining  part  of  the  discharge 
tube,  which  is  called  positive)  disappears;  in  its  place  there 
appears  a  faintly  luminescent  beam  from  the  cathode  along  the 
axis  of  the  di.scharge  tube — the  cathode  beam.  Numerous  exper¬ 
iments  showed  that  this  beam  is  actually  a  stream  of  negative¬ 
ly  charged  particles.  It  was  likewise  established  that  these 
parti  les  are  emitted  by  the  surface  of  the  metallic  cathode  as 
a  result  of  its  bombardment  with  positive  ions  that  acquired 
high  energies  in  the  region  of  the  cathode  potential  drop. 

Specific  electron.c  charge.  Atany  scientists  measured  the  deflec¬ 
tion  of  cathode  rays  in  electric  and  magnetic  fields  and  determined 
the  specific  charge  of  the  particles  of  the  cathode  beam  (electrons), 
i.e.,  the  ratio  of  the  charge  of  the  electron  to  its  mass.  In  the 
very  first  experiments.  J.  J.  Thomson  (1897)  established  that 
the  magnitude  of  the  specific  charge  is  independent  of  the  ma¬ 
terial  of  the  cathode  and  of  the  nature  of  the  gas  in  the  zone 
of  discharge  and  that,  consequently,  the  electron  is  some  uni¬ 
versal  elementary  particle  which  is  a  component  of  the  atoms 
of  all  elements.  In  these  experiments,  it  was  also  found  that 
the  quantity  e/m  (e  is  the  absolute  magnitude  of  the  electronic 
charge,  m  is  the  electron  mass)  is  about  10’  CGSE.  We  shall 
not  dwell  on  the  peculiarities  of  various  methods  used  to  deter¬ 
mine  the  specific  electronic  charge;  by  way  of  illustration,  we 
take  the  Kaufmann  method,  which  is  the  most  precise. 


The  term  "electron  was  proposed  by  Stoney  in  1891  to  designate  an  ele¬ 
mentary  electric  charge  of  any  sign.  Later  the  name  electron  was  given  to  a 
negatively  charged  particle  ol  a  definite  (smalt)  mass  (see  below).  In  1932.  the 
positively  charged  counterpart— positron— was  discovered.  ' 
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In  Kaufmann' s  experiments,  the  cathode  beam  accelerated  hy 
the  electric  field  of  a  discharge  tube  tdirection  .x)  entered  a 
transverse  magnetic  field  (direction  y).  According  to  (he  Kiot- 
Savart  law,  each  electron  in  the  magnetic  field  is  subjected  to 
a  force  evH  (where  v  is  the  speed  of  the  electron  and  H  is  the 
magnetic-field  intensity)  which  is  normal  to  the  direction  of 
motion  of  the  electrons  and  which  deflects  the  cathode  beam 
from  its  original  direction  (x).  For  small  angles  ol  deflection, 
the  direction  of  magnetic  force  may  be  considered  perpendicular 
to  X  (direction  z),  whence  it  follows  that 


Taking  into  account  (hat  v  =  v,=  ^  and  integrating  the  fore¬ 
going  equation,  we  get 

0  0 

where  t  is  the  path  length  of  the  cathode  beam  in  the  magnetic 
field.  On  the  basis  of 


V  =  eV, 


where  V  is  the  potential  dilTerence  that  accelerates  the  electrons, 
we  obtain  from  the  foregoing  equation  the  following  expression 
for  the  specific  electronic  charge: 


e  2z'V 

m  /  ^  *  \** 

(J  dx  J'Hdx) 


(2.1) 


Measuring  the  quantities  of  equation  (2.1),  we  obtain  the  specific 

electronic  charge According  to  Kaufmann,  -^=1.8x10’  CGSE. 

This  value  is  sufficiently  close  to  the  subsequently  obtained  and 
more  precise  value 

=(1.758896  ±0.000028)  X  10’  CGSE. 


Electronic  mass.  From  this  value  of  the  specific  electronic 
charge  and  the  quantity  e  (p.  9).  we  obtain  for  the  mass  of  the 
electron; 

m  =  (0.9l0710±0.000022)x  10-”  g. 

This  is  the  so-called  rest  mass,  the  mass  of  a  stationary  electron 
or  an  electron  moving  with  a  velocity  negligibly  small  in  coin- 
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piirison  to  the  velocity  of  liftht.  *  We  denote  the  rest  mass  by 
in,  and  the  mass  of  a  moving  electron  by  m;  there  is  a  definite 
relationship  between  these  two  masses.  From  the  concept  of  an 
electron  contracting  in  the  direction  of  motion  (Lorentz)  and 
also  from  relativity  theory  (Einstein)  we  obtain  the  following 
expression  for  this  relationship: 


where  (5  =  —  is  the  ratio  of  electron  velocity  to  the  velocity  of 
light. 

The  rest  mass  of  an  electron  is  appro.ximately  2000  times  less 
than  that  of  an  atom  of  hydrogen.  The  precise  value  of  the  ratio 
of  the  mass  of  an  H  atom,  mu,  to  the  rest  mass  of  an  electron, 
m„.  is  obtained  from  the  mass  of  the  H  atom, 

mH  =  (l-673059±  0.000080)x  I0-”  g, 
and  from  the  rest  mass  of  the  electron  given  above; 

mH:m„=  1837.093  +  0.044. 

To  summarise,  the  specific  charge  of  an  atomic  ion  of  hydrogen 
(proton)  is  approximately  2000  times  less  than  the  specific  elec¬ 
tronic  charge.  The  specific  charge  of  all  other  ions  is  over 
2000  times  less  than  the  specific  electronic  charge. 


3.  Thermionic  emission 

Thermionic  current  as  a  function  of  applied  potential  difference. 
It  has  been  pointed  out  above  that  cathode  rays  arise  as  a  result 
of  electron  emission  by  metals  under  bombardment  of  the  metal 
surface  with  last  ions.  In  the  above-mentioned  experiments  car¬ 
ried  out  by  lolTe,  metallic  dust  particles  emitted  electrons  (and 
were  charged  positively  in  the  process)  when  illuminated  with 
ultraviolet  light.  It  will  be  noted  that  the  first  precise  measure¬ 
ments  of  the  specific  charge  of  photoelectrons  were  made  in 
experiments  carried  out  by  Kaufmann  who  obtained  e/m  =  1.8x 
X  10’  CGSE.  Kaufmann  likewise  found  the  mass  of  the  photo¬ 
electron  to  be  a  function  of  its  velocity. 

Metals  are  also  capable  of  emitting  electrons  when  heated. 
By  placing  two  electrodes,  one  hot  and  one  cold,  in  an  evacuated 


•  The  velocity  of  light  in  vacuo  is  c  =  299,790.0  0.7  km/sec,  or  approximately 

3  X  lO'"  cm/sec.  .  , 
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vessel  and  applying  a  potential  diflerence  between  them,  it  is 
possible  to  measure  the  emission  current  from  the  heated  elec¬ 
trode  and  also  to  convince  onesell  that  this  current  is  percep¬ 
tible  only  when  the  hot  electrode  is  at  a  negative  potential 
(relative  to  the  cold  one),  in  other  words,  that  the  emission 
current  is  due  to  the  ejection  of  negatively  charged  particles  by 
the  hot  metal.  A  study  of  the  emission  current  as  a  function 
of  the  potential  difference 
permits  determining  the 
specific  charge  of  these  par¬ 
ticles,  which  appears  to 
coincide  with  the  specific 
electronic  charge. 

An  experimentally  de¬ 
rived  graph  of  the  emission 
current  versus  applied  po¬ 
tential  difference  is  given 
in  Fig.  1.  It  will  be  seen 
that  the  current  at  first 
increases  with  the  poten¬ 
tial  diflerence  faster  than 
by  the  law  of  direct  pro¬ 
portionality;  then,  at  a 
certain  potential  diflerence,  it  reaches  saturation,  i.e.,  it  ceases 
to  be  a  function  of  V.  This  shape  of  the  I  vs.  V  curve  may  be 
explained  as  follows.  The  initial  current  increase  is  due  to  the 
fact  that  as  V  increases,  more  and  more  electrons  emitted  by 
the  cathode  reach  the  anode.  The  remaining  electrons  are  returned 
to  the  cathode  by  the  space  charge  near  the  cathode;  and  the 
lower  V  is,  the  greater  the  density  of  the  spaee  charge.  At  a 
certain  potential  difference  the  space  charge  disappears  since  all 
the  electrons  emitted  by  the  cathode  reach  the  anode.  Obviously, 
if  the  temperature  of  the  cathode  remains  constant,  further  rise 
in  potential  difference  cannot  increase  the  current  because  the 
number  of  emitted  electrons  is  determined  by  the  temperature 
(see  below);  for  a  consfant  temperature,  it  determines  the  ob¬ 
served  maximum  emission  current  (saturation  current).  If  the 
temperature  of  the  cathode  is  increased  (at  a  constant  potential 
difference)  the  saturation  current  rises. 

For  the  ascending  portion  of  the  1  vs.  V  curve  in  Fig.  1,  the 
current  I  as  a  function  of  potential  difference  V  may  be  given 
by  a  theoretical  formula  obtained  on  the  basis  of  the  foregoing 
reasoning  and  properly  reflecting  the  1-V  relationship.  Consider¬ 
ing  a  one-dimensional  problem,  i.e.,  taking  both  electrodes  to 
be  parallel  planes,  we  shall  have  the  following  differential  equa- 
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tioii  for  a  potential  at  a  certain  point  at  a  distance  x  from  the 
cathode.  Vx  ^ 


(Poisson  equation),  where  y  is  the  density  of  the  space  charge 
at  point  x;  it  is  connected  with  the  density  of  the  emission  cur¬ 
rent  by  the  following  relation: 


i=ev. 


Here,  the  electron  velocity  v  at  point 
terms  of  the  potential  V,: 


X  may  be  expressed  in 


or  V  =  |/  2  ^  V,  (e  and  m  are  the  charge  and  mass  of  the  elec¬ 
tron).  Substituting  this  expression  into  the  differential  equation 
lor  V,,  we  obtain 


<fV, 

dx*  “ 


—  4ni 


l/li!!  J= 

y  2  e  v'V.  ■ 


Integrating  this  equation  for  the  boundary  conditions  V.  =  0 
and  S^  =  0  at  x  =  0  (cathode)  and  V,  =  V  at  x  =  d  (anode)  and 
solving  the  expression  obtained  for  i,  we  find 


i=^  l/ 
9n  V 


5.  Yl* 

m  d* 


(3.1) 


In  (he  case  of  a  cylindrical  design,  when  (he  cathode  is  a  wire  and  the  anode 
a  cylinder  of  radius  r  (the  cathode  is  situated  on  (he  axis  of  the  cylinder), 
solution  of  the  differential  equation  for  (he  potential  leads  to  the  following  for* 
mula: 


21^2 


y  m  rfl* 


where  p  =  + 


(a  is  the  radius  ot  the  wire). 


(3.2) 


It  will  be  seen  that  in  both  cases  the  emission  current,  for  a 
given  potential  difference,  is  proportional  to  this  enables 

us.  by  measuring  the  magnitude  of  i  for  various  V.  to  determine 
the  specific  electronic  charge  .  As  a  result  of  measurements 
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of  this  kind,  t.angmuir  obtained  the  value  —  =  1.775x10’  elec- 
tromagnetic  units  (emu),  which  is  very  close  to  the  subsequently 
obtained  more  precise  value  (see  p.  11). 

Richardson's  equation.  According  to  equations  (3.1)  and  (3.2), 
the  emission  current  increases  w'ith  the  potential  dilTerence  as 
V' .'.  As  has  already  been  pointed  out,  this  rise  ceases  when  all 
the  electrons  emitted  by  the  hot  cathode  reach  the  anode.  The 
emission  current  can  then  be  computed  as  follows.  Assuming  the 
number  of  "free"  electrons  in  each  cubic  centimetre  of  metal 
(conduction  electrons)  to  be  n  and  taking  the  ,^^a.^;wcllian  distri¬ 
bution  of  electron  velocities  for  the  portion  of  electrons  the 
velocities  of  which  along  the  a.xis  x,  perpendicular  to  the  surface 
of  the  cathode,  are  contained  between  x  and  x  d.x,  we  will 
have 


dn. 


mx> 

"IFr  j- 


+  CO 

J  e 


Due  to  the  electron-retarding  field  on  the  surface  of  the  metal, 
only  those  electrons  moving  in  the  positive  direction  of  the  x 
axis  will  be  emitted  whose  energies  exceed  a  certain  value  e(p, 
which  is  ihe  u!ork  function  lor  the  removal  of  an  electron  from  the 
metal  and  is  characterised  by  the  contact  potential  of  the  given 
metal  <p.  Thus,  for  the  density  of  the  saturation  current  at  a 
certain  temperature  T  we  have 

i=e|idn.  . 

«• 

where  x,  is  the  minimum  velocity  at  which  electron  emission  is 
still  possible;  it  is  determined  by  the  condition 

mx,* 

—  =  e(p. 

Substituting  dn-  into  the  expression  for  i  and  performing  inte¬ 
gration.  we  obtain  the  following  expression  for  the  density  of 
the  saturation  current: 


‘-"/S' 


(3.31 


Equation  (3.3)  is  called  Richardson’s  equation. 
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Experiments  carried  out  by  Richardson  and  other  workers 
showed  that  this  equation  gives  a  correct  description  of  the  satura¬ 
tion  current  as  a  function  of  temperature.  For  instance,  in  a 
graphical  representation  of  In  :p!=  as  a  function  of  -If  we  obtain 

a  straight  line  corresponding  to  equation  (3.3);  whence  follows 
the  constancy  of  <p  (for  the  given  metal).  At  the  same  time, 
experiments  show  that  the  values  of  “free"-electron  density  in 
tile  metal  as  computed  from  the  pre-exponential  factor  in  equation 
(3  3)  do  not  accord  with  the  conventional  concepts  of  identity 
of  the  number  of  “free"  and  valence  electrons  of  a  given  metal. 
Thus,  for  example,  for  a  tungsten  cathode  Richardson  obtained 
n^  =  9.9xl0’'’  electrons  per  cm’  (for  tungsten,  Richardson  found 
<p'=  4.25  V).  Yet,  when  computing  the  number  of  atoms  of  tung¬ 
sten  in  one  cubic  centimetre  of  metal  from  the  formula 

n„  =  NA-|-  (3.4) 

(e  is  the  density  of  tungsten  equal  to  19.1,  A  is  its  atomic 
weight,  184.0),  we  find  nj,  =  6.24xl0”  atoms  per  cm’,  which  is 
some  60  limes  that  of  n^.  Without  going  into  the  reasons  for 
this  discrepancy,  let  it  be  noted  that  it  precludes  any  possibility 
of  directly  determining  the  electronic  charge  on  the  basis  of 
Richardson’s  equation  (3.3). 

Field-induced  electron  emission.  The  electronic  charge  may  be 
obtained  from  data  on  the  ejection  of  electrons  from  metal  by 
an  electric  field.  Sufficiently  strong  electric  fields  give  rise  to  a 
number  of  phenomena  (unipolar  conduction  of  plate-point  contact, 
vacuum  breakdown)  which  are  due  to  field-induced  electron  emis¬ 
sion.  Increased  thermionic  emission  is  likewise  observed  in  strong 
electric  fields.  As  was  shown  by  Schottky,  when  the  electric  field 
is  sufficiently  strong,  the  Richardson  equation  for  saturation 
current  (3.3),  which  we  shall  rewrite  in  the  following  simplified 
form 

eg 

i  =  i.e“>‘’',  (3.3’, 

converts  to  the  following  equation: 

•  =  i.e  .  (3.5) 

where  E  is  the  electric-field  gradient. 

From  Schottky ’s  equation  it  follows  that  at  constant  tempera¬ 
ture  the  quantity  In  (i/i  J  must  be  a  linear  function  of  the  square 
root  of  the  field  gradient;  the  slope  tangent  of  the  straight  line 


In  (i  i„),  V  E  must  be  equal  toe’  =,kT.  This  regularity  was  cor¬ 
roborated  by  the  experiments  of  Bruins  carried  out  at  high 
temperatures  (1580' K  and  above)  with  a  tungsten  cathode  in  the 
form  of  a  0.02-mm-thick  wire.  Bruins’  data  for  the  electronic 
charge  give  e  =  4. 84x10"'"  CGSE,  which,  within  experimental 
error,  coincides  with  the  later  obtained  precise  value  (see  p.  9). 


4.  Black-Body  Radiation 

The  laws  of  thermal  radiation.  In  1859,  KirchhofT  demonstrated 
thermodynamically  that  at  a  constant  temperature  the  quantity 
of  radiant  energy  within  a  certain  closed  cavity  and  representing 
a  spectral  interval  from  X  to  X  +  dX,  is  independent  of  the  walls 
of  the  cavity.  Denoting  the  spectral  density  of  this  universal 
radiation,  called  black-body  radiation,  by  p,  (the  quantity  of  ra¬ 
diant  energy  of  wavelength  X  in  unit  volume),  Kirchhoff's  law. 
which  expresses  this  properly  of  ideal  black-body  radiation,  may 
be  written  as 

Q,dX=F(X,T)dX,  (4.1) 

where  F(X,  T)  is  a  certain  universal  function  of  the  wavelength 
and  temperature. 

This  function  was  later  (1893)  specified  by  Wien.  On  the 
basis  of  thermodynamics  and  the  electromagnetic  theory  of  light 
he  obtained  the  following  expression  for  the  spectral  density  of 
ideal  black-body  radiation: 

e.  =  X-M(XT)  (4.2) 

{Wien’s  law).  In  accordance  with  the  experimental  fact  that  at 
each  given  temperature  the  density  of  thermal  radiation  (which 
always,  to  a  greater  or  lesser  degree,  approaches  black-body  ra¬ 
diation)  has  a  maximum  at  a  specific  wavelength  X„„,  from  (4.2) 
we  obtain  an  unambiguous  relationship  between  X  and  T. 

Indeed,  from  the  condition  of  the  maximum  of  ei^^  =  0^we 
find  5f(X„„T)  =  X„„xTf'(X..,„T),  whence  it  follows  that 

X„„T  =  const.  (4,3) 

This  relationship,  which  expresses  Wien’s  displacement  law.  was 
obtained  independently  in  that  same  year  of  1893  by  Golitsyn. 

From  Wien’s  law  (4.2)  there  also  follows  another  important 
law  that  expresses  the  dependence  of  the  total  density  of 
black-body  radiation  upon  its  temperature.  This  law  was  earlier 
established  experimentally  by  Stefan  (1879)  and  theoretically 
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by  lioltziiiann  (1884)  and  is  called  the  Slefan-Bolizniann  law. 
Coinpntind  the  total  density  of  radiation. 

ii  =  (  g,d>.=  \?.-'r(X.T)d>.. 

«  0 

we  obtain  the  Stefan-Boltzinann  law  in  the  form 

u  =  oT‘  (4.4) 

where 

0  =  1^4^  and  s  =  ?.T. 

0 

The  spectral  density  of  black-body  radiation  inside  a  certain 
closed  cavity  may  be  computed  in  yet  another  way.  Since  in 
this  case  we  are  speaking  of  the  energy  of  an  electromagnetic 
field  within  the  cavity  under  consideration,  which  field  (on  the 
assumption  that  the  walls  of  the  cavity  are  ideal  reflectors  of 
light)  may  be  represented  as  a  system  of  standing  electromagnetic 
waves,  the  energy  of  this  system  may  be  computed  as  the  prod¬ 
uct  of  the  number  of  degrees  of  fieedom  of  the  system  by  the 
mean  energy  of  one  degree  of  freedom.  Assuming  the  number  of 
degrees  of  freedom  (this  number  is  equal  to  that  of  the  natural 
oscillations  of  the  system)  over  the  range  of  wavelengths  from 
X  to  X-(-d).  to  be  proportional  to  the  volume  of  the  cavity  V 
and  to  the  magnitude  of  this  range.  (p(X)VdX.  we  must,  for 
reasons  of  dimensionality  (in  view  of  the  fact  that  the  number 
of  degrees  of  freedom  is  a  dimensionless  quantity),  set  the 
(unction  q)(X)  proportional  to  Since  a  precise  computation 

yields  <pX  =  ^  .  for  the  number  of  degrees  of  freedom  we  shall  have 
<p(X)  VdX  =  8nV>.-*dX. 

FurBier.  designating  the  mean  energy  of  one  degree  of  freedom 
by  e.  we  get 

QiidX  =  8nX  ■  *edX  (4.5) 

or.  passing  from  X  to  v  and  noting  that  g,dX  =  — g^dv.  v  —  y 
and  dX  =  — dv  (where  c  is  the  velocity  of  light),  we  find 

g,dv  =  8n^edv.  (4,6) 

Identifying  each  degree  of  freedom  of  the  system  with  some 
oscillator  and  taking  the  energy  distribution  between  the  oscil- 


lators  to  obey  the  Boltzmann  law,  we  have,  for  tlie  portion  of 
oscillators  possessing  energy  f. 


K  (I  I 
N 


(•I  7) 


(N  is  the  total  number  of  oscillators),  whence,  for  the  mean 
energy  per  oscillator,  we  obtain 


^  fN  (t )  (le 


^  N  (f)  (It 


J’fc  ‘‘'.Ir 

J.  C 

\  r  'Tfde 


=  kT, 


(4.8) 


Substituting  f  =  l<T  into  (4.5),  we  find 

e,  =8n)v''kT,  (4.9) 

Equation  (4.9)  is  called  the /7o///f(g/i-/cans  cquot/on  and  is  readily 
seen  to  be  a  particular  expression  of  Wien’s  law  (4.2)  that  is 
obtained  from  the  latter  when  f(XT)  =  8nkXT. 

According  to  this  equation,  (he  dependence  of  the  spectral 
ilensity  of  black-body 
radiation  upon  thewave- 
length  should  be  ex¬ 
pressed  by  a  function 
that  monotonically  in¬ 
creases  with  diminishing 
wavelength  (as  I  X‘)  and 
lends  to  oc  when  X — -  0. 

This  relationship  be¬ 
tween  e,  and  X  is  in  sharp 
contradiction  with  ex¬ 
periment  (particularly 
in  the  region  of  medium 
and  short  wavelengths). 

As  has  been  noted,  in 
actuality,  at  a  certain 
wavelength  X„„„,e,  pass¬ 
es  through  a  maximum; 
as  X  decreases  further, 

Q,  diminishes  and  ap¬ 
proaches  zero  when  X  — 0.  The  variation  of  q,  with  wavelength 
according  to  Rayleigh-Jeans  and  the  experimentally  observed 
relationship  between  and  X  are  given  in.  Fig.  2.  where  the 


0 

Igi 


Fig.  2.  The  spectral  detisity  ol  black-body  ra¬ 
diation  qX  (which  is  proportional  to  y)  versus 
the  wavelength  (which  is  inversely  proportional 
to  X).  The  straight  line  is  log  (rX  as  a  function 
of  l/X  (after  Rayleigh-Jeans) 
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vertical  axis  is  t!ie  logarithm  of  y,  which  is  proportional  to  q,. 
and  the  horizontal  axis  is  the  logarithm  of  x.  which  is  propor¬ 
tional  to  1  X. 

Light  quanta.  A  way  out  of  the  impasse  of  classical  physics 
and  the  thermodynamics  of  radiation  was  given  by  Planck 
in  1900.  He  reasoned  that  the  energy  of  each  of  the  oscillators 
representing  electromagnetic  radiation  can  take  on  only  discrete 
values  that  are  integral  multiples  of  some  quantity  e„  which  is 
the  energy  quantum:  e  =  ne,  (n  =  0.  I.  2,  3,  ...). 

Assuming  Boltzmann  energy  distribution  of  the  oscillators  when 
computing  the  mean  energy  of  an  oscillator,  we  can  again  take 
advantage  of  equation  (4.7);  here,  however,  we  replace  the 
integrals  in  expression  (4.8)  by  summations  in  accordance  with 
the  quantum  hypothesis: 

e^(e  =  - .(4.10) 

e  kT  _  I 

Substituting  (4.10)  into  equation  (4.6),  we  obtain  for  the 
spectral  density  of  black-body  radiation  the  expression 


Comparing  this  formula  with  the  expression  of  Wien’s  law  (4.2), 
which,  when  passing  from  X  to  v,  may  be  written  as 


Q.  =  v’x 


(4.2') 


we  see  that  both  formulas  can  agree  only  on  the  condition  that 

e.  =  hv  (4.11) 


where  the  proportionality  factor  h  is  a  universal  constant 
(Planck's  constant)  with  the  dimensions  of  energy  multiplied  by 
time.  From  (4.11),  the  expression  for  q.  assumes  the  form 


Q. 


6jiv*  hv 
C* 


- 1 


(4.12) 


Formula  (4.12)  is  called  (he  Planck  radiation  formula. 

It  will  readily  be  seen  that  in  the  region  of  low  frequencies 
(long  waves)  that  satisfy  the  condition  hvx^T,  the  Planck 
formula  passes  into  the  Rayl'eigh-Jeans  equation,  which,  in 
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terms  of  v,  takes  the  form 

e.  =  8n^kT.  (4.9) 

Indeed,  in  this  case  or  under  the  identical  condition  e„^kT, 

expanding  the  function  e'*'^  ==  I .  in  a  series  and  con¬ 
fining  ourselves  to  the  first  two  terms  of  the  expansion,  we 
obtain  from  (4.10)  e  =  l<T.  which  is  the  result  earlier  established 
by  means  of  the  classical  formula  (4.8).  This  accounts  lor  the 
fact  that  in  the  region  of  long  wavelengths  the  Rayleigh-Jeans 
equation  is  confirmed  experimentally  (see  Fig.  2). 

In  the  limiting  case  of  high  frequencies  that  satisfy  the 
condition  hv^kT,  the  Planck  formula  (4.12)  may  be  written 
in  the  form 


h« 


8nhv*  ki 

C.  =  -^e 

(4.13) 

or  in  the  form 

0,  =  c,X-’e““’' . 

(4.1 3-) 

where  c,  =8nch 

and  c,  =  T^.  Equation  4.13) 

coincides  with 

the  equation  proposed  by  Wien  in  1896  that  correctly  describes 
the  variation  of  Oi  "'ith  wavelength  in  the  range  of  short 
wavelengths. 

Rewriting  the  Planck  formula  (4.12)  in  the  form 

ek  =  c,>-'‘— — . 

(4.12') 

r‘"-l 

we  obtain  the  following  equation  from  the  condition  of  maximum 
density  of  radiation: 

where  X-.,=  ^  t-  A  graphical  solution  of  this 

equation  yields  =  4.965  and,  hence. 

Substituting  here  the  experimentally  obtained  value  of  Xm.,T  = 
=  const  =  0.288  cm  deg  and  the  values  of  the  constants 
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we  obtain  for 


C=-3X  see  and  k=  1.38X10''”  erg  deg' 

Ihe  Planck  constant  h  =  6.58X  10'”ergsec. 

In  e.xactly  the  same  way,  from  equation  (4.12  )  lor  the  constant 
of  the  Stefan-Boltzmann  law  o  (4.4)  we  obtain  the  expression 


c,  r  xMx  8nk*  f  x’dx 

^  J  e*  —  I  h'c’  J  e*  —  I  * 

■r 

Evaluating  the  integral  graphically,  we  find  6.494. 

Substituting  this  number  together  with  the  experimental  value 
of  the  constant  o  =  7.64X  10'“  erg  cm'”  deg'”  and  the  values 
of  the  constants  c  and  k  into  the  preceding  expression,  for 
Planck’s  constant  we  find  h  =  6.52X  10”  erg  sec. 

It  may  be  noted  that  there  are  also  other  possibilities  of  an 
experimental  determination  of  the  constant  h.  Spectroscopic 
measurements  are  the  most  accurate.  At  present,  the  most  precise 
value  is 

h  =  (6.62363 ± 0.00016)  X  10'"  erg  sec. 


5.  The  Photoelectric  Effect 

Photoelectrons.  The  quantum  hypothesis  proved  fruitful  in 
interpreting  a  number  of  other  phenomena,  including  the  photo¬ 
electric  effect,  which  consists  in  the  emission  of  electrons  by 
metals  (and  other  bodies)  when  the  latter  are  irradiated  with 
light  of  sufficiently  short  wavelengths.  As  early  as  1887,  Hertz 
noticed  that  when  the  electrodes  of  a  spark  gap  are  irradiated 
with  ultraviolet  light  the  discharge  sets  in  at  a  lower  voltage. 
As  Hallwachs  established  in  1888.  a  drop  in  the  discharge  voltage 
is  due  to  the  appearance  of  electrically  charged  particles  emit¬ 
ted  by  the  cathode  as  a  result  of  illumination.  This  phenomenon 
was  subjected  to  a  quantitative  study  by  Stoletov  (1888-90), 
who  found  that  the  magnitude  of  the  photoelectric  current  is 
strictly  proportional  to  the  intensity  of  the  light  absorbed  by  the 
cathode.  The  next  step  in  the  study  of  the  photoelectric  effect 
was  made  by  Lenard,  who  showed  that  the  charged  particles 
emitted  by  the  cathode  under  illumination  are  electrons  (1899). 
In  addition.  Lenard  found  (1902)  that  the  emission  of  electrons 
from  (he  metal  is  possible  only  at  a  frequency  of  the  light  that 
exceeds  a  certain  minimal  value  v„  and  the  energy  of  the  ejected 
electrons  (photoelectrons)  increases  with  increasing  difference 
V  —  V,  and  is  independent  of  the  intensity  of  the  light,  which  (in 
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accord  with  the  law  established  by  Stoletov)  deterniiiies  only 
the  number  of  photoelectrons  (the  maynitnde  of  the  photoelectric 
current). 

Interpretation  of  these  regularities  on  the  basis  of  the  wave 
theory  of  liyht  encounters  insuperable  difficulties.  Indeed,  if  we 
consider  the  photoelectric  effect  as  the  result  of  the  effect  of  the  elec¬ 
tromagnetic  field  of  the  wave  on  the  electrons  in  the  metal,  it  is 
impossibleto  account  either  for  thee.vistenceol  a  threshold  frequency 
or  for  the  fact  that  the  energy  of  the  photoelectrons  is  independent  of 
the  light  intensity.  All  the  regularities  involved  in  the  photo¬ 
electric  effect  were  interpreted  quantitatively  on  the  basis  of 
the  quantum  theory  formulated  by  Einstein  in  1905. 

Quantum  theory  of  the  photoelectric  effect.  Einstein,  in  a  certain 
sense,  revived  the  corpuscular  theory  of  light  and  proceeded  from 
the  concept  of  light  as  a  stream  of  light  qtianla,  or  photuns,  each 
of  which  has  an  energy  hv.  When  light  is  absorbed  by  a  metal, 
each  quantum  interacts  with  one  electron  only.  On  the  basis  of 
this  reasoning,  the  law  of  conservation  of  energy,  as  applied  to 
a  single  elementary  photoelectric  event,  is  e.xpressed  as  follows: 

hv  =  hv.  +  :!^,  (5.1) 

where  v„  is  the  limiting  (minimum)  photon  energy  that  cor¬ 
responds  to  the  threshold  of  the  photoeffect  and  is  the  work  done 
in  ejecting  an  electron  from  the  metal,  and  is  the  kinetic 

energy  of  a  photoelectron.  Equation  (5.1)  e.xpresses  Einstein's 
pholvelectric  la-ji. 

It  will  readily  be  seen  that  all  the  foregoing  regularities  of 
the  photoelectric  effect  follow  directly  from  theory.  Indeed,  since 
the  intensity  of  monochromatic  light  (light  of  a  certain  frequency) 
is  proportional  to  the  number  of  light  quanta,  and  the  number 
of  quanta  absorbed  by  the  metal  is  equal  to  the  number  of 
photoelectrons  (when  v>v„),  the  latter  must  be  proportional 
to  the  intensity  of  the  absorbed  light,  as  was  verified  by  experi¬ 
ment.  Further,  from  Einstein’s  law  it  follows  that  electron 
emission  is  possible  only  under  the  condition  thal  v]>v„,  when 
the  photon  energy  is  equal  to  or  greater  than  the  electronic 
work  function,  which  is  the  energy  needed  to  remove  an  electron 
from  the  metal.  Finally,  from  (5.1)  and  also  in  accord  with 
experiment,  the  energy  of  the  photoelectrons  increases  with  the 
difference  v  —  v,  and  is  independent  of  the  light  intensity,  or  of 
the  number  of  absorbed  quanta. 

Einstein’s  law  was  subjected  to  a  comprehensive  quantitative 
investigation.  Millikan  (1916).  measuring  the  maximum  energy 
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of  the  pliotoelecirons  of  lithium,  sodium,  and  potassium  at  various 
wavvieiipths  by  the  retardin()-field  method,  found  that  the 
i|uantity  is  a  linear  function  of  the  frequency  difference 
V  _  v„.  in  accord  with  the  Einstein  law  (5.1).  From  the  slope 
of  the  straitjht  lines  obtained  lor  the  Planck  constant,  he  found 
h=_  6.56  >  10  ”  erg  sec.  This  value  is  in  good  agreement  with 
the  precise  value  (.see  p.  22)  and  is  indicative  of  the  high  degree 
of  accuracy  of  the  Einstein  law.  l.ukirsky  and  Prilezhayev  (1926) 
carried  out  particularly  detailed  and  e.xtremely  accurate  quanti¬ 
tative  studies  of  the  photoelectric  effect  in  the  case  of  aluminium, 
nickel,  copper,  zinc,  silver,  cadmium,  tin.  platinum,  and  lead. 
The  value  of  h  as  measured  by  these  workers  came  out  to 
6.55  X  10  ”  erg  sec. 

Atoreover.  the  intersection  of  the  line  representing  the  photo- 
electron  energy  as  a  function  of  frequency  difference  v — v, 
with  the  frequency  a.xis  yields  the  magnitude  of  the  work  needed 
to  remove  an  electron  from  the  metal  hv„  (a  correction  must  be 
introduced  for  the  contact  difference  of  potential).  For  example, 
from  the  threshold  frequencies  thus  determined  and  as  found  by 
Millikan  (v„  =  4. 39X10”  sec"'  for  sodium  and  v,  =  5. 70X10” 
sec  '  for  lithium),  we  obtain  the  electronic  work  functions 
hv„^-- 1.814  eV  (Na)  and  hv  „  =  2.355  eV  (Li). 

In  principle,  the  work  function  for  removal  of  an  electron 
from  a  metal  computed  from  the  threshold  of  the  photoelectric 
effect  should  coincide  with  the  magnitude  of  eqi  found  from  the 
temperature  dependence  of  thermionic  emission  (see  p.  15).  In  real¬ 
ity.  such  coincidence  is  a  rare  occurrence  because  of  the  extreme 
sensitivity  of  the  work  function  value  to  the  state  of  the  metal 
surface  (for  instance,  to  the  presence  of  minute  impurities),  which 
is  complicated  by  the  different  conditions  under  which  the  pho¬ 
toelectric  and  thermionic  processes  occur  (low  and  high  tem¬ 
peratures). 

The  photoelectric  effect  is  observed  not  only  in  the  illumina¬ 
tion  of  metals  (solid  or  liquid)  but  also  in  the  case  of  solid  or 
liquid  non-metals  and  gases.  In  the  latter  case  we  are  obviously 
dealing  with  the  removal  of  electrons  from  the  atoms  and  mo¬ 
lecules  of  the  gas,  which  is  ionisation  of  atoms  and  molecules 
{photoionisation).  Designating  the  work  needed  to  remove  an 
electron  from  an  atom  by  el  (I  is  the  ionisation  potential)  and 
noting  that  el  corresponds  to  the  work  needed  to  remove  an 
electron  from  the  metal  hv,,  we  rewrite  formula  (5.1)  as 

hv=el+'^. 


(5.2) 
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From  (5.2)  it  follows  that,  like  the  long-wavetength  threshold  o( 
the  photoelectric  effect  =  ^  there  should  be  a  long-wave¬ 
length  threshold  of  pholoionisalion  defined  by  the  equality 

hv  =  hv„==el.  (5.3) 

The  photoionisation  of  gases  (and  vapours)  is  detected  by  the 
appearance  of  photoelectrons  due  to  irradiation: 

hv-^-A  =  A*-4-e  (5.4) 

(where  A  is  an  atom  or  molecule.  A'  is  a  positive  ion  formed 
by  photoionisation,  and  e  is  a  photoelectron).  and  also  by  the 
presence  of  a  continuous  absorption  spectrum*  associated  with 
the  (5.4)  process.  Such  a  spectrum  was,  tor  example,  observed 
by  Kuhn  (1932)  in  sodium  vapour  at  wavelengths  — 2412  A. 

The  wavelength  X„,  which  corresponds  to  the  tong-wavetength 
boundary  of  the  continuous  absorption  of  light  by  sodium  va¬ 
pour,  obviously  corresponds  likewise  to  the  long-wavelength 
threshold  of  photoionisation  as  determined  by  formula  (5.3). 
Substituting  into  this  formuta  the  frequency  v„  that  corresponds 
to  this  wavelength,  we  find  1  =  5,138  V  for  the  ionisation  po¬ 
tential  of  sodium. 

Continuous  spectra  associated  with  the  photoionisation  of  atoms 
are  atso  observed  in  the  case  of  X-rays  (see  below,  p.  142). 

It  may  further  be  noted  that,  recentty,  cases  have  been  re¬ 
ported  of  the  photodetachment  of  an  electron  from  a  negative 
ion.  that  is.  processes  of  the  type 

hv  +  X-  =  X+e.  (5.5) 

A  determination  of  the  long-wavelength  boundary  of  the  (5.5) 
process  enables  one  to  find  the  electron  affiniti/  of  an  atom  (or 
molecule)  X,  E  =  hv,,  which  is  the  energy  released  in  the  for¬ 
mation  of  an  X'  ion  from  a  neutral  particle  X  and  an  electron. 


6.  Compton  Effect 

One  of  the  most  convincing  proofs  of  the  existence  of  light 
quanta  was  given  by  Compton  in  1923.  Studying  the  scattering 
of  X-rays  by  graphite,  Compton  found  that  in  addition  to  the 
ordinary  scattering  known  as  far  back  as  the  time  of  Roentgen 
and  occurring  without  any  change  in  the  wavelength,  there  is  a 


*  Continuous  spectra  are  those  containing  all  possible  wavelengths  (in  a 
broad  spectral  interval). 
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type  of  scatleriiiy  in  which  the  wavelength  of  the  scattered 
lays  is  imrca'.cJ  as  compared  with  the  initial  wavelength.  This 
phenomenon  became  known  as  Compton  scattering  or  the  Compton 
eft, a. 

1  he  theory  of  this  elTect  was  given  by  Compton  and  also 
Debye  on  the  basis  of  the  Einstein  theory  of  photons.  In  photon 
scattering,  the  observed  decrease  in  photon  energy  (which  cor¬ 
responds  to  an  increase  in  wavelength)  indicated  a  certain  loss 
of  energy:  this  was  naturally  associated  with  the  interaction  of 
a  photon  with  one  of  the  electrons  in  the  atoms  of  the  scat¬ 
tering  substance.  Denoting  the  frequency  of  the  photons  under¬ 
going  scattering  (prior  to  scattering  by  v  and  after  scattering 
through  a  certain  angle  q.  by  v  ).  the  law  of  conservation  of 
energy  as  applied  to  the  process  of  Compton  scattering  may  be 
written  as 

hv  =  hv. -fel  +  K,  (6.1) 

where  el  is  the  work  performed  to  remove  an  electron  from  an  atom  of 
the  scattering  substance  and  K  is  the  kinetic  energy  of  the  “Compton 
electron".  However,  since  the  X-ray  quanta  are  usually  three 
orders  of  magnitude  in  e.xcess  of  the  ionisation  energy  of  the 
atom.*  el  in  equation  (6.1)  may  be  disregarded,  as  if  the  scat¬ 
tering  electron  were  free.  Thus,  considering  Compton  scattering 
of  a  photon  as  its  interaction  with  a  free  electron,  whose  veloc¬ 
ity  prior  to  collision  is  negligibly  small  compared  with  that 
alter,  the  equation  of  conservation  of  energy  may  be  rewritten  as 

hv  =  hv..-fK.  (6.2) 

In  the  Compton  and  Debye  theory,  photon  scattering  on  a 
free  electron  is  interpreted  as  the  collision  of  e/as/;c  spheres,  i.e.. 
It  IS  taken  that  both  energy  and  momenta  are  e.\changed  in  the 
scattering  process.  Taking  advantage  of  the  relation  of  equivalence 
of  mass  and  energy. 

E=A\c'  (6  3) 

we  obtain  Mph  =  '^  for  the  mass  of  the  photon  Mp,,  and,  con- 
sequently , 

=  ^  (6.4) 

lor  Its  momentum. 


In  Coiiiplon's  experiments  on  the  scattering  of  X-rays  on  eranhite  ns. 
atom  is  el — 11.217  eV.  in  this  case  we  have  ^^=1550. 
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Then,  assuming  that  the  velocity  of  the  Compton  electron  may 
be  rather  high  and  taking  into  account,  in  this  connection,  the 
dependence  of  electron  mass  on  the  velocity  of  the  particle,  we 
have,  for  the  kinetic  energy  and  momentum  of  the  electron. 


;  =  me’  (  ' - I  ) 

U  I  -  P’  / 


inv  _  nicP 


(6.6) 


Here.  P  =  -^  and  m  is  the  electron  rest  mass. 

To  every  photon  scattered  through  an  angle  (p  there  cor¬ 
responds  a  Compton  electron  (recoil  electron)  living  at  a  certain 


Fig.  3,  Coinptun  scattering  ot  a  pitolon 


angle  d  to  the  incident  photon  (Fig.  3).  Substituting  (6.5)  into 
(6.2)  and  writing  the  law  of  conservation  for  projections  of  the 
momenta  of  photon  and  electron  on  the  initial  direction  of  the 
photon  and  on  that  perpendicular  to  it,  we  get 


hv  =  hv.  4-  me’  (  - 1  V 

(6.7) 

liv  mefi  tt  , 

c  C 

(6.8) 

0  =  —  sin  0  +  —  -|-  sin  tp. 

1  _  p*  ‘  c  ^ 

(6.9) 

Considering  the  angle  q>  given,  we  have  three  unknown  quanti¬ 
ties,  V  ,  6  and  p,  which  may  be  evaluated  from  the  three  equa¬ 
tions  (6.7),  (6.8)  and  (6.9). 

Eliminating  d  and  p,  we  find 

_ I  I 

V  l-f-ad-coscp)  ’ 
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where 

_  hv  ^  h 

me*  incX  * 

Passing  from  v  to  X.  we  rewrite  the  latter  expression  in  the  form 
^=l+2asin*-^- 

and,  substituting  the  value  of  a,  as 

X,— X  =  AX  =  i^sin’-|.  (6.10) 


As  may  be  seen  from  expression  (6.10),  which  is  called  Comp¬ 
ton's  formula,  the  change  in  wavelength  in  Compton  scattering 
through  a  given  angle  <p  is  independent  of  the  original  wave¬ 
length.  Numerous  experiments  both  by  Compton  and  by  other 
investigators  confirmed  the  correctness  of  this  result  and  also  the 
dependence,  which  follows  from  the  Compton  formula,  of  the 
magnitude  of  AX  upon  the  scattering  angle.  It  will  be  noted 
that  in  accordance  with  formula  (6.10)  the  wavelength  of  rays 
scattered  in  the  direction  of  original  propagation  (<p  =  0)  remains 
constant.  The  change  in  wavelength  is  a  maximum  lor  9=  180°, 

when  it  is  AX  =  ^  =  0.0485  Angstrom  units. 

Simultaneous  solution  of  equations  (6.7),  (6.8).  and  (6.9)  leads 
to  the  following  relationship  between  the  scattering  angles  9 
and  0  for  the  photons  and  Compton  electrons: 


tan  0 


I  -f“  ct 


tan  • 


(6.11) 


From  equation  (6. 1 1)  it  follows  that  the  Compton  electrons 
fly  only  forwards.  Let  us  show  this  for  the  case  of  small  a  (ci<^  1), 
that  is.  for  quanta,  the  energy  of  which  hv  is  small  compared 
with  the  energy  me*,  which  is  equivalent  to  the  electronic  rest 
mass  (mc*  =  0.5I  MeV).  In  this  case,  equation  (6.11)  takes  the 

form  tand  =  — cot^.  whence  we  find  d  =  -|-  — 90®.  From  the 
latt^er  relation  it  follows  that  the  values  of  angle  *p  0®,  90®»  ISO®. 
270®  ajid  360®  correspond  to  the  values  of  angle  6  —  90®.  —45®. 
0  .  45  ,  and  90®;  that  is.  angle  d  lies  in  the  fourth  and  first 
quadrants. 

*-^*  ^^  ^*50  compute  the  kinetic  energy  of  the  recoil  elec¬ 
trons  K  (6.5)  as  a  function  of  the  scattering  angle.  Taking  advan- 
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tage  of  (6.10),  we  obtain  from  (6.7) 


2a  sin* 

1  +  2a  sin*  |- 


(6.12) 


From  (6.12)  it  follows  that  when  <p  =  0'’,  K  =  0.  K  increases  with 
the  angle  <p,  and  at  cf  =  180”  reaches  a  maximum; 


K  2a 
hv  1  +  2a  • 


(6.13) 


It  will  be  noted  that  0  =  0”  corresponds  to  «p=  180' (see  above). 
Consequently,  recoil  electrons  moving  in  the  direction  of  the 
incident  photon  have  maximum  energy,  which  is  small  for  small  u, 
increases  with  a,  that  is.  with  the  energy  of  initial  quanta  and 
at  sufficiently  large  values  of  hv  it  becomes  practically  equal  to 


The  Compton  effect  is  observed  in  the  scattering  not  only 
of  X-rays,  but  gamma  rays  as  well.  The  first  investigations  of  this 
effect  were  likewise  carried  out  by  Compton,  who  studied  the 
scattering  of  the  y-rays  of  RaC  on  aluminium  and  paraffin 
(X  =  0.022A,  hv  =  0.563  MeV). 

These  and  subsequent  experiments  with  various  wavelengths 
and  various  scattering  substances  likewise  confirmed  the  validity 
of  the  Compton  formula  in  the  case  of  y-rays. 

Important  for  investigations  of  the  energy  of  recoil  electrons 
resulting  from  the  scattering  of  y-rays  is  a  method  due  to  Sko- 
beltsyn,  which  consists  in  measuring  the  radius  of  curvature  of 
the  electron  tracks  observed  in  a  Wilson  cloud  chamber  situated 
in  a  magnetic  field. 

The  distinguishing  feature  of  the  Compton  effect  in  the  case 
of  y-rays  is  that  the  spectrum  of  y-rays  scattered  by  light  ele¬ 
ments  exhibits  only  a  displaced  line  (X^),  whereas  the  spectrum 
of  scattered  X-rays  exhibits,  as  a  rule,  both  displaced  and  ini¬ 
tial  (X)  lines.  According  to  Compton,  this  is  due  to  the  fact  that 
atoms  have  strongly  bound  electrons,  which  cannot  be  considered 
as  free,  and,  moreover,  can  be  torn  out  of  the  atom  only  by 
y-rays,  which  are  harder  (of  shorter  wavelengths)  than  X-rays. 
For  this  reason,  the  scattering  of  X-rays  on  these  electrons  is 
ordinary  (non-Compton)  scattering  that  occurs  without  any  change 
in  wavelength. 

For  this  same  reason,  visible  light,  the  quanta  of  which  have 
energies  less  than  the  ionisation  potential  of  any  atom,  does  not 
exhibit  the  Compton  effect. 
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It  may  l>e  added  that  a  refined  theory  of  the  Compton  effect 
was  subsequently  developed.  It  corroborated  the  results  of  the 
elementary  Compton-Debye  theory  and  also  permitted  evaluating 
the  probability  of  the  scattering  process  (for  various  v  and  (p). 
which  cannot  be  done  within  the  framework  of  the  elementary 
theory. 


7.  Wave-Particle  Duality 

Wave  and  corpuscular  optics.  The  history  of  modern  optics  is 
in  large  measure  a  history  of  the  struggle  of  two  theories:  the 
corpuscular  and  wave  theories  of  light.  The  corpuscular  theory, 
which  represents  light  as  a  stream  of  particles  (corpuscles),  is 
usually  attributed  to  Newton,  although  Newton  himself  made  use 
of  both  the  corpuscular  view  (which  he  frequently  preferred)  and 
the  wave  concept.  ♦  Almost  at  the  same  time  that  Newton  for¬ 
mulated  the  corpuscular  theory  (1672).  Huygens  (1678),  in  his 
"Traite  de  la  lumicre",  formulated  the  wave  theory  of  light.  ** 
According  to  Huygens'  views,  which  held  their  ground  in  physics 
for  140  years,  light  consists  of  longitudinal  oscillations  of  an 
"ethereal  matter"  undergoing  propagation  in  space  with  a  certain 
finite  velocity.  Using  a  principle  (Huygens’  principle)  which  he 
formulated  tor  the  construction  of  the  front  of  a  propagating 
light  wave.  Huygens  gave  a  clear  explanation  of  the  law's  of 
reflection  and  refraction  of  light.  However,  Huygens’  wave  theory 
did  not  consider  either  the  phenomenon  of  diffraction  of  light  then 
know'n  or  the  Newton  rings;  also  absent  was  the  concept  of  wave- 
len^h.  Thus,  this  theory  was  actually  confined  to  geometrical 
optics  and  did  not  deal  with  the  phenomena  of  physical  optics. 
The  fact  that  the  corpuscular  theory  of  light  prevailed  through¬ 
out  the  eighteenth  century  is  to  be  explained  by  the  incomplete¬ 
ness  of  the  Huygens  theory  and  also  by  the  absence  of  any 
significant  discoveries  in  physical  optics. 

The  first  blow  to  the  corpuscular  theory  was  dealt  in  1801  by 
Young’  w'ho  introduced  the  concept  of  the  interference  of  light, 
which  IS  alien  to  this  theory,  and  explained  the  New'ton  rings 
on  the  basis  of  this  concept.  At  the  same  time.  Young  found  a 
way  of  determiriing  the  length  of  light  w'aves  (by  means  of  the 
Newton  rings).  In  1809  Atalus  discovered  the  polarisation  of  light; 
this  led  Young  to  the  idea  of  the  transversal ity  of  light  oscil- 
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lations  (1817),  which  was  further  developed  in  the  c.'iperiinents 
of  Fresnel  and  Arago  (1819),  who  showed  that  rays  polarised  at 
right  angles  do  not  interfere.  An  important  role  in  establishing 
the  wave  theory  of  light  was  played  by  the  dilTraclion  theory  of 
Fresnel  (1818)  based  on  the  Huygens  principle  and  the  interfe¬ 
rence  of  light  waves.  The  wave  theory  was  brought  to  completion 
by  Maxwell’s  electromagnetic  theory  of  light  (1865).  which  became 
generally  recognised  through  the  experiments  of  Hertz  (1888)  with 
electromagnetic  waves.  Due  to  the  successes  of  the  wave  theory, 
by  the  start  of  the  twentieth  century  the  corpuscular  theory  of 
light  was  practically  abandoned. 

However,  in  this  century  it  was  revived  on  the  basis  of  new 
discoveries  in  physics;  first  among  them  is  the  discovery  of  the 
photoelectric  effect  and  of  quanta  of  radiant  energy.  We  have 
already  pointed  out  (Sec.  5)  that  all  the  experimentally  established 
regularities  of  the  photoelectric  effect  could  not  be  accounted 
for  on  the  basis  of  the  wave  theory  of  light  and  were  fully  inter¬ 
preted  only  by  means  of  the  photon  theory  (Einstein,  1905).  Lat¬ 
er  (1923),  this  same  theory  made  possible  a  brilliant  interpreta¬ 
tion  of  the  Compton  effect  (Sec.  6). 

As  has  already  been  pointed  out  (pp.  20  and  23),  the  photon  theory 
did  not  confine  itself  to  recognising  Planck’s  postulate  of  the 
quantum  nature  of  absorption  and  emission  of  light  by  advanc¬ 
ing  the  concept  of  light  quanta,  the  quantum  nature  of  light; 
in  the  photon  theory,  light  quanta  (or  photons)  are  endoweil 
with  corpuscular  properties;  a  definite  energy  (hv),  velocity  (c). 

mass  and  momentum  f  — V 

The  photon  theory,  or  the  corpuscular  theory  of  light,  which 
described  such  phenomena  as  the  photoelectric  effect  and  the 
Compton  effect  that  could  not  be  accounted  for  on  the  basis  of 
the  wave  theory  of  light,  proved  (in  turn)  to  be  helpless  in 
explaining  a  broad  range  of  optical  phenomena,  first  of  all  the 
interference  and  diffraction  of  light,  which  are  readily  understood 
in  terms  of  wave  concepts.  Thus,  the  wave  theory  concepts  should 
by  no  means  be  rejected  as  a  consequence  of  the  successes  of  the 
photon  theory.  The  bulk  of  information  concerning  the  properties 
of  light  compels  us  to  recognise  that  light  possesses  both  corpus¬ 
cular  and  wave  properties,  but  in  certain  phenomena  corpuscular 
properties  predominate,  in  others,  wave  properties.  Furthermore, 
manifestation  of  the  properties  is  frequently  dependent  upon  the 
conditions  under  which  the  given  optical  phenomenon  occurs. 
For  example,  the  wave  properties  of  light  are  most  evident  when 
(he  waves  are  propagated  in  a  confined  space  having  dimensions 
commensurable  with  the  wavelength.  To  illustrate,  a  beam  of 
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parallel  rays  passing  through  a  slit,  the  width  of  which  is  large 
compared  to  the  wavelength,  obeys  the  laws  of  geometrical  optics 
(rectilinear  propagation  of  light),  and  in  this  case  the  propaga¬ 
tion  of  light  in  space  is  equally  well  described  on  the  basis  of 
wave  and  corpuscular  concepts.  When  a  beam  of  parallel  rays 
passes  through  a  narrow  slit,  we  have  diffraction  of  light  (Fraun¬ 
hofer  diffraction),  which  is  characteristic  of  wave  optics.  For  this 
reason,  to  observe  the  interference  of  X-rays,  one  has  to  make 
use  of  a  diffraction  grating  with  a  constant  of  the  order  of  lA, 
that  is.  of  the  order  of  wavelength  of  X-rays.  Such  gratings,  it 
will  be  recalled,  are  crystals  characterised  by  crystal-lattice  pa¬ 
rameters  (the  distances  between  crystal  planes)  precisely  of  this 
order  of  magnitude. 

One  of  the  e.xpressions  of  nave-particle  duality,  i.e.,  the  dual¬ 
ity  of  properties  underlying  the  nature  of  light,  is  the  existence 
of  a  direct  relationship  between  the  corpuscular  and  wave  char¬ 
acteristics  of  light.  Thus,  according  to  Planck’s  relation  (4.11) 
the  photon  energy  hv,  which  is  a  corpuscular  characteristic  of 
light,  is  associated  with  its  wave  characteristic  (the  frequency 
of  light  oscillations).  In  the  same  way,  the  momentum  of  the 

photon  g„,,  =  '.^  (6.4)  turns  out  to  be  connected  with  the  length 

of  the  light  waves  \  =  ~  by  the  relation 


(here,  the  subscript  "ph"  is  omitted). 

Wave  properties  of  particles.  In  1924,  de  Broglie  extended  the 
wave-particle  parallelism  of  optics  to  electrons,  atoms,  and  mo¬ 
lecules,  correlating  with  the  motion  of  each  particle  a  certain 
wave  that  characterises  its  wave  properties.  De  Broglie  connected 
this  wavelength  with  the  momentum  of  the  particle  g  =  mv  (where 
V  is  the  velocity  and  m  the  mass  of  the  particle)  establishing  a 
relation  similar  to  formula  (7.1): 

,  h  h 

g  mv  *  -2) 

This  formula  became  known  as  the  de  Broglie  relation 
Proceeding  from  the  de  Broglie  theory,  Elsasser  (1925)  con¬ 
cluded  that  when  electrons  pass  through  a  crystal  they  should, 
hke  X-rays,  exhibit  the  phenomena  of  interference  and  diffraction. 
Doten^fJl’ H  kinetic  energy  of  the  electron  in  terms  of  the 
potential  difference  V  that  accelerates  the  electron  beam. 

mv*  ,, 

-5-  =  eV 
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or 

rnv  =  ]  2meV  . 

we  obtain,  from  known  values  of  char<je  and  mass  of  the  electron 
and  on  the  basis  of  the  de  Bro^die  relation  (7.2). 

X=  ]/ A  (V  in  volts). 

From  this  expression  it  follows  that  an  electron  of  energy 
150  eV  is  characterised  by  a  wavelength  of  lA.  Consequently,  such 
electrons  should  exhibit  properties  similar  to  the  properties  of 


Fig.  4.  Oiffraction  patterns  obtained  in  the  scat¬ 
tering,  by  silver,  of  a)  X-rays  of  wavelength  0.71A 
and  b)  electrons  of  energy  corresponding  to  the 
de  Broglie  wavelength,  0.645  A  (after  Wierl) 

light  waves  of  wavelength  A=1A.  The  diffraction  of  electrons 
as  predicted  by  Elsasser  is  one  of  the  manifestations  of  these 
wave  properties.  Electron  diffraction  was  detected  in  the  experi¬ 
ments  of  Davisson  and  Germer  (1927)  and  in  the  later  experi¬ 
ments  of  Thomson.  Wierl.  Shalnikov,  and  others. 

Stern  (1929)  and  Johnson  (1931)  also  established  the  diffraction 
of  atoms  of  helium  and  hydrogen  and  molecules  of  hydrogen. 

Electron  diffraction  is  similar  to  the  diffraction  of  X-rays. 
When  a  beam  of  X-rays  passes  through  a  layer  of  some  substance, 
one  can  observe,  on  a  screen  placed  in  the  path  of  the  rays  scat¬ 
tered  by  this  substance,  a  peculiar  pattern  due  to  interference  of 
the  scattered  rays.  When  the  scattering  substance  has  a  micro- 
crystalline  structure,  this  pattern  represents  a  system  of  concen¬ 
tric  rings.  An  X-ray  photograph  obtained  by  Wierl  for  the  scatter¬ 
ing  of  X-rays  of  wavelength  X  =  0.71  A  by  silver  foil  is  shown 
in  Fig.  4a.  Fig.  4b  is  an  electron  diffraction  pattern  obtained  by 
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Wierl  in  the  scaltcrinR  of  a  36  keV  electron  beam  by  the  same 
Mibstance.  Computing  the  momentum  of  the  electron  from  the 
funiiiila 


nicp 


g  =  j-=y,—  ]/  2nieV  + 


which  follows  from  equations  (6.5)  and  (6.6)  (or  K  =  eV,  and 
sul)slitutinj>  g  into  formula  (7.2),  we  find  X  =  0.0645  A  for  the 
dc  Broglie  wavelength.  The  close  resemblance  of  both  diffraction 
patterns  shown  in  Fig.  4a  and  b  indicates  that  both  the  scatter¬ 
ing  of  electrons  and  the  scattering  of  X-rays  obey  the  laws  of 
wave  optics.  In  other  words,  electrons  must  possess  both  corpus¬ 
cular  and  wave  properties. 

We  may  add  that  in  1925  Goudsmit  and  Uhlenbeck  demon¬ 
strated  that  the  electron  should  have,  in  addition  to  an  electric 
charge,  an  anf’ular  momentum  and  a  magnetic  moment.  In  connection 
with  an  attempt  (which  was  unsuccessful)  to  interpret  this  electron 
property  as  due  to  rotation  about  its  axis,  the  angular  momentum 
of  (he  electron  came  to  be  known  as  spin.  Spin  proved  to  be  an 
extremely  important  property  of  the  electron,  one  of  prime  sig¬ 
nificance  for  the  physical  interp'-etation  of  Mendeleyev’s  Peri¬ 
odic  Law,  and  also  for  explaining  many  physical  (magnetic, 
optic,  etc,)  and  chemical  properties  of  matter  as  well  as  for  the 
theory  of  the  structure  of  atoms  and  molecules  and  (or  solid-state 
theory. 

The  development  of  our  concepts  of  the  electron,  beginning 
with  its  discovery  at  the  end  of  last  century,  is  a  brilliant  illu¬ 
stration  of  the  thesis  of  dialectical  materialism  that  the  universe  is 
inexhaustible.  Indeed,  at  first  the  electron  was  conceived  of  as  a  par¬ 
ticle  (corpuscle)  with  a  definite  electric  charge  and  mass.  Let  us 
provisionally  attribute  to  the  electron  the  shape  of  a  sphere  of 
radius  a  with  an  electric  charge  distributed  uniformly  over  its 
volume  and  let  us  compute  the  electrostatic  energy  of  this  sphere 

E  =  -^  — .  Now,  on  the  basis  of  the  equivalence  of  mass  and 

energy  (6.3),  we  obtain  an  expression  lor  the  radius  of  the 
electron: 


a=-l-il 

3  me*  * 


(7.3) 


From  this  expression  it  follows  that  a  =  2X10‘”  cm. 

It  seemed  that  this  picture  of  the  electron  was  exhaustive  and 
fina  .  But  new  discoveries  showed  that  the  particle  concept  of  the 
electron  did  not  by  far  exhaust  all  its  properties  and,  conse- 
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quently.  was  one-sided.  The  electron  was  discovered  to  have  wave 
properties;  then  the  spin  was  discovered.  The  properties  of  the 
electron  proved  to  be  immeasurably  richer  than  the  properties  of 
a  corpuscle.  In  the  light  of  these  data.  Lenin’s  words  on  the  inex¬ 
haustibility  of  the  electron  (1908)  are  truly  prophetic:  ..dialectical 
materialism  insists  on  the  transient,  relative,  and  approximate 
character  of  all  these  stages  in  the  cognition  of  nature  by  man’s 
progressing  science.  The  electron  is  just  as  inexhaustible  as  the 
atom.” 


CH  APTER  2 
ATOMIC  NUCLEUS 

8.  Nuclear  Charge 

Scattering  of  a-particles.  The  universality  of  the  electron, 
whose  properties  are  reflected  in  diverse  properties  of  matter,  leaves 
no  doubt  that  electrons  are  fundamental  structural  elements  of 
atoms  and  molecules.  As  lor  the  positive  charge  of  the  atom,  it 
was  assumed  in  one  of  the  first  atomic  models*  proposed  by 
J.  J.  Thomson  in  1903  that  it  is  distributed  throughout  the  body 
ol  the  atom.  On  this  model,  the  atom  is  a  positively  charged 
sphere  with  a  radius  equal  to  that  of  the  atom,  i.e.,  of  size  of 
the  order  ol  10"'  cm=lA.**  The  electrons  are  retained  within 
the  atom  by  the  attraction  ol  the  positive  space  charge. 

This  model,  however,  did  not  lace  up  to  the  facts.  A  correct 
picture  of  the  positive  charge  of  the  atom  was  obtained  in  expe¬ 
riments  carried  out  by  Rutherford  and  his  colleagues  on  the 
scattering  ol  a-particles  by  various  substances  (1911).  These 
experiments  demonstrated  that  last  a-particles  produced  in  radio¬ 
active  disintegration  pass  through  matter  and  readily  penetrate 
into  atoms.  The  regularities  observed  are  simply  and  effectively 
accounted  lor  on  the  basis  of  the  following  model.  When  a-par¬ 
ticles  approach  an  atom  they  experience  a  repulsive  force  which 
is  inversely  proportional  to  the  square  of  the  distance  (Coulomb’s 
law)  and  is  the  cause  of  the  scattering  of  the  a-particles.  The 
ease  with  which  a-particles  penetrate  deep  into  the  atom  indi¬ 
cates  that  the  bulk  ol  the  atomic  mass  is  concentrated  in  its 
central  part,  or  nucleus,  the  dimensions  ol  which  are  negligible 

•  The  first  electrical  model  ol  the  atom  was  proposed  by  Ampere  (1825), 
who  considered  that  the  periphery  ol  the  atom  had  a  charge  opposite  that 
ol  its  central  part.  According  to  Ampere,  the  hydrogen  atom  had  a  positive 
charge  and  its  peripheral  part,  a  negative  charge. 

••  An  idea  ol  the  size  ol  an  atom  may  be  obtained  by  computing  the 
volume  V  per  atom  ol  a  solid  body.  Thus.  Irom  the  density  ol  solid  sodium. 
0  =  0.971  g/cm’  and  its  atomic  weight.  A  =  23.00.  we  find  the  number  ol 
qN 

atoms  per  cm*  of  the  metal:  n  =  — .  where  Nj^  is  Avogadro’s  number 

equal  to  (6^02402  ^  0.000l7)x  10**  and.  con>equen(ly.  the  volume  V=(2ri*  = 
=39-4xl0  *♦  cm*,  whence  we  obtain  the  radius  of  a  sodium  atom:  r=1.7x 
XlO  •  cm. 
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(see  below)  when  compared  with  those  of  the  atom.  Now  from 
the  presence  of  a  Coulomb  repulsive  force  it  follows  that  the 
atomic  nucleus,  like  the  a-particle,  *  has  a  positive  electric 
charge.  Assuming  the  nuclear  charge  of  the  scattering  atom  equal 
to  Ze.  where  e  is  the  elementary  charge  (the  absolute  magnitude 
of  the  electron  charge),  we  obtain  for  the  force  of  mutual  repul¬ 
sion  of  the  nucleus  and  a-particle 


f  = 


2e’Z 


where  r  is  the  distance  between  the  centres  of  the  a-particle 
and  the  atom  (nucleus). 

A  simple  calculation  shows  that  given  this  law  of  interaction 

dN 

of  the  nucleus  and  an  a-particle,  the  portion  of  a-particles 

scattered  through  an  angle  8(0  is  the  angle  between  the  direction 
of  the  scattered  a-particles  and  their  original  direction)  within 
the  solid  angle  dti  =  2nsin8dd  is  expressed  by  the  formula 


^  =  ndfi5Ly_ 

N  \mv*  /  . 


dQ 


■  A  ^ 

sin  4 


(8.1) 


which  was  first  derived  by  Rutherford  and  is  called  the  Rulher- 
ford  formula.  Here,  n  denotes  the  number  of  atoms  in  unit  volume 
of  the  scattering  material,  d  is  the  thickness  of  the  scattering 
layer,  m,  the  mass,  and  v,  the  velocity  of  the  a-particles. 

In  the  experiments  of  Rutherford  and  his  colleagues,  Ruther¬ 
ford’s  formula  was  quantitatively  verified  by  counting  the  scin¬ 
tillations  produced  when  each  a-particle  impinged  on  a  fluorescent 
screen  placed  behind  the  scatterer  (metallic  foil)  at  a  certain 
distance  R  from  it.  It  is  convenient  to  alter  equation  (8.1)  as 
applied  . to  this  experimental  set  up.  The  area  ol  the  screen  on 
which  the  o-particles  that  are  scattered  at  angles  lying  between 
8  and  8  4-d8  impinge  is,  obviously,  dS=R'dSi.  Denoting  the 
number  ol  a-particles  scattered  through  an  angle  8  and  impinging 
on  1  cm*  of  screen  surface  in  I  sec  by  N,  (8),  we  will  have 
K,  dN  I  dN  .  ,, 

N,=jg-=^  jjy  and,  consequently. 


N,8 _ ^  /'ZflV 

N  “R*  (,mv«  J 


sin" 


_8 
2  • 


(8.2) 


•  As  early  as  1903.  in  experiments  with  a-particle  deflection  in  a  magnetic 
field,  Rutherlord  found  that  the  ratio  of  charge  to  mass  in  a-particles  cor¬ 
responds  to  doubly  charged  positive  ions  of  helium  He-*--*-.  Somewhat  later 
(1909),  Rutherlord  and  Royds  obtained  spectroscopic  evidence  for  the  com¬ 
plete  identity  ol  the  a-particle  and  He++. 
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Verification  of  the  Rutherford  formula  with  respect  to  depend¬ 
ence  of  the  number  of  scattered  a-particles  on  the  scattering 
anele  #  and  also  on  the  velocity  (energy)  of  the  a-particles  and 
the  thickness  of  the  scatterer  showed  that  in  the  case  of  elements 
heavier  than  copper  (Z  =  29)  it  yields  quantitative  agreement 
with  experiment  lor  all  a-particle  velocities  right  up  to  maximum, 
equal  to  pC,  and  for  all  scattering  angles  (see  below.  Sec.  9). 

Whence  it  followed  that  in  the  case  of  heavy  elements  the  inter¬ 
action  of  an  a-particle  with  a  nucleus  obeys  Coulomb’s  law. 

The  principal  significance  of  this  formula  lies  in  the  fact 
that,  on  the  basis  of  a-particle  scattering  experiments,  it  permits 
determining  the  charge  of  the  atomic  nuclei  of  the  scattering 
material.  The  first  experiments  carried  out  by  Chadwick  yielded 
the  following  nuclear  charge  Z:  29.3  (Cu),  43.3  (Ag).  and  77.4 
(Pt).  which,  within  measurement  error,  coincides  with  the  num¬ 
bers  of  these  elements  in  the  Periodic  Table,  namely.  29.  47 
and  78.  respectively.  From  these  and  also  the  latest  experiments, 
it  followed  that  the  nuclear  charge  Z  is  always  equal  to  the 
number  of  the  element  N  in  the  Periodic  Table.  Since  the  posi¬ 
tive  charges  are  ordinarily  associated  with  a  mass  equal  to  or 
greater  than  that  of  the  hydrogen  atom,  and  insofar  as  the 
absence  of  such  masses  in  the  atom  outside  its  nucleus  followed 
from  a-particle  scattering  experiments,  one  can  conclude  from 
the  equality  Z  =  N  that  the  positive  charge  of  the  atom  is  totally 
concentrated  in  its  nucleus  and  is  equal  to  Ne.  Since  under  ordi¬ 
nary  conditions  atoms  are  electrically  neutral,  it  follows  that 
the  number  of  electrons  in  any  atom  is  likewise  equal  to  the 
number  of  the  given  element  in  the  Periodic  Table. 

Scattering  of  X-rays.  The  same  result  is  obtained  also  in 
X-ray  scattering  experiments.  If  we  denote  the  energy  of  the 
primary  rays  by  P,  the  energy  of  the  rays  scattered  by  unit 
volume  of  the  scattering  material,  by  S.  then  the  scattering 
factor  that  characterises  the  scattering  ability  of  the  given  ma¬ 
terial  may  be  defined  as 


or,  referring  scattering  to  unit  mass,  as 


0 

where  o  is  the  density  of  the  scattering  material  equal  to 
0  =  m„  An  (n  is  the  number  of  atoms  in  unit  volume,  m„  is  the 
mass  of  the  hydrogen  atom,  and  A  is  the  atomic  weight  of  the 
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scattering  material).  From  classical  electrodynamics  the  follow  ing 
expression  is  obtained  for  the  specific  scattering  factor  s': 


8.1 2  .  2 

s  =^; - ^-^  =  0.40-^. 

J  iidc*  A  A 


(h.3) 


Thus,  an  experimental  determination  of  the  scattering  factor 
s'  enables  us,  on  the  basis  of  equation  (8.3).  to  find  the  ratio 
and,  hence,  the  charge  of  the  nucleus  Z.  The  measurements 

of  Barkla  and  others  demonstrated  that  for  all  the  elements  they 
studied  (with  A<^27)  s'  is  close  to  0.2,  whence  it  follows  that 

Z _ 0^ _ l_. 

A  0.4  2  ■ 

that  is.  in  the  case  of  light  elements  the  nuclear  charge  is  equal 
to  one-half  the  atomic  w’eight.  And  since  the  atomic  number 
and  the  atomic  weight  of  these  elements  are,  approximately,  in 
the  same  ratio,  the  result  obtained  may  be  considered  a  corro¬ 
boration  of  the  foregoing  conclusion  that  the  nuclear  charge  and, 
hence,  the  number  of  electrons  in  the  atom  is  equal  to  the  num¬ 
ber  of  the  element  in  the  Periodic  Table. 

Thus,  the  hydrogen  atom  (first  in  the  Periodic  Table)  has  one 
electron,  the  helium  atom,  two,  lithium,  three,  etc.  The  atom 
of  the  ninety-second  element  —  uranium  —  has  92  electrons.  It 
may  be  added  that  the  a-particle,  which  has  a  positive  charge 
of  2,  is  identical  with  the  nucleus  of  the  helium  atom;  this  was 
established  experimentally  by  Rutherford  (see  p.  37).  In  the  same 
w'ay,  the  proton,  with  its  charge  +  1  and  mass  close  to  the 
mass  of  the  hydrogen  atom,  turns  out  to  be  the  nucleus  of  this 
atom. 


9.  Size  of  the  Nucleus 

When  a-particles  traverse  a  substance,  they  are  both  scattered 
(the  characteristic  sharp  break  in  their  trajectories)  and  slomvd 
down  without  any  change  in  direction  of  motion,  as  a  result  of 
which  their  path  length  in  matter  is  finite.  This  difference  in 
the  type  of  a-particle  trajectories  is  very  clearly  shown  in  cloud- 
chamber  photographs  (Fig.  5).  In  large  measure,  a-particles  lose 
speed  due  to  ionisation  of  the  atoms  which  they  encounter.  This 
ionisation  is  evident  from  the  increase  in  electrical  conductivity 
and  by  the  appearance  of  visible  tracks  of  a-particles  in  a  cloud 
chamber  due  to  condensation  of  water  vapour  on  the  ions  along 
the  path  of  the  a-particle.  Cloud-chamber  photographs  show  that 
in  most  cases  the  a-particle  trajectories  are  straight-line,  while 
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tliose  witli  ;i  sliarp  break  (which  occur  when  an  ct-particle  inter¬ 
acts  with  an  atomic  micleusl  are  very  rare.  This  fact  in  itself 
IS  sufficient  for  one  to  conclude  that  the  size  of  the  nucleus  is 
.small  compared  with  that  of  the  atom 


Flit.  >.  Alpha-parlicic  paths  in  helium  (ste¬ 
reoscopic  photo).  Among  the  many  rectili¬ 
near  tracks,  there  is  one  which  ends  in  a 
douf)k-  fork  cause<l  by  the  flight  of  a  deflect¬ 
ed  ct-particle  and  a  helium  atom  that  un- 
(letuv-nt  impact  (after  Rutherford  and 
Chadu  ick) 


The  same  conclusion  is  also  drawn  from  the  fact  that 
Coulomb's  law  (which  assumes  point  charges)  is  very  well  ful¬ 
filled  in  the  scattering  of  a-particles  at  sufficiently  large  angles, 
when  the  distances  between  the  a-particles  and  the  nucleus  are 
considerably  less  than  the  size  of  the  atom. 

Let  us  calculate  the  minimum  distance  between  an  a-particle 
and  a  nucleus  (r,,,,  )  that  corresponds  to  a  certain  impact  para¬ 
meter  p  (Fig.  6).  In  polar  coordinates  (r,  ip),  the  laws  of  con¬ 
servation  of  energy  and  angular  momentum  for  an  a-particle- 
nucleus  system  are  written  as 


mr  (p  =  mvp, 


where  r  =  ^.  <P  =  ^  and  is  the  energy  of  an  a-particle  at 

an  infinite  distance  from  the  nucleus.  From  these  equations  we 
obtain 

^  (  r-*  I  I 

2  V  — r  * 
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When  r  =  r„j„. 
ten  as 


rs=0,  and  the  preceding 
m  v*p*  I  2e*Z  mv* 

'7~.  ~2  ‘ 

‘mm  'min  * 


equation  is  rewnl- 


Solving  this  equation  tor 

Whence  it  is  seen  that  for  given  Z  and  2^  ,  r^|„  diminishes 

with  decreasing  impact  parameter  p,  and  for  p  =  0  (central 
impact)  it  assumes  the  least  possible  value 


jfZ 

mv*  ' 


(9.1a) 


Rewriting  this  expression  in  the  form 
2e*Z  mv* 


Tmln '  2 


(9.2) 


we  see  that  in  the  case  of  a  central  impact  at  a  distance  of 
closest  approach  of  the  a-particle  to  the  nucleus,  the  potential 


energy  of  their  Coulomb  repulsion  is  equal  to  the  original  kinetic 
energy  of  the  «-particle.  , 

When  p=0  the  scattering  angle  d  (see  Fig.  6)  is,  obviously, 
180'’.  Since  for  sufficiently  large  p  the  scattering  angle  may  be 
arbitrarily  small,  it  is  clear  that  there  should  be  a  direct  rela¬ 
tionship  between  the  scattering  angle  and  the  impact  parameter 
and,  consequently,  between  8  and  r„|„.  Indeed,  in  polar  coordi¬ 
nates  the  equation  of  an  a-particle  trajectory  in  the  nuclear 
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field  is  of  the  form 


2e*Z 


(1  -|-cos(p). 


Since  at  r -=  oo  the  an^Ie  ((■  should  equal  the  scattering  angle 
(sec  Fig.  6).  from  this  equation  we  obtain 


P  = 


^^COtA. 

inv*  2 


(9.3) 


Which  is  the  relationship  between  p  and  0  that  is  needed. 

Substituting  (9.3)  into  (9.1),  we  obtain  the  following  relation 
between  r,|,i„  and  0: 


(9.4) 


From  (9.4)  it  is  seen  that  r,„j„  has  the  smallest  value  for  a  scat¬ 
tering  angle  0=180’;  this  value  satisfies  relation  (9.2). 

The  distance  of  closest  approach  of  the  a-particle  to  a  nu¬ 
cleus  is.  obviously,  the  upper  limit  of  the  nuclear  radius  (more 
precisely,  the  sum  of  the  radii  of  the  nucleus  and  the  a-particle). 
To  compute  r,„,„  we  can  take  advantage  of  (9.4).  Since,  on  the 
basis  of  experiments  in  the  scattering  of  the  a-particles  of  RaC 
by  gold,  formula  (8.2)  is  fulfilled  even  for  scattering  angles  as 
large  as  ISO’,  whence  follows  the  validity  of  (9.4),  let  us  com¬ 
pute,  by  means  of  this  formula,  the  value  of  r^,  that  corresponds 
to  0=150’.  Substituting  into  (9.4)  0=150°,  2  =  79,  and  the 
velocity  of  RaC  a-particles  v  =  1.992  X  fO’ cni, sec,  we  find 
r,„,„  =  2.8  X  10“'’ cm,  the  atomic  radius  being  1.8X10'*  cm. 
Thus,  it  may  be  concluded  that  the  size  of  the  nucleus  of  an 
atom  of  gold  should  be  less  than  the  size  of  the  atom  by  a  factor 
e.xceeding  6000. 

We  can  also  obtain  an  appro.ximate  picture  of  the  dimensions 
of  the  atomic  nuclei  of  heavy  elements  from  the  following  reason¬ 
ing.  From  experiment  it  is  known  that  only  the  nuclei  of  rela¬ 
tively  light  elements  can  be  artificially  decomposed  through 
bombardment  by  a-particles  (see  below).  This  may  be  attributed 
-to  the  strong  Coulomb  repulsion  between  the  nucleus  of  a  heavy 
atom  (large  2)  and  the  a-particle,  as  a  result  of  which  the  latter 
cannot  approach  the  nucleus  to  a  distance  at  which  a  nuclear 
reaction  could  occur.  Having  in  view  a  central  impact,  we  find, 
by  means  of  formula  (9.1)  for  the  a-particles  of  RaC, 
=  X  10''*  2  cm,  which  for  lead  (2  =  82)  yields 
*'niii  =  2-9X  lO'"  cm.  Consequently,  as  in  the  case  of  gold,  we 


»c.  91 


SUE  or  NUCLEUS 


13 


may  state  that  the  radius  of  an  atom  of  lead  must  be  less  than 
3  X  lO"'”  cm. 

More  exact  data  on  the  dimensions  of  the  atomic  nucleus  are 
given  by  investigations  of  the  so-called  anomalous  scalienng  of 
a-particles.  As  has  been  pointed  out  (p.  37).  the  Rutherford  for¬ 
mula  (8.2)  is  strictly  fulfilled  only  in  the  case  of  heavy  elements, 
whence  we  concluded  that  in  this  case  the  field  of  the  nucleus 
does  not  differ  from  a  Coulomb  field  at  the  minimal  distances 
ol  a-particle  approach  to  the  nucleus.  But  in  the  case  of  light 
nuclei  (Z<C29)  at  large  scattering  angles  we  observe  anomalous 
scattering  of  a-particles.  which  is  evident  from  the  discrepancy 
between  the  measured  number  of  scattered  a-particles  and  the 
number  computed  from  equation  (8.2).  This  discrepency  is  parti¬ 
cularly  great  in  the  case  of  hydrogen  and  helium  where  the 
observed  number  of  scattered  a-particles  is  10  to  20  times  that 
calculated  from  the  Rutherford  formula.  The  reason  tor  anoma 
lous  scattering  should  be  sought  in  the  deviation  of  the  nuclear 
field  from  a  Coulomb  field;  this  becomes  perceptible  at  small 
values  of  r„|„  that  correspond  to  small  Z  and  large  scattering 
angles.  Recent  investigations  have  shown  that  the  deviation  is 
due  to  superimposition  of  forces  of  attraction  on  the  Coulomb 
force  of  repulsion,  the  action  of  the  attractive  forces  being  in¬ 
dependent  of  the  charge  of  the  particles  and  rapidly  falling  olT 
with  distance  between  the  particles  (see  below).  Identifying  the 
range  of  these  forces  with  the  radius  of  the  nucleus  a,  we  can 
determine  the  magnitude  of  a  as  the  distance  between  an  a-par- 
ticle  and  the  nucleus  at  which  normal  a-parti:le  scattering  passes 
into  anomalous  scattering.  Accordingly,  r,„|„  =  a  is  obtained  from 
equation  (9.4). 

Studies  ol  anomalous  scattering  show  that  the  magnitude  of 
a  increases  with  Z  and  may  be  expressed  approximately  by  the 
empirical  formula 

a  =  2X  10“*  J/Z.  (9.7) 

Thus,  the  radius  of  an  atomic  nucleus  is  of  the  order  of 
lO'” — 10'‘*  cm.  Another  empirical  formula  for  the  nuclear 
radius  is 

a=l.45X  10-”J/A  (9.6) 

w'here  A  is  the  atomic  weight  (mass  number)  of  the  given  ele¬ 
ment. 

It  may  be  noted  that  the  distribution  of  electricity  and  mass 
in  the  atom,  as  established  on  the  basis  of  a-particle  experi¬ 
ments,  led  to  the  planetary  model  of  the  atom  with  the  nucleus 
as  the  ‘'sun"  situated  at  the  centre,  and  the  electrons  as 
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■  planets'  revolving  round  the  nucleus.  This  model  was  proposed 
by  Rutherfoid  (191 1)  and  subsequently  utilised  by  Bohr  as  the  basis 
of  his  atomic  theory. 

10.  Radioactive  Transformations  of  the  Elements 

Radioactive  families.  Radioactivity  was  discovered  by  Becque- 
rel  in  1896.  The  existence  of  radioactive  elements,  that  is,  of 
elements  that  convert  into  other,  lighter,  elements  with  the 
emission  of  a-particles  (o-active  elements)  and  of  elements  that 
convert  into  adjacent  elements  with  the  ejection  of  p-particles 
(p-active  elements)  is  irrefutable  proof  of  the  complex  structure 
of  atomic  nuclei.  This  tendency  to  spontaneous  disintegration 
is  especially  characteristic  of  heavy  elements  and  accounts  for 
the  relative  instability  of  their  nuclei.  The  degree  of  stability 
of  the  nucleus  of  a  given  element  is  characterised  by  its  half- 
life  T,_  .  which  is  the  time  during  which  one-hal  of  the  initial 

t 

quantity  of  the  element  disintegrates  (decays).  Measurements  of  the 
magnitude  of  Tj^  are  based  on  an  analysis  of  activity  curves  of 

S 

radioactive  substances.  These  are  curves  that  give  the  radiation 
intensity  as  a  function  of  time.  The  difficulties  of  this  analysis  lie 
in  the  fact  that,  ordinarily,  one  has  to  deal  not  with  a  single 
radioactive  element,  but  with  a  more  or  less  complex  mixture 
consisting  of  the  original  element  and  its  decay  products. 

The  decay  of  each  element  (and,  hence,  its  activity)  obeys 
a  “monomolecular"  law 

=  (10.1) 

where  n  is  the  number  of  atoms  (concentration)  of  the  element 
at  a  time  t.  and  \  is  the  decay  constant  of  the  element.  Inte¬ 
grating  equation  (10.1),  we  obtain 

n  =  n.e-''  (10.2) 

where  n,  denotes  the  concentration  of  the  element  at  time  t  =  0 

For  the  case  of  a  ch.ain  of  radioactive  transformations 

n,  ►  n,  ►  n,  ► . . .  ►  rij  — ► , , . 

we  have  a  system  of  differential  equations 
dn. 
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The  overall  activity  I  measured  by  some  instrument  (for  example, 
an  ionisation  chamber)  is  in  this  case  expressed  by  the  equation 

I  =  k  |X,  n ,  k jX,n j  k,X,ni  , 

where  the  coefficients  k|  account  for  the  susceptibility  of  the 
instrument  to  the  radiation  of  the  element.  By  integrating  the 
foregoing  system  of  equations  it  can  be  shown  that  I  as  a  func¬ 
tion  of  time  is  a  sum  of  terms,  each  of  which  is  proportional 
to  the  respective  function  e~'i'. 

Thus,  in  the  simplest  case  of  a  chain  of  two  elements, 
n, — ►n,,  integration  of  the  two  differential  equations  yields 


l  =  k,X,n;  [(l 


We  see  that  already  in  the  very  simplest  case  the  activity  I  is 
a  composite  function  of  time.  However,  over  definite  time  inter¬ 
vals,  namely,  when  the  conditions  t^  1/X,  and  X,t^  1,  or  t^l/X, 
and  X,tsl  aie  fulfilled,  the  magnitude  of  I  will  be  proportion¬ 
al  to  e“'''  and,  accordingly,  to  e-‘"'.  Within  these  time  inter¬ 
vals  we  will  have  Ini  as  a  linear  function  of  time.  It  is  from 
the  slopes  of  the  corresponding  straight-line  sections  of  the  curve 
Ini,  t  (one  for  small  t  and  the  other  for  large  t)  that  the  decay 
constants  X,  and  X,  can  be  determined.  It  is  thus  possible  to 
find  the  values  of  the  decay  constants  also  for  chains  involving 
more  than  two  elements.  In  the  case  ol  long  chains  or  close 
values  of  X,  the  complex  mixture  of  elements  should  be  separat¬ 
ed  into  simpler  mixtures. 

The  decay  constant  of  every  element  is  connected  with  its 
half-life  by  the  following  relation: 


t 


As  a  result  of  the  painstaking  work  of  scientists,  the  half-lives 
of  practically  all  the  known  radioactive  elements  have  been 
determined. 

To  illustrate,  we  give  the  half-lives  of  a  chain  of  radioactive 
transformations  beginning  with  the  a-decay  of  radium  and  ending 
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in  the  formation  of  nonradioactive  lead  RaC*”*  (as  a  resuft  of 
the  o-decay  of  potonium  Po’’”  and  also  the  p-decay  of  the 
thallium  isotope  RaE’").  Notice  the  branching  of  the  chain,  for 
exam()le.  when  RaC  passes  into  RaD.  It  is  due  to  the  fact  that 
RaC  is  capable  both  of  a-  and  p-decay  (of  the  RaC  nuclei  under- 
poinj.;  transformation,  only  0.0-1  ?o  undergo  a-decay  and  99.96% 
e.xperience  p- transformat  ion). 


Transformation  scheme  of  radium  and  its  decay 
products 

Ra,.  Fr.,  Rn,.  At..  Po..  Bi,.  Pb.,  Tl„ 

Ra’”  ”  ^Rn—  ”  ,  RaA’”  ”  ^  RaB»" 

1620  yrs  3.825  days  p./  3.05  min  p./  26.8  min 
Af  •  ”  ^  RaC’'*  °  ,  RaC-”“ 

3  sec  P./I9.7  min  P./I.32  min 

RaC'"*  _iL>  RaD"* 

1.5X  10-4  sec  Px22  yrs 

RaE’'*  RaE"’** 

PX  5  days  px  4.23  min 
Po"  ”  ,  RaG’*‘ 

138.4  days  (stable) 

The  elements  of  this  chain  of  transformations  form  part  of 
a  series,  or  family,  of  radioactive  substances  called  the  uranium 
series',  it  is  characterised  by  mass  numbers  A  =  4n-t-2  (where  n 
is  an  integer).  Of  the  naturally  occurring  radioactive  elements, 
two  other  analogous  series  have  been  established:  the  thorium 
series  described  by  mass  numbers  A  =  4n  and  the  actinium  series 
with  A  =  4n-)7  3.  Later,  it  was  shown  that  the  artificially  obtained 
new  radioactive  elements  (see  below)  form  a  fourth,  missing, 
series,  which  is  sometimes  called  the  neptunium  series  characte¬ 
rised  by  mass  numbers  A  =  4n+1. 

Since  the  charge  of  an  a-particle  is  equal  to  two  elementary 
charges,  its  ejection  causes  the  charge  of  the  nucleus  of  the 
element  to  diminish  by  two  units.  The  resulting  new  element  is 
shifted  two  columns  to  the  left  in  the  Periodic  Table  relative  to 
the  original  element.  A  new  element  produced  by  a  single  p-decay 
is  shifted  one  column  to  the  right  of  the  original  element,  thus 
corresponding  to  an  increase  in  the  nuclear  charge  and,  conse- 
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quently,  in  the  atomic  number  by  unity.  Thi.s  is  the  essence  of 
the  radioactive  displncemenl  la-ji’  of  Fajans  and  Soddi/  (1911-13). 

From  this  law  it  follows  that  an  element  which  has  lost  0))e 
a-  and  two  p-particles  in  succession  returns  to  its  ori(;inal  place 
in  the  Periodic  Table.  Such,  for  example,  is  lead  RaG-y*  in  the 
foregoing  scheme  of  radioactive  transformations.  It  is  obtained 
from  RaD””  as  a  result  of  the  e)nission.  by  the  latter,  of  two 
p-  and  one  a-particle.*  We  thus  have  two  elements,  RaG“‘ and 
RaD”“,  occupying  one  and  the  satne  place  in  the  Periodic  Table, 
consequently,  they  are  chemically  identical  but  have  different 
atomic  weights,  since  the  ejection  of  a  single  o-particle  involves 
a  decrease  in  atomic  weight  by  4. 

Isotopes.  Elements  with  the  same  atomic  number  and,  for 
this  reason,  with  identical  nuclear  charge  and  number  of  electrons 
but  with  different  ato)nic  weights  are  called  isotopes.  This  term 
was  introduced  in  1910  by  Soddy,  who,  in  order  to  account  lor 
the  fact  that  even  at  that  time  the  number  of  known  radioactive 
elements  exceeded  the  number  of  places  in  the  Periodic  Table, 
presumed  the  existence  of  varieties  of  radioactive  elenients  that 
differ  in  atomic  weight  (mass  number)  and  in  radioactivity,  but 
have  identical  chemical  properties** ***  and.  consequently,  occupy 
the  same  place  in  the  Periodic  Table.  Soddy  called  these  varieties 
isotopes,  which  is  in  full  accord  with  later  concepts  of  chemical 
elements  (that  the  atomic  number  and  not  the  atomic  weight  is 
the  chief  characteristic  of  an  element). 

Scientists  at  first  inclined  to  the  view  that  isotopis)n  is  found 
only  in  radioactive  elements  and  is  associated  with  radioactive 
transformations.  However,  already  in  1912,  J.  J.  Thomson,  while 
studying  the  deflection  of  a  beam  of  neon  ions  in  electric  and 
magnetic  fields  parallel  to  each  other  and  perpendicular  to  the 
direction  of  flight  of  the  ions,  demonstrated  that  there  are  two 
varieties  or  two  isotopes  of  this  element  possessing  mass  numbers 
20  and  22.  *••  The  fundamental  significance  of  this  discovery  was 
that  it  proved  that  stable  elements  too  could  have  isotopes. 

The  method  of  measuring  the  masses  of  gaseous  ions  in  an  ion 
beam  (first  used  by  J.  J.  Thomson)  was  considerably  refined  by 


*  Here,  as  in  the  foregoing  scheme  of  radioactive  transformations,  the 
superscript  of  the  symbol  of  the  chemical  element  denotes  the  mass  number 
(A),  the  subscript,  the  atomic  number  (Z). 

••  Earlier  still,  Butlerov  (1881)  and  Crookes  (1886)  believed  in  the 
existence  of  varieties  of  a  chemical  element  differing  by  mass. 

***  Later,  a  third  stable  isotope  of  neon  with  mass  number  21  was  discov¬ 
ered.  The  percentage  content  of  isotopes  20,  21,  and  22  in  natural  neon  is 
90.00%,  0.27%,  9.73%,  respectively.  Neon’s  atomic  weight  is  20.18. 
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Aston,  who  in  1919  devised  an  instrument  known  as  the  mass 
spectrograph.  In  Aston’s  mass  spectrograph,  the  ion  beam  first 
enters  an  electric  field  perpendicular  to  it  and  is  dispersed  into 
a  spectrum,  the  slower  ions  being  deflected  more  than  those  with 
higher  velocities.  The  ions  then  enter  a  magnetic  field  perpendi¬ 
cular  to  the  electric  field  and  to  the  direction  of  motion  of  the 
ions.  This  field  deflects  them  in  a  direction  opposite  to  that  pro¬ 
duced  by  the  electric  field.  Besides,  the  magnetic  field  focuses 
ions  of  different  velocities  but  identical  masses  on  a  certain  plane. 
When  ions  with  different  masses  (or,  to  be  more  precise,  with 
different  charge-to-mass  ratios)  are  present,  we  obtain,  in  the 
focal  plane,  a  number  of  images  of  the  slit  (which  separates  out 
the  original  beam)  in  the  form  of  lines  similar  to  optical  spectral 
lines.  The  mass  spectrum  is  photographed  by  placing  a  photo¬ 
graphic  plate  in  the  focal  plane. 

Aston’s  mass  spectrograph  was  subsequently  refined  consider¬ 
ably.  Then  came  mass  spectrometers  with  electrical  and  not 
photographic  recording.  Most  common  at  present  is  the  mass 
spectrometer  in  which  a  magnetic  analyser  admits  ions  with  very 
slightly  divergent  velocities  (monoenergetic  ions),  thus  dispensing 
with  a  deflecting  electric  field.  In  a  uniform  magnetic  field,  the 
ions  move  in  circular  paths,  the  radii  of  which  are  defined  from 
the  condition  of  equality  of  the  magnetic  force  evH  acting  on 
the  ion  (e  and  v  are  charge  and  velocity  of  the  ion,  H  is  the 
magnetic  field  intensity)  and  the  centrifugal  force  mv’/r.  Ex¬ 
pressing  the  kinetic  energy  of  the  ion  in  terms  of  the  ion-accele¬ 
rating  potential  difference,  mv’/2==eV  (where  m  is  the  ion  mass 
and  V  the  potential  difference),  we  obtain,  from  the  preceding 
formula. 


m _ I  H'r» 

e  2  V  • 


(10.4) 


Thus,  given  H  and  V,  a  definite  radius  of  the  circular  path  cor¬ 
responds  to  ions  characterised  by  a  definite  m/e  value.  In  mass 
spectrometers  with  r  fixed  and  determined  by  the  position  of  the 
respective  slits,  H  or  V  are  varied,  and  ions  of  one  kind  or 
another  are  directed  into  the  slit  of  the  receiver.  The  mass 
spectrum  thus  obtained  is  usually  registered  by  means  of  a  self- 
recording  instrument. 

The  principle  of  the  mass  spectrometer  that  utilises  mono- 
energetic  ions  was  proposed  by  Dempster  (1918),*  who  first  ap¬ 
plied  it  in  1921  to  study  the  isotopic  composition  of  alkaline  met¬ 
als  by  analysing  positive  ions  emitted  by  the  heated  salts  of 


•  This  principle  was  still  earlier  utilised  by  Classen  to  devise  an 
ment  which  he  used  to  measure  the  specific  electronic  charge  (1907). 
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these  elements.  In  1924.  a  mass  spectrometer  of  the  same  design 
was  used  by  Kondratyev  and  Semyonov  to  study  the  action  of 
electrons  on  the  molecules  of  alkali-halofien  salts. 

The  principal  sifjnificance  of  the  niass-spectrof>raphic  investi¬ 
gations  carried  out  by  Aston  and  later  by  Dempster.  Bainbridge 
and  others  lies  in  the  fact  that  the  isotopes  of  a  large  number 
of  elements  were  discovered.  This  was  proof  of  the  universality 
of  isotopism.  Some  of  the  isotopes  were  discovered  spectroscopi¬ 
cally.  Finally,  a  large  number  of  radioactive  isotopes  were  dis¬ 
covered  by  radiochemical  methods.  The  number  of  isotopes  dis¬ 
covered  every  year  increased  especially  alter  1939  with  the  dis¬ 
covery  of  the  fission  of  atomic 
nuclei  (see  below).  Whereas  in 
1938  the  number  of  known  iso¬ 
topes  of  all  the  elements  was  260. 
in  1946  it  was  630.  and  in  1957. 
over  1300.  Which  gives  an  aver¬ 
age  of  13  isotopes  per  element. 

Fig.  7  is  a  mass  spectrum  of 
germanium  (obtained  by  Bain- 
bridge)  containing  five  lines,  which 
correspond  to  isotopes  70.  72. 

73.  74.  and  76.  The  different  intensity  of  the  lines  is  due 
to  diflerent  isotope  abundances,  which  may  be  determined  by 
measuring  ion  currents  that  correspond  to  ions  of  different  masses. 
The  following  percentages  of  abundance  were  thus  obtained 
for  the  five  isotopes  of  germanium;  21.2  (70);  27.3  (72);  7.9  (73); 
37.1  (74);  and  6.5  (76).  All  these  isotopes,  like  the  majority  of 
isotopes  detected  by  mass-spec Ironietric  methods,  are  stable.  In 
addition,  there  are  eight  radioactive  isotopes  of  germanium  with 
masses  66.  67.  68.  69.  71.  75.  77  and  78. 

In  connection  with  the  isotopic  composition  of  elements,  we 
note  the  following  very  essential  circumstance.  The  atomic 
weights  of  many  elements  in  the  Periodic  Table  dilTer  greatly 
from  whole  numbers.  For  instance,  the  atomic  weight  of  chlorine 
is  .35.456.  With  the  discovery  of  chlorine  isotopes  it  became 
clear  that  its  fractional  atomic  weight  is  due  to  the  simple  fact 
that  this  element  is  a  mi.xture  of  two  stable  isotopes  with  atom¬ 
ic  weights  35  (Cl*‘)  and  37  (Cl”),  and  the  measured  atomic 
weight  of  chlorine  is.  therefore,  a  mean  value  of  these  two.  At 
one  time  it  was  thought  possible  to  explain  the  deviations  of 
atomic  weights  from  whole  numbers  in  this  manner,  and  it  was 
believed  that  the  atomic  weights  of  the  pure  isotopes  are  in  all 
cases  strict  integers.  However,  accurate  measurements  of  the 
atomic  masses  showed  that  the  deviations  of  atomic  weights  from 


Fig.  7.  Mass  spectrum  of  germnniunl 
(after  Bainhridge) 
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integral  values  represent  very  specific  quantities.  To  illustrate, 
the  atomic  weights  of  the  above-mentioned  stable  isotopes  of 
chlorine  turned  out  equal  to  34.98004 -t;  0.00005  and  36.97766 -i:: 
—  0.00005.  .As  we  shall  see  later  on  (Sec.  13),  these  deviations 
play  a  verv  significant  role  in  the  theory  of  the  atomic  nucleus. 

At  present  the  atomic  weights  of  over  600  isotopes  have  been 
measured  with  great  accuracy.  Naturally,  the  atomic  weights  of 
the  light  isotopes  have  been  measured  with  particularly  high  ab¬ 
solute  accuracy.  The  atomic  weights  of  all  known  isotopes  of 
elements  from  hydrogen  to  neon  are  given  in  Table  1. 


Table  I 

Atomic  weights  (masses)  of  the  isotopes  of  light  elements 


Isotope 

Mjss 

Isot  opo 

M.1SS 

|I.SOtOpC 

Mass 

1  (H)8U6 

Be* 

7.019153 

C" 

14.007698 

O'* 

18.004888 

H* 

2.014741 

Be’ 

8.0078-19 

o» 

15.0141 

O'* 

19.0092 

H* 

3.017003 

Be* 

9.015042 

N'» 

12.02280 

F'* 

17.007496 

He* 

3. 0160, *<3 

Be'* 

10.016717 

N'» 

13.009877 

F‘* 

18.006683 

He* 

4.003877 

B* 

9.016192 

N‘* 

14.007531 

F'* 

19.004454 

He* 

5.01300 

B.o 

10.016118 

N«* 

15.004877 

F" 

20.00635 

He* 

6.02083 

B" 

11.012796 

N" 

16.0I12T 

Ne" 

19.007951 

Li* 

5.01379 

B'* 

12.018172 

N‘* 

17.01632 

Ne** 

19.998798 

Li* 

6.(07028 

C’* 

10.02034 

O** 

14.01305 

Ne” 

21.000525 

Li* 

7.018225 

C* 

11.014931 

o*» 

15.007782 

Ne*» 

21.9983.36 

Li* 

8. 027)026 

o- 

12.003817 

O'* 

16.000000 

Ne« 

23.001722 

Li* 

9.03007 

C'» 

13.007488 

O'* 

17.004536 

It  will  be  noted  that  in  Table  1  the  unit  of  atomic  weight 
is  1/16  the  atomic  weight  of  the  oxygen  isotope  O'*.  This  unit 
is  called  the  physical  unit  of  atomic  weight  in  contrast  to  the 
chemical  unit,  which  is  equal  to  1/16  the  atomic  weight  of  oxy¬ 
gen.  Since  the  abundance  of  oxygen  isotopes  corresponds  to  the 
following  percentage  content:  99.76(0“),  0.04(0"),  and  0.20(0"). 
it  is  easy  to  show  that  the  physical  unit  of  atomic  weight  is 
0  0273  %  less  than  the  chemical  unit. 

The  mass  values  given  in  Table  1  are  the  relative  masses 
(atomic  weights)  of  isotopes  M  and  are  connected  with  the  ab¬ 
solute  masses  of  the  corresponding  atoms  m  (expressed  in  grams) 
by  the  relation 

m  =  ^  (10.5) 

where  Na  is  Avogadro’s  number,  which  corresponds  to  the  phy¬ 
sical  unit  of  atomic  weight,  and  Na  =(6.02566  ±  0.00016)  X 10" 
(the  value  of  Na  that  corresponds  to  the  chemical  unit  of  atom¬ 
ic  weight  is  (6.02402  ±0.00017)  X  10”). 
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1.  Artificial  Nuclear  Disintegration 


Nuclear  reactions.  Exceedingly  fruitful  investigations  into  the 
artificial  splitting  of  nuclei  that  opened  a  new  era  in  nuclear 
physics  began  with  the  experiments  of  Rutherford  (1919),  who 
succeeded  in  demonstrating  that  the  bombardment  of  nitrogen 
(and  also  a  number  of  other  elements)  with  RaC-emitted  a-par- 
tides  gives  rise  to  fast  H-particles  (protons)  which  result  from 
nteraction  of  (he  a-particle  with  the  target  nucleus.  That  this 
s  precisely  the  origin  of  H-particles  is  obvious  from  the  follow- 
ng.  First  of  all,  measurements  show  (hat  the  velocities  of 
these  H-particles  considerably  exceed  those  that  can  be  acquired 
by  an  H-a(om  nucleus  in  an  elastic  collision  with  an  a-par¬ 
ticle.  What  is  more,  (he  kinetic  energy  of  the  H-particles  pro¬ 
duced  in  (he  bombardment  of  aluminium  turns  out  greater  than 
that  of  the  bombarding  a-particles.  Finally,  the  detection  of 
H-particles  flying  in  a  direction  opposite  to  that  of  (he  a-par¬ 
ticles  is  cogent  proof  that  there  can  be  no  other  source  of  H-par¬ 
ticles  except  the  interaction  of 
the  a-particle  with  the  target  nu¬ 
cleus.  All  these  observations  may 
be  interpreted  as  follows:  under 
the  influence  of  the  perturbing  ac¬ 
tion  of  (he  a-particle  there  is  a 
rearrangement  of  the  nucleus  ac¬ 
companied  by  the  ejection  of  a 
proton.  A  more  detailed  picture 
of  the  mechanism  of  this  process 
is  given  by  the  experiments  of 
Blackett  (1925).  who  studied  the 
process  of  disintegration  of  a  ni¬ 
trogen  nucleus  by  means  of  a  cloud 
chamber.  In  addition  to  the 
straight  a-particle  tracks,  Blackett 
photographed  forked  tracks  that 
represented  the  path  of  an  a-par¬ 
ticle  prior  to  its  collision  with  a 
nitrogen  nucleus  and  the  paths 
of  the  products  of  interaction  be¬ 
tween  an  a-particle  and  an  N“ 
nucleus.  Fig.  8  shows  one  of  the 
photographs  obtained  by  Blackett, 
the  paths  ends  in  a  double  fork.  The  left-hand  (long)  branch  of 
(he  fork  is  the  path  of  an  H-particle  that  has  formed.  The  fact 
that  there  are  only  two  (and  not  three)  branches  shows  that 


fig  t.  Paths  of  a-particIes  in 
nitrogen  (after  Blackett).  The  fork 
represents  the  tracks  of  an  li-par- 
ticle  (fine  line  on  (he  left)  and  an  0'^ 
nucleus  (heavy  line  to  the  rigitt) 


It  will  be  seen  that  one  of 
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llie  a-particle  and  the  nucleus,  which  has  lost  an  H-particle, 
cease  to  exist  as  independent  nuclei  after  the  collision  and 
inerye  to  form  the  nucleus  of  a  new  element,  which  originates 
simultaneously  with  the  ejection  of  the  H-particle.  In  Fig.  S, 
the  second,  shorter  branch  of  the  fork  is  precisely  the  path  of 
the  nucleus  of  this  new  element.  Thus,  the  process  under  exa¬ 
mination  may  be  represented  by  the  following  equation,  similar 
to  conventional  chemical  equations: 

He;  +  N;*=o;’+H!. 

Here  it  is  taken  that  the  oxygen  isotope  O”  is  the  product  of 
I  lis  nuclear  reaction  along  with  the  H-particle.  This  conclusion 
1  dlows  of  necessity  from  the  laws  of  conservation  of  mass  (mass 
number)  and  nuclear  charge. 

Later,  Rutherford  and  Chadwick  discovered  similar  reactions 
oi  oc-particles  with  the  nuclei  of  B,  F,  Na,  Atg.  Al,  Si,  P,  S, 
Cil.  and  K.  All  these  reactions  result  in  the  production  of  a 
proton  and  a  new  element  which  in  the  Periodic  Table  follows 
the  bombarded  element.  Subsequently,  the  list  of  reactions  of 
this  type  was  considerably  extended.  The  general  formula  for 
these  reactions  may  be  written  as 

He;+Xj  =  Yz'|!  +  H:. 

The  conservation  of  mass  and  nuclear  charge  in  such  transfor¬ 
mations  is  ensured  by  equality  of  the  sums  of  the  subscripts 
and  superscripts  on  the  left  side  of  the  equation  (4  + A  and 
2-j-Z)  to  the  corresponding  ones  on  the  right  side  (A +  3  + 1 
and  Z+1-+-1). 

We  note  that  reactions  of  this  type  are  customarily  denoted 
by  the  symbol  Z-' (a.  p)(Z+l)‘'^’.  or,  more  simply  still,  (a.  p). 

Neutron.  A  study  of  the  reactions  of  a-particles  with  the  nuclei 
of  light  elements  led  Chadwick  to  the  discovery  of  the  neutron 
(1932),  which  is  a  particle  with  mass  close  to  that  of  the  proton 
and  with  zero  charge.  Neutrons  were  found  to  be  produced  by 
<z-particle  bombardment  of  Li,  Be,  B,  F,  Ne,  and  other  elements. 

Characteristic  of  neutron  radiation  is  its  great  penetrating 
power  due  to  the  low  absorption  coefficient  of  neutrons  in  mat¬ 
ter.  Since  neutrons  cannot  ionise  atoms  and  molecules,  various 
indirect  methods  are  used  to  detect  them.  One  is  based  on  the 
observation  of  recoil  nuclei,  which  are  fast  atoms  produced  in 
elastic  collisions  of  a  neutron  with  the  nucleus  of  some  atom. 
Recoil  nuclei  are  readily  detected  by  the  ionisation  they  pro- 
duce  in  an  ionisation  chamber  or  cloud  chamber  or  else  by  ac¬ 
tivation  of  nuclear  emulsion  due  to  recoil  nuclei:  after  the 
emulsion  is  developed,  there  appears  a  chain  of  grains  (track) 
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which  can  be  seen  under  a  microscope  and  represents  the  path  of 
the  recoil  nucleus.  This  is  similar  to  the  chain  of  droplets  that 
makes  the  path  of  a  fast  ion  visible  in  the  Wilson  cloud  chamber. 

As  follows  from  the  theory  of  collision  of  elastic  spheres, 
the  energy  conveyed  from  one  sphere  to  another  during  a  colli¬ 
sion  is  particularly  great  when  they  have  the  same  mass.  When 
a  moving  sphere  collides  head-on  with  a  stationary  one  of  the 
same  mass,  the  entire  energy  of  the  former  is  transmitted  to 
the  latter.  For  this  reason,  fast  recoil  atoms  are  especially  read¬ 
ily  formed  in  the  passage  of  neutrons  through  hydrogen-contain¬ 
ing  substances  (for  example,  paraffin),  the  atoms  of  which,  as 
has  been  pointed  out,  have  mass  close  to  that  of  the  neutron. 
This  accounts,  in  particular,  for  the  sharp  increase  in  current, 
when  paraffin  is  introduced  into  an  ionisation  chamber  that  has 
been  neutron-irradiated.  The  current  increase  was  discovered  by 
Curie  and  Joliot  and  correctly  interpreted  by  them  as  due  to 
the  appearance  of  fast  protons  (recoil  protons). 

The  general  formula  of  a  neutron-producing  nuclear  reaction 
with  an  a-particle  may  be  written  as 

cts-|-Xz  =  Yz4-*”t”tio 

where  n  is  the  neutron.  This  reaction  may  also  be  written  as 
Z''(a.  n)(Z  +  2)''"’  or  as  (a,  n). 

The  interaction  between  an  a-particle  and  a  nucleus  is  not 
the  only  source  of  neutrons.  Neutrons  are  produced  in  the  bom¬ 
bardment  of  various  nuclei  by  protons  and  deuterons  (the  nuc¬ 
lei  of  heavy  hydrogen  H*,  or  deuterium,  D),  and  also  in  a  num¬ 
ber  of  other  reactions  (see  below').  The  use  of  particles  which 
possess  less  charge  and  are  lighter  than  the  a-particle  has  cer¬ 
tain  advantages.  First  of  all,  the  smaller  the  charge  of  the  bom¬ 
barding  particle,  the  closer  it  approaches  the  nucleus  for  a  giv¬ 
en  kinetic  energy  (see  Eq.  (9.1a))  and,  consequently,  the  more 
readily  it  interacts  with  the  nucleus.  Further,  as  follows  from 
the  theory  of  a-decay  (Sec.  15),  the  probability  of  penetration 
of  fast  particles  into  a  nucleus  increases  radically  with  decreas¬ 
ing  mass  of  the  particles.  Finally,  of  no  small  importance  is 
the  possibility  of  obtaining  pow'erful  beams  of  protons  and  deute¬ 
rons  artificially  in  modern  high-voltage  ion  accelerators. 

One  of  the  common  "natural”  sources  of  neutrons  is  a  radi¬ 
um-beryllium  source*  in  which  the  neutrons  are  obtained  in  the 
reaction 

al-t-Be;=Cl‘  +  nl. 


*  A  mixture  of  radium-salt  pow'ders  (usually  RaBrg)  and  metallic  beryllium 
sealed  in  a  copper  or  glass  ampoule. 


51 


-“TOMIC  NICLEL'S 


icn.  2 


The  neutron  yield  ol  a  source  with  1  gram  of  radium  is  10’ 
neutrons  per  second.  This  is  practically  the  limit  for  natural 
neutron  sources  in  which  the  a-particles  are  produced  by  radium  de¬ 
cay.  because  of  the  comparatively  low  activity  as  well  as  the  high 
cost  of  this  element.  In  contrast  to  the  natural  sources  of  a- 
radiation,  the  possibilities  ol  obtaining  powerful  ion  beams  arti¬ 
ficially  are  almost  unlimited. 

The  first  nuclear  reaction  investigated  by  means  of  artifici¬ 
ally  obtained  fast  particles  was  that  ol  a  proton  with  a  Li’ 
nucleus. 

Li;  =  2He;, 

discovered  by  CockrofI  and  Walton  (1932).  This  reaction  is  pe¬ 
culiar  in  that  it  can  be  accomplished  at  comparatively  low  pro¬ 
ton  energies  because  of  the  ease  with  which  a  proton  can  pene¬ 
trate  a  lithium  nucleus  (see  above).  In  the  first  Cockroft-Walton 
experiments,  the  proton  energy  was  600  keV;  however,  it  was  la¬ 
ter  found  that  the  reaction  is  observed  even  at  10  keV. 

Two  a-parlicles  are  also  produced  in  a  deuteron  reaction 
with  a  light  lithium  isotope: 

D:-f  Li;  =  2He;. 


We  may  add  that,  as  shown  by  special  cloud-chamber  e.xperi- 
ments,  bolh  a-particles  fly  apart  in  accord  with  the  law  of  con¬ 
servation  of  momentum. 

In  addition  to  these  and  similar  reactions  of  the  (p,  a)  and 
(d.  o)  types,  other  proton  and  deuteron  reactions  were  discov¬ 
ered.  for  instance,  (p,  n)  and  (d,  n).  The  following  is  an  illus¬ 
tration  of  the  (p,  n)  type: 

pl  +  Li  J  =  BeJ  nj, 

which  is  analogous  to  the  a-particle  reaction  that  had  been  ob¬ 
served  : 

a;  +  Li;=B;'’+n;. 

The  following  can  serve  to  illustrate  the  (d.  n)  type  reaction: 
d;-f  D;  =  He;-4-n; 

and 

df  +  T:  =  He;  +  n;. 

which  have  found  application  in  sources  of  monoenergetic  neu¬ 
trons. 
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Further,  it  is  well  to  note  that  neutrons  can  also  originate 
in  the  interaction  of  a  y-photon  and  a  nucleus  Reactions  of 
this  type,  called  pholoniiclear  read  ions  are  symbolised  as  (y.  n); 
one  of  numerous  cases  of  this  type  is  the  reaction 

Be;  -r  y  =  Bel  +  nl 

established  by  the  appearance  of  neutrons  when  beryllium  is  ir¬ 
radiated  with  gamma  rays.  It  has  been  shown  that  the  mini¬ 
mum  y-photon  energy  required  lor  this  reaction  is  1.662  ±0.003 
AteV.  Obviously,  this  energy  may  be  interpreted  as  the  binding 
energy  (strength)  of  the  neutron  in  the  Be’  nucleus.  Another 
case  of  this  type  of  reaction  is 

D:  +  y  =  H;  +  n;. 

The  protons  produced  in  this  reaction  were  detected  directly  in 
a  cloud  chamber.  The  neutron-proton  binding  energy  in  a  deu¬ 
terium  nucleus,  which  is  equal  to  the  minimum  energy  of  the 
Y-photon  that  caused  the  reaction,  is  2.227  ±0.003  AteV.  Both 
the  (y,  n)  reactions  and  also  certain  other  reactions  of  this  type 
are  used  to  produce  monoenergetic  neutrons. 

Finally,  it  should  be  pointed  out  that  neutrons  are  likewise 
obtained  in  nuclear  fission  reactions,  which  are  considered  below 
(Sec.  17). 

A  large  number  of  neutron -induced  reactions  are  known  at 
present.  These  reactions  are  characterised  by  a  high  probability 
of  occurrence,  in  particular  at  negligibly  low  neutron  energies, 
for  example,  when  induced  by  thermal  neutrons,  that  is,  by  neu¬ 
trons  of  energy  equal  to  the  mean  thermal  energy  of  the  trans¬ 
lational  motion  of  molecules  at  a  given  temperature  3'2  kT. 
where  k  is  the  Boltzmann  constant  equal  to  (1 .38020  ±0.00007) '< 
X  lO"’*  erg  deg"‘  (T  is  absolute  temperature).  The  comparative 
ease  with  which  neutron  reactions  develop  stems  from  the  ad¬ 
vantage  that  neutrons  have  over  charged  particles  in  that  there 
is  no  nuclear  repulsion  and  the  neutrons  readily  penetrate  into 
the  nuclei.  The  following  are  examples  of  neutron  nuclear  reac¬ 
tions: 

n;+B;'=Li;+a;. 
n;-i-B;"=Be:+d;, 
n:+sn=P!!-f  pi, 
n:  +  A\n“  =  Alni;  +  Y. 

These  reactions  correspond  to  types  (n,  a),  (n,  d),  (n,  p).  and 
(n.  y).  respectively,  and  are  the  reverse  reactions  of  the  above- 
considered  types  (a,  n),  (d,  n),  (p,  n),  and  (y,  n). 
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It  will  be  noted  that  some  of  these  pairs  of  reactions  were 
studied  independently,  for  example,  ni-|-Bl°  =  LiH-a5anda2+ 

Lii=  8;"  + ni.  Also  studied  was  the  capture  reaction 

n;  +  H;=  d;+y. 

which  is  the  reverse  of  the  foregoing  photonuclear  reaction  that 
consisted  in  the  splitting  of  a  deuteron  into  a  proton  and  neu¬ 
tron  by  a  Y  photon,  Measurements  of  the  energies  of  gamma  pho¬ 
tons  emitted  in  the  formation  of  a  deuteron  from  a  proton  and 
neutron  yielded  2.23  MeV.  which,  within  experimental  error, 
coincides  with  the  above-mentioned  limiting  energy  of  y-photons 
that  induce  a  direct  reaction  (2.227  ±0.003  MeV).  It  may  be 
added  that  for  the  capture  cross-section  (oj  a  value  a^  = 
=  0.325  X  I0‘‘‘  cm’  was  obtained  from  measurements  of  the 
mean  lifetime  of  thermal  neutrons  in  water;  this  time  is  deter¬ 
mined  by  their  disappearance  due  to  capture  by  protons  of  the 
water.  The  capture  cross-section  determines  the  probability  of 
this  process  and  enters  into  the  expression  for  its  velocity 
_i|^=  o,u(H)  (n).  where  u  is  the  mean  velocity  of  relative 

motion  of  the  neutron  and  proton,  and  (n)  and  (H)  are  their 
concentrations.  Putting  the  quantity  o,  equal  to  n  (ap-j-- a^)’,  we 
obtain  3.2  X  10'"  cm  for  the  sum  of  the  effective  radii  of  the 
proton  and  neutron  ap+a  ;  considering  the  radii  of  these  par¬ 
ticles  to  be  the  same,  we  find  ap=1.6X  10'”  cm.  The  effective 
radius  of  the  proton  thus  found  turns  out  close  to  that  of  a  as 
computed  from  equation  (9.6),  from  which  for  A=l  it  follows 
that  a  =  l,45X10''’  cm.  Whence  it  may  be  concluded  that  the 
capture  of  a  neutron  by  a  proton  occurs  practically  in  every 
collision. 

Positron.  Artificially  produced  nuclear  reactions  (like  natural 
radioactive  transformations)  very  often  lead  to  the  formation  of 
new  radioactive  elements  or  new  radioactive  isotopes  of  the  ini¬ 
tial  element.  Before  considering  the  question  of  the  nature  of 
activity  of  artificial  radioactive  elements  we  must  examine  an 
extremely  important  discovery,  the  discovery  of  the  positron 
made  by  Anderson  (1932)  when  studying  cosmic  rays  with  a  cloud 
chamber  in  a  magnetic  field.  From  the  character  of  the  track 
of  the  particle  in  the  magnetic  field  it  followed  that  the  posi¬ 
tron  has  a  mass  equal  that  of  the  electron  and  an  equal  and  op¬ 
posite  electric  charge.  It  is  interesting  to  note  that  four  years 
before  the  discovery  of  the  positron  its  existence  had  been  pre¬ 
dicted  by  Dirac  (1928)  on  the  basis  of  an  equation  of  motion 
of  superfast  electrons  which  he  derived  (Dirac  equation). 
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In  the  saTiie  year  of  1932,  Blackett  and  Occinalini  sluiwcd 
that  when  cobinic  rays  traverse  matter  they  frequently  eive  ri.^e  to 
s/ioraers,  whicli  are  streams  of  particles  that  consi't  hall  of  elec¬ 
trons  and  half  of  positrons,  both  havini;  roughly  the  satne  speeds. 

Further,  Blackett  and  Occhialini  (1933)  and  other  investiga¬ 
tors  found  that  positrons  could  also  originate  from  y-photons  on 
file  condition  that  the  energy  of 
the  latter  exceeds  1.02  MeV.  In 
this  case,  the  electron  and  posi¬ 
tron  {pair)  are  produced  simulta¬ 
neously.  For  example,  an  electron- 
positron  pair  was  produced  by  the 
V-|)hotous  of  RaC  of  eueroy  1.8 
AleV.  while  in  the  case  of  the 
Y-photons  of  Po  of  ener(>y  0.8  .'\e\' 
this  phenomenon  was  not  observed 
The  existence  of  a  limitim; 
eneroy  for  vi'hotons  (1.02  AteN') 
follows  directly  from  the  law  of 
conservation  of  ener"y.  Indeed, 
computim>  the  eneryy  of  an  elec¬ 
tron  on  the  basis  of  the  relation  of 
equivalence  of  mass  and  eneroy 


E,.- 


aK 


1  I  -  P 

(K  is  the  kinetic  eneroy  of  the 
electron,  m  its  rest  mass  and 
P  =  vc.  where  v  is  the  velocity 
of  the  electron),  we  find  E,.  = 

=  K  +  0..'il  MeV,  or  in  the  lim¬ 
iting  case  of  sufficiently  slow 
electrons  (P'<^1  and.  conse¬ 
quently,  K  =  0)  E,.  =  0.51  MeV.* 

Assuming  the  energy  of  the  posi¬ 
tron  to  be  equal  to  that  of  the 
electron  (in  view  of  the  equality 
of  their  masses)  Ep=E,,,  for  the  limiting  energy  of  a  y-photon 
capable  of  converting  into  an  electron-positron  pair  we  find 
E,  lim  =  +  Ep=  1 .02  A\eV.  Fig.  9  shows  the  generation  of  an 

electron-positron  pair  in  a  cloud-chamber  photograi>h. 


Fii^.  'J  [lit  ctri)ii-pt)sitron  p.iir  jtro- 
duct  ion  in  the  giib  of  cloud 
chamber  under  irradiation  wiili 
hard  yra^l'^tion.  The  magnetic  field 
deflects  the  two  particles  in  dilTer- 
ent  directions,  thus  indicating  un¬ 
like  charges 


•  The  exact  energy  corresponding  to  the  rest  mass  of  an  electron  is 
0.510969;!=  0.000009  MeV. 
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AIm)  detected  was  a  process  which  is  the  reverse  of  the 
transformation  of  a  yphoton  into  an  electron-positron  pair.  i.  e., 
the  conversion  of  an  electron  and  positron  into  yphotons  (two 
or  three).  This  process  is  known  as  annihilation  of  an  electron- 
positron  pair. 

.\s  has  already  been  pointed  out,  the  artificial  transformation 
of  elements  frequently  gives  rise  to  new  radioactive  nuclei. 
While  studying  nuclear  reactions  induced  by  bombardment  of 
various  elements  with  a-particles.  Curie  and  Joliot  (1934)  found 
that  in  certain  cases  the  new  radioactive  nuclei  produced  in 
such  reactions  emit  positrons.  Such  nuclei  were  called  positron- 
or  P'-active  (in  contrast  to  electron-  or  p' -active  nuclei  that 
emit  p-particles.  or  electrons).  Later  it  was  found  that  positron 
activity  is  an  e.xtremely  common  phenomenon.  Approximately 
two-thirds  of  artificially  obtained  radioactive  isotopes  are  elec¬ 
tron-active.  the  remaining  third  having  positron  activity.  It  was 
also  found  that  positrons  are  likewise  present,  in  small  quanti¬ 
ties.  in  the  radiation  of  natural  radioactive  substances.  How¬ 
ever.  in  this  case  they  arise  as  a  result  of  secondary  nuclear  re¬ 
actions  that  lead  to  the  formation  of  positron-active  isotopes. 

In  P‘-decay,  the  nuclear  charge  diminishes  by  unity,  and  the 
new  element  precedes  the  initial  element  in  the  Periodic  Table. 
Thus,  if  the  process  of  electron  decay  is  represented  by  the 
scheme 

Z''  =  (Z-|-l)''  +  p- 


or.  correspondingly,  by  the  symbol  Z' (p- )  (Z  +  I)-',  then  posi¬ 
tron  decay  must  be  represented  by  the  scheme 

Z'=(Z-l)'  +  p'- 
or 

Z'  (p')(Z—  1)A. 


Positron  decay  is  not  the  only  possible  mode  of  spontaneous 
transformatior)  of  an  active  nucleus,  as  a  result  of  which  its 
charge  is  diminished  by  unity.  Another,  similar,  process,  which 
is  known  as  electron  capture  or  K-capture  was  discovered  in 
1938  by  Alvarez.  This  process  consists  in  the  spontaneous  tran¬ 
sition  of  one  of  the  electrons  of  the  atom  into  the  nucleus.  This 
reduces  the  nuclear  charge  by  unity.  Here,  like  in  positron  de- 
cay,  the  result  is  one  of  the  isotopes  of  the  element  preceding 
the  initial  one  in  the  Periodic  Table.  Despite  the  fact  that  both 
ol  these  processes  lead  to  one  and  the  same  final  nucleus  (from 
one  and  the  sanie  initial  nucleus)  they  are  easily  distinguished 
experimentally  because  the  atom  of  the  element  that  is  pro¬ 
duced  as  a  result  of  electron  capture  is  in  an  excited  slate,  that 
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is,  in  a  stale  with  enhanced  internal  energy.  This  energy  is  ra¬ 
diated  in  the  form  of  X-rays  (see  Sec.  21).  which  indicate 
whether  the  case  is  one  of  electron  capture  or  not.  Electron 
capture  may  be  represented  by  the  scheme 
Z'4-e-=(Z— 1)'. 

Symbolically,  this  process  is  designated  as  Z'(K)(Z — I)'. 

Both  processes — positron  decay  and  electron  capture  —  are 
sometimes  observed  for  one  and  the  same  nucleus.  To  illustrate, 
the  radioactive  isotope  of  manganese  Mn,?  (half-life,  6.5  days) 
in  five  cases  out  of  one  hundred  undergoes  positron  decay  and 
in  95  cases,  electron  capture,  converting  into  a  stable  isotope 
of  chromium,  Crj;.  This  dual  transformation  into  the  same  final 
nucleus  has  likewise  been  established  for  V”,  Cu".  Zn"  and  a 
number  of  other  nuclei. 

It  is  interesting  to  note  that  there  are  cases  of  triple  conver¬ 
sion.  The  radioactive  isotope  of  copper  CujJ  (half-life.  12.8  hours) 
is  converted  into  the  nickel  isotope  NiJJ  via  positron  decay  or 
electron  capture  and  then,  by  means  of  electron  decay,  into 
the  zinc  isotope  Zn5J.  Similarly,  the  isotope  Cl”  is  converted  in 
the  following  reactions:  CI(p*)S,  Cl  (K)  S  and  Cl  (P‘)Ar. 

It  should,  however,  be  noted  that  cases  where  a  nucleus  is 
inclined  both  to  positron  (or  electron  capture)  and  to  electron 
decay  are  rather  rare;  usually,  each  given  unstable  nucleus  is 
subject  to  one  characteristic  type  of  spontaneous  transformation. 
The  following  variation  in  activity  is  observed  for  the  isotopes 
of  an  element  as  the  ratio  of  the  mass  number  A  to  the  nuclear 
charge  Z  increases;  p*'  active  isotopes,  stable  isotopes.  P"-active 
isotopes.  Obviously  related  to  this  regularity  is  the  following: 
nuclear  reactions  consisting  in  the  addition  of  a  neutron 
to  the  nucleus  of  the  initial  element,  for  e.\ample,  the  reaction 
ni-|-F”=Fr  +  Y  or  d!-|- Li!  =  LiJ-|-p|  yield  the  p' -active  iso¬ 
topes  Fj”  and  Li5,  whereas  reactions  involving  loss  of  a  neutron 
by  the  initial  nucleus,  lor  e,xample,  ni4"Fi’  =  F»’  +  2n5  or  di-f- 
-j- Bl'’  =  C" -)- n,'„  yield  p*-active  isotopes  (F”  and  Cl').  These 
and  similar  regularities  are  very  important  for  the  problem  of 
the  structure  of  atomic  nuclei  (see  Secs.  12,  13,  14). 

12.  Structure  of  the  Atomic  Nucleus 

Proton-neutron  theory  of  the  nucleus.  The  foregoing  facts  are  ob¬ 
vious  indications  of  the  great  complexity  of  the  structure  of 
atomic  nuclei.  This  raises  the  question  of  the  nature  of  the 
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port  ides  that  make  up  the  nucleus.  Before  the  discovery  of  the 
n  ulron,  the  nuclei  of  all  elements  were  generally  considered  to 
consist  o(  protons  and  electrons  (the  proton-electron  theory  of 
the  nucleus). 

this  view  was  based  primarily  on  the  tact  that  atomic 
weiuhts  are.  practically,  integers;  this  had  become  obvious  after 
the  discovery  of  isotopes  and  had  made  it  possible,  due  to  the 
smallness  of  the  electron  mass  as  compared  with  the  proton 
mass,  to  express  the  mass  of  any  nucleus  as  a  multiple  of  the 
proton  mass.  The  proton-electron  hypothesis  goes  back  to  the 
views  of  Prout  (1815).  who,  in  view  of  the  integrality  of  atomic 
weights,  considered  that  the  atoms  of  all  elements  consisted  of 
hydrogen  atoms. 

The  presence  of  protons  in  atomic  nuclei  likewise  followed 
directly  from  experiments  in  the  artificial  splitting  of  nuclei. 
The  emission  of  protons  (H-particles)  by  nuclei  subjected  to 
cc-particle  bombardment  was  established  in  these  e.xperiments. 
P-radioactivity  —  electron  emission  by  the  nuclei  of  radioactive 
elements — likewise  appeared  to  be  irrefutable  proof  of  the  e.xist- 
ence  of  electrons  in  the  nucleus. 

/Moreover,  electrons  were  needed  in  the  nucleus  to  strengthen 
it.  since  positively  charged  particles  alone  (protons)  could  not 
ensure  the  high  stability  of  the  atomic  nucleus. 

The  a-particles  emitted  by  a-active  elements  were  regarded  as 
secondary  structural  dements  of  the  nucleus  consisting  of  the 
basic,  primary,  units  —  four  protons  and  two  electrons.  The  non¬ 
elementary  nature  of  the  a-particle  is  obvious  from  a  number  of 
nuclear  reactions  that  indicate  the  possibility  of  destruction 
and  creation  of  an  a-particle,  for  instance. 

pH-Li;  =  l'a5 
or 

dj-f  T;=a;+n;. 

However,  the  assumption  of  electrons  in  the  nucleus  encountered 
unsurmountable  difficulties  in  explaining  certain  things  and 
was  dropped  as  not  being  true  to  fact. 

One  of  the  chief  objections  to  the  presence  of  electrons  in 
the  atomic  nucleus  is  the  following.  As  will  be  shown  in  the 
next  chapter,  the  electron  (irrespective  of  whether  it  is  in  the 
free  state  or  is  bound  in  an  atom)  possesses  a  specific  angular 
momentum — spin — and  a  magnetic  moment  proportional  to  it. 
In  electron  interactions,  both  the  magnetic  moments  and  angular 
momenta  combine  according  to  a  definite  law  and  form  a  certain 
total  (resultant)  magnetic  moment  and  a  total  (resultant)  angular 
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momentum  of  the  system.  And.  according  to  the  law  of  addition 
of  momenta,  the  resultant  spin  of  a  system  consisting  of  N 
electrons  will  have  one  of  the  following  values  (in  units  of  h  = 

=  h/2n):l,2N.  1/2  N — 1.  12N  —  2 . 1.2  or  0.  depending 

on  whether  the  number  N  is  odd  or  even. 

From  this  it  follows,  in  particular,  that  when  the  number  of 
electrons  is  odd.  the  resultant  spin  cannot  be  less  than  the  spin 
of  one  electron  (equal  to  12  in  the  accepted  system  of  units). 
Obviously,  the  same  is  true  for  the  magnetic  moment  of  the 
system. 

Like  the  electron,  the  proton  also  has  angular  momentum  (spin) 
and  magnetic  moment,  and  the  spin  of  the  proton  is  equal  to 
that  of  the  electron,  while  its  magnetic  moment  is  three  orders 
of  magnitude  less  than  the  magnetic  moment  of  the  electron. 
For  this  reason,  if  we  assume  that  the  nucleus  is  built  up  of 
protons  and  electrons,  we  would  have  to  expect  that  nuclei 
with  an  odd  number  of  electrons  and  an  odd  total  number  of 
particles  should  have  odd  spin  and  a  magnetic  moment  not  less 
than  of  the  order  of  the  magnetic  moment  of  the  electron. 

Such  are  all  nuclei  of  even  mass  number  A  and  odd  atomic 
number  (nuclear  charge),  for  example,  the  nuclei  of  LiJ  and  N',*, 
since  for  them  the  number  of  electrons,  equal  to  A  —  Z,  wilt 
always  be  odd.  Thus,  for  LiJ  the  number  of  electrons  is  A  —  Z  =  3 
and  the  number  of  protons  and  electrons  2A  —  Z  =  9.  Conse¬ 
quently,  the  total  spin  of  the  nucleus  in  this  case  should  be  9  2, 
7/2,  3/2  or  1/2,  whereas  experiment  yields  a  spin  of  1.  For  an 
NJ*  nucleus,  we  have,  respectively,  A  —  Z  =  7  and  2A  —  Z=21, 
which  again  gives  a  half -integral  total  spin  (21,2,  19/2,  17,2, 
15/2,  13/2,  11/2,  9/2,  7/2,  5,2,  3/2,  and  1.2).  But  in  this  case, 
too,  experiment  gives  a  whole  number,  1.  The  same  discrepancy 
is  observed  in  respect  to  the  magnetic  moments  of  LiJ  and  NJ*. 
Due  to  the  odd  number  of  electrons  (3  and  7),  these  should  have 
values  of  the  order  of  the  magnetic  moment  of  the  electron.  In 
actuality,  however,  the  magnetic  moments  of  the  nuclei  are  in 
all  cases,  including  those  of  Li*  and  N'*,  several  orders  of  mag¬ 
nitude  less  than  the  electronic  moment. 

These  facts  in  themselves  are  sufficient  for  rejecting  the  hy¬ 
pothesis  of  nuclear  electrons,  which  is  contradicted  by  a  series 
of  other  facts  as  well. 

All  these  difficulties  disappear  if  we  assume  that  nuclei  are 
built  up  of  prolans  and  neutrons  instead  of  protons  and  electrons. 
This  idea,  first  expressed  by  Chadwick  in  1932,  was  developed  in 
the  works  of  Heisenberg,  Tamm,  and  Ivanenko  that  appeared  in 
the  same  year.  A  detailed  study  of  the  new  model  of  the  nucleus 
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showed  tlijit  it  is  iti  excellent  agreement  with  experiment  and. 
apparently,  is  the  only  correct  one. 

On  the  proton-neutron  theory,  the  nucleus  with  mass  number 
y\  and  charge  Z  contains  Z  protons,  which  determine  its  charge, 
and  —  Z  neutrons.  Thus,  the  deuterium  nucleus  Dj  contains 
one  proton  and  one  neutron,  the  helium  nucleus  He?,  two  pro¬ 
tons  and  two  neutrons,  the  lithium  nucleus  LiJ.  three  protons 
and  three  neutrons,  the  floiirine  nucleus  F?*.  9  protons  and  10  neu¬ 
trons  etc  The  presence  of  neutrons  in  the  nucleus  follows  directly 
in  part  from  the  foregoing  reactions  and  also  from  an  enormous 
numher  of  other  nuclear  reactions  that  have  been  studied,  for 
instance,  from  neutron  capture  reactions  and  the  corresponding 
reverse  photonuclear  reactions,  and  also  from  reactions  (n.  2n), 
which  involve  capture  and  emission  of  neutrons  by  nuclei.  Since 

by  independent  experiments 
it  was  established  that  neu¬ 
trons,  like  protons,  have  spins 
of  1,2  (in  units  of  h),  the 
coincidence  of  one  of  the  cal¬ 
culated  values  of  spin  with 
the  measured  value  can  like¬ 
wise  be  regarded  as  experi¬ 
mental  proof  of  the  presence 
of  neutrons  in  atomic  nuclei. 
For  example,  from  the  rule  of 
addition  of  spins  we  obtain 
integral  values  1  and  0  for 
the  spin  of  a  deuteron  (D), 
the  tirst  of  which  coincides 
with  the  experimental  value 
(I);  for  the  spin  of  a  triton 
(T).  the  values  3.2  and  1  2 
(experimental,  l;2).  for  He‘, 
2,  1,  and  0  (experimental,  0), 
for  Li*.  3,  2,  1  and  0  (expe¬ 
rimental,  I),  for  Li’,  7  2. 

5  2.  3/2,  and  1/2  (experimen- 

paHicles  gfve'one  o'f%he  n*'"?  '°mic^'nudei‘ wi  th  fast  cosmic 

foeV  or  /n  m  '"  °  '^’°“sands  of  millions  of  electron-vofts 

in  ato^ic'n^riieuTrn'traf,  ^f/'i^irpo^en^p^^fi'c^fes^ 
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Fiff.  JO.  Spljlting  of  a  carbon  nucleus  fa) 
and  a  s.lver  nucleus  (b.  by  cot>mic  par* 
(jcles  (after  Zhdanov).  C  yields  6  proton 
tracks.  ,\g. 
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Fig.  10a  and  b  shows  two  pictures  of  such  a  break-up  of  carbon 
and  silver  nuclei.  The  pictures  were  obtained  with  nuclear 
emulsions.  Only  proton  tracks  are  recorded  since  only  protons 
possess  ionising  power  and.  hence,  display  photographic  action. 
The  first  photograph  (Fig.  10a)  reveals  si.\  proton  tracks,  and 
according  to  the  proton-neutron  theory,  the  carbon  nucleus  C‘“ 
actually  contains  six  protons  (and  six  neutrons). 

Fig.  10b  (the  disintegration  of  an  Ag„  nucleus,  which  con¬ 
tains  47  protons)  shows  47  such  tracks.  It  will  be  noted  that  if 
the  proton-electron  hypotheses  were  valid.  12  tracks  would  be 
expected  in  the  first  case  and  107-109  tracks  in  the  second. 

Nuclear  transformations  accompanied  by  the  emission  of 
a-particles  show  that  two  protons  and  two  neutrons  tend  to  form 
a  stable  complex  —  HeJ  nuclei,  which  are  readily  formed  in  the 
process  of  nuclear  transformation  and.  possibly,  even  exist  as 
a  'whole'  in  certain  nuclei.  In  the  latter  case,  the  ot-particles 
should  exist  in  the  nucleus  as  independent  structural  units. 
This  point  of  view,  which  finds  expression  in  the  so-called 
a-modil  of  the  nucleus  (in  this  model,  the  nucleus,  at  least  for 
all  light  elements  with  A  a  multiple  of  4,  consists  of  a-par- 
ticles),  is  somewhat  corroborated  in  investigations  of  the  photo¬ 
disintegration  of  C“  and  O'*  nuclei  by  hard  y-photons.  The 
"photographs”  obtained  by  the  photoemulsion  technique  occa¬ 
sionally  reveal  a-particle  tracks  emanating  from  a  single  point 
(•'stars”),  which  point  to  a  single  source  of  all  the  cr-particles 
forming  the  star.  For  example,  when  C*  is  irradiated  with 
Y-photons  of  energy  of  tens  of  AteV,  we  observe  three-pronged 
stars  whose  origin  must  be  associated  with  the  reaction 

Y+c:'=3a;. 

The  irradiation  of  O'*  nuclei  reveals  four-pronged  stars  (the 
process  is  Y4-0;*  =  4a5). 

It  may  be  that  phenomenon  of  a-decay,  which  is  so  widespread 
among  the  heavy  elements,*  and  also  observed  cases  of  a-par- 
ticle  emission  in  nuclear  fission  **  should  likewise  be  regarded 
as  an  indication  of  a  more  or  less  separate  existence  of  HeJ  groups 
in  nuclei. 

The  foregoing  data,  of  course,  do  not  in  any  way  affect 
the  conclusion  (p.  60)  concerning  the  nonelementary  nature  of 


*  For  (he  lighter  elements,  a-activity  has  been  established  in  samarium 
Sin^”.  which  has  a  half-life  of  1.4X10"  years. 

*•  ft  has  been  found,  in  the  fission  of  U***,  that  an  a-particle  is  ejected 

in  one  out  of  220  cases,  a  proton,  in  one  out  of  5000. 
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ct  parlicles.  To  the  foreijoiiig  facts  that  demonstrate  the  possibil- 
it\  of  creation  and  destruction  of  a-particfes,  we  may  add  the 
following.  The  -election  of  protons  (by  means  of  photoemulsion 
techniques)  in  the  irradiation  of  helium  with  hard  yphotons 
testifies  to  the  possibility  of  the  photo-dissociation  of  He  nuclei. 
In  exactly  the  same  way.  observations  of  two-pronged  stars 
produced  by  90-MeV-neutron  irradiation  revealed  the  following 
processes  of  destruction  of  He*  nuclei;  in  47  cases  out  of  90, 
He'  nuclei  decayed  into  p  +  t,  in  18,  into  d -|- 1,  in  14,  into 
p  +  <1  (+  >')•  'll  10-  I II to  d  4-<f.  and  in  one  case,  into  p  +  p  ( -^2n). 
The  relatively  low  probability  of  the  latter  type  of  decay  is 
undoubtedly  due  to  the  fact  that  it  requires  the  greatest 


energy. 

Theory  of  p  decay.  After  eliminating  the  difficulties  from  the 
hypothesis  of  nuclear  electrons,  the  proton-neutron  theory  of  the 
nucleus  encountered  new  difficulties.  The  chief  one  was  the  nec¬ 
essity  of  interpreting  the  p-decay  of  nuclei,  that  is  to  say.  the 
emission  of  electrons  by  nuclei  which  do  not  contain  electrons. 
It  must  be  stressed  here  that  in  p-decay  the  electrons  art  emit¬ 
ted  by  the  nuclei.  This  follows  directly  from  the  attendant 
increase  in  the  nuclear  charge  (displacement  law).  It  should  also 
be  noted  that  the  hypothesis  of  nuclear  electrons  does  not  eli¬ 
minate  the  difficulties  involved  in  the  discovery  of  positron 
nuclear  decay. 


Overcoming  the  difficulties  of  the  theory  of  p-decay  involves 
the  problem  of  the  nature  of  the  proton  and  the  neutron.  Accord¬ 
ing  to  the  theory  of  Heisenberg  and  Majorana  (Sec.  14),  the 
interaction  of  protons  and  neutrons  (which  ensures  the  stability 
of  the  atomic  nucleus)  presumes  that  an  exchange  of  electric 
charge  is  possible  between  these  particles.  If  the  proton  is  consid¬ 
ered  the  elementary  particle  and  the  neutron  is  regarded  as 
a  complex  particle  consisting  of  a  proton  and  an  electron,  then 
the  electron  will  be  the  exchanged  charge.  But  if  the  neutron 
is  considered  the  elementary  particle  and  the  proton  Is  regarded 
as  consisting  of  a  neutron  and  a  positron,  then  the  positron 
will  be  this  charge. 

A  proper  solution  to  the  problem  of  the  elementary  nature 
u  .il" neutron  proceeds  from  the  concept  that 
both  the  proton  and  the  neutron  designate  two  different  states 
of  one  and  the  same  particle,  which  we  shall  call  the  nucleon,  or 
heavy  particle  (to  distinguish  it  from  the  light  particles:  electron 
and  positron).  This  is  the  underlying  concept  of  the  present 
theory  of  p-decay  (Fermi,  1934).  On  this  theory,  p-decay  is  re¬ 
garded  as  the  transition  of  a  nucleon  from  one  state  into  anoth¬ 
er  accompanied  by  the  emission  of  an  electron  (p --decay)  or 
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a  positron  (p'^-decay).  just  like  the  transition  of  an  atom  from 
one  energy  state  to  another  is  attended  by  the  emission  of  a  light 
quantum,  or  photon.  Obviously,  an  electron  is  ejected  in  the 
transition  of  a  nucleon  from  the  neutron  to  the  proton  state 
(n — -  p),  while  a  positron  is  ejected  in  the  reverse  transition 
(p  — -  n).  In  other  words,  p-decay  of  a  nucleus  may  be  regarded 
as  some  sort  of  generalion  of  a  light  particle  in  the  same  sense 
as  we  speak  of  the  production  of  a  photon  when  it  is  emitted 
by  an  atom. 

The  production  of  an  electron  or  positron  in  p-decay  is  the 
result  of  a  change  in  the  internal  energy  of  the  nucleus.  Earlier 
(p.  57)  we  learned  of  another  case  of  the  production  of  light  par¬ 
ticles  at  the  expense  of  the  energy  of  y-radiation.  In  this  case, 
an  electron-positron  pair  is  always  produced,  for  otherwise  the 
law  of  conservation  of  electricity  would  be  violated  and  also  the 
law  of  conservation  of  angular  momentum.  A  more  detailed 
consideration  of  the  process  of  production  of  a  p-particle  in  the 
p-decay  of  an  atomic  nucleus  shows  that  in  this  case,  too, 
there  must  be  a  simultaneous  generation  of  a  pair  of  light 
particles. 

Above  all.  we  are  led  to  this  conclusion  by  general  theoreti¬ 
cal  reasoning  based  on  the  conservation  laws.  Indeed,  the  law  of 
conservation  of  electricity  is  fulfilled  here,  because  when  a  p-part- 
icle  is  ejected  by  the  nucleus,  the  charge  of  the  latter  changes 
by  a  corresponding  magnitude.  However,  a  p-particle  has  angular 
momentum  (spin)  in  addition  to  charge.  For  this  reason,  accord¬ 
ing  to  the  law  of  conservation  of  angular  momenlum,  simulta¬ 
neously  with  the  ejection  of  a  p-particle  together  with  its  spin, 
there  must  arise,  in  the  nucleus,  an  angular  momentum  equal 
in  magnitude  to  the  spin  of  the  p-particle  (but  opposite  in 
direction).  But,-  as  has  already  been  pointed  out.  the  angular 
momenlum  of  the  nucleus  is  determined  by  the  mass  number, 
and  since  the  mass  number  in  p-decay  remains  unchanged,  it 
likewise  must  remain  constant.  The  only  way  out  of  this  diffi¬ 
culty  is  to  assume  that  a  second  light  particle  (with  spin  equal 
but  opposite  in  direction  to  that  of  the  p-particle)  is  emitted  by 
the  nucleus  together  with  the  p-particle. 

This  second  particle  should  not  have  any  electric  charge, 
otherwise  the  radioactive  displacement  law  will  not  hold.  Such 
a  particle — the  neutrino  —  was  introduced  by  Pauli  in  1933  in 
connection  with  yet  another  grave  difficulty  that  was  encountered 
in  the  theory  of  p-decay.  This  difficulty  is  connected  with  the 
energy  or  the  spectrum  of  p-radiation.  While  the  nuclei-ejected 
a-particles  always  have  a  strictly  definite  kinetic  energy  (or,  to 
be  more  precise,  a  set  of  several  discrete  values  of  energy) 
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cliaracterislic  of  each  given  nucleus,  the  electrons  and  positrons 
produced  in  P"-  or  p^-decay  of  the  nucleus  have  all  kinds  of 
velocities  ranging  from  zero  to  a  certain  maximum  value  char¬ 
acteristic  of  the  given  nucleus  v.^^,  (a  continuous  spectrum  of 
velocities).  On  the  assumption  that  in  p-decay  the  nu'leus  ejects 
only  one  light  particle  (electron  or  positron),  the  existence  of 
a  continuous  spectrum  of  p-radiation  appears  as  an  unresolvable 
riddle.  Indeed,  since  in  this  process  the  energy  of  the  nucleus 
varies  by  a  siric'ly  definite  discrete  magnitude,  all  the  p-particles 
that  it  ejects  should  have  identical  velocities:  but  this  is  not 
borne  old  by  experiment. 

The  introduction  of  the  neutrino  eliminates  this  contradiction, 
since  the  energy  liberated  in  p  decay  is  now  distributed  between 
two  particles:  a  p  particle  and  the  neutrino.  Thus,  the  Pauli 
hypothesis  at  one  stroke  eliminates  both  of  the  above  difficulties 
in  the  theoretical  interpretation  of  the  phenomenon  of  p-decay. 

Repeated  attempts  were  made  to  detect  the  neutrino  and  obtain 
more  information  about  its  nature.  Most  of  these  attempts  were 
aimed  at  detecting  the  neutrino  when,  it  was  formed  in  p-decay 
or  electron  capture.  One  of  the  trends  in  this  research  is  to 
measure  the  energy  of  the  recoil  nuclei  that  appear  in  electron 
capture.  The  first  measurements  of  this  kind  were  made  by  Allen 
(l9-)2).  who  showed  that  the  energy  of  a  Li’  nucleus  produced 
in  the  process  Be’ -j- e=  Li’ +  v  (where  v  is  a  neutrino),  is  close 
to  the  computed  value  if  it  is  assumed  that  the  rest  mass  of  the 
neutrino  is  zero.  Later,  on  the  basis  of  measurements  of  the 
energy  distribution  of  electrons  in  the  p-spectrum  of  tritium  (the 
reaction  T’=  He’ -j- e  +  v),  a  value  of  the  order  of  0.001  of  the 
electron  mass  was  obtained  for  the  upper  limit  of  the  rest  mass 
of  (he  neutrino.  Attempts  were  also  made  to  detect  tree  neutri¬ 
nos.  For  instance,  positron  radiation  was  recorded  and  attributed 
to  the  interaction  of  neutrinos  (emerging  from  an  atomic  reactor) 
with  protons:  the  process  is  v -f- p  =  n -j-p”.  The  magnitude  of 
the  observed  effect  also  yielded  the  effective  cross-section  for 
this  process,  which  (in  agreement  with  theoretical  calculations) 
proved  to  be  of  the  order  of  10"”  cm’.  Comparing  this  value 
with  the  one  above  (p.  56)  for  the  effective  cross-section  of  the  proc¬ 
ess  n  +  p  =  d  +  Y,  we  see  that  the  probability  of  a  neutrino- 
proton  reaction  is  3XI0'’  times  less  than  that  of  the  neutron- 
proton  reaction. 

Summarising,  we  find  that  the  principal  structural  elements 
of  atomic  nuclei  are  exclusively  heavy  particles — protons  and 
neutrons  (nucleons).  There  is  also  the  question  of  the  forces  that 
bind  nucleons  together  and  ensure  the  great  strength  of  nuclei 
It  will  be  considered  in  Sec.  14. 
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13.  Dynamics  of  the  Atomic  Nucleus 


Energetics  of  nuclear  tiansformafions.  Up  till  now,  when  con" 
sidering  various  transformations  of  atomic  nuclei,  both  sponta' 
neous  (a-  and  p-decay,  electron  capture)  and  those  produced  by 
some  form  of  radiation  (nuclear  reactions  produced  by  a-particles, 
protons,  deuterons,  neutrons,  photonuclear  reactions),  we  hardly 
at  all  touched  on  the  energy  aspect  of  these  phenomena.  This 
aspect  comes  to  the  fore  when  we  deal  with  the  forces  that  bind 
the  separate  components  of  the  nucleus  into  a  whole.  Without 
speaking  of  the  nature  of  these  forces,  we  nevertheless  have  no 
doubt  that  they  are  forces  of  attraction.  Consequently,  in  the 
formation  of  a  nucleus  of  protons  and  neutrons,  a  definite  energy 
(the  bimting  energy  of  the  nucleus)  must  be  released,  like  the 
heat  of  atomisation  of  molecules,  that  is,  the  energy  released 
in  the  formation  of  a  molecule  out  of  its  component  atoms. 
Obviously,  the  released  energy  corresponds  to  the  decrease  in  the 
energy  of  the  system;  in  other  words,  it  is  equal  to  the  diiTerence 
between  the  energy  of  the  isolated  protons  and  neutrons  and  the 
energy  of  the  nucleus.  According  to  the  relationship  of  the 
equivalence  of  energy  and  mass, 

E=mc’, 

a  decrease  in  the  energy  of  the  nucleus  should  be  attended  by 
a  decrease  in  its  mass  as  compared  with  the  mass  of  the  sepa¬ 
rate  protons  and  neutrons.  Therefore,  as  the  measure  of  the 
energy  (thermal)  effect  of  the  reaction  of  formation  of  a  nucleus 
out  of  its  components,  or  as  the  measure  of  the  binding  energy 
of  the  nucleus,  we  can  take  the  difference  between  the  mass  of 
the  separately  taken  component  protons  and  neutrons  of  the 
nucleus  and  the  mass  of  the  nucleus  (Am).  Denoting  the  mass 
of  a  nucleus  consisting  of  Z  protons  and  A — Z  neutrons  by  m. 
and  the  masses  of  the  proton  and  neutron,  by  m^  and  m„,  re¬ 
spectively.  we  obtain 

Am  =Zm,.-t-(A  —  Z)  m„  —  m.  (13.1) 

The  binding  energy  of  the  nucleus  will,  accordingly,  be 

AE  =  Amc'.  (13.2) 


Since  the  binding  energy  of  a  nucleus,  like  the  energy  effects 
of  nuclear  reactions,  is  usually  expressed  in  MeV,  we  must  de¬ 
termine  the  energy  equivalent  of  unit  mass.  Taking  1/16  of  the 

mass  of  an  oxygen  atom  for  the  unit  of  mass  Am.  =^  =  — 

'  16  N. 
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(  uKismuch  as  =  and  substituting  this  quantity  into 

(•<|ualion  (13.2),  we  have 


Numerical  substitution  gives  AE,  =  1 .4915  X  lO'*  erg  or.  since 
I  eV=  1  602  10- ■'  erg, 

AE,  =  931.16  MeV. 

The  possibility  of  expressing  energy  effects  in  terms  of  the 
mass  of  the  nucleus  and  its  component  particles  shows  how 
important  are  measurements  of  atomic  masses  in  determining 
the  degree  of  stability  of  nuclei  and,  in  the  final  analysis,  in 
clarifying  the  nature  of  the  interaction  forces  of  the  component 
parts  of  the  nucleus.  On  the  basis  of  known  atomic  masses  we 
can  compute  both  the  energy  effects  of  various  nuclear  reactions 
and  the  binding  energies  of  the  nuclei.  As  we  have  seen,  to  do 
this  we  must  know  the  mass  of  the  neutron. 

One  of  the  methods  of  determining  the  mass  of  the  neutron 
is  to  compute  the  balance  of  energy  in  certain  nuclear  reactions 
involving  nuclear  disintegration.  This  method  was  first  applied 
by  Chadwick  and  Goldhaber,  and  also  by  Feather  for  yfission 
o'  a  deuterium  nucleus  (deuteron).  These  authors  have  shown 
that  when  deuterium  is  irradiated  with  yrays  of  ThC  (the  quanta 
have  an  energy  of  2.616  .MeV).  the  deuterons  disintegrate  into 
protons  and  neutrons.  The  energy  balance  of  this  reaction  is 
written  as 

Y  =  (nip  +  ni„  —  m^)  c’  +  K, 

where  m^  is  the  mass  of  the  deuteron  and  K  is  the  total  kinetic 
energy  of  the  proton  and  neutron.  By  measuring  the  kinetic 
energy  of  the  proton  and  considering  it  equal  to  the  neutron 
energy  (as  the  masses  of  the  two  particles  are  nearly  the  same), 
one  can  determine  from  this  equality  the  binding  energy  of  the 
proton  and  the  neutron  in  the  deuteron,  i.e.,  the  quantity 
Am  =  mp  +  m„  —  m,,.  It  turns  out  equal  to  2.2  MeV,  or  0.0024 
unit  of  mass.  Substituting  into  the  expression  for  Am  the 
values  m.=  1.0081  and  m,,  =  2.0147  (see  Table  1),  we  find 
m„  =  0.0024  +  2.0147— 1.0081  =  1.0090.  The  latest  and  more 
accurate  measurements  of  the  neutron  mass  give 

m„  =  1 .008985  ±0.000002. 

We  shall  use  this  value  of  neutron  mass  in  our  subsequent 
computations. 
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By  computing  the  magnitude  of  Am  (13.1) — which  charac¬ 
terises  the  nuclear  binding  energy — from  known  values  of  mass 
of  the  given  nucleus  m.  m^,  and  m„  and  dividing  this  value  by 
the  number  of  nucleons  A,  we  obtain  the  binding  energy  (in 
units  of  atomic  mass)  per  nucleon.  This  quantity  may  be  called 
the  specific  binding  energy  of  the  nucleus  6m.  These  quanlities 
(multiplied  by  1000  for  convenience)  for  the  stable  isotopes  of 
light  elements  (from  deuterium  to  neon)  are  represented  graphically 
in  Fig.  II.*  It  will  be  seen  that  the  curve  of  specific  binding 


Fig.  11.  Specific  binding  energy  of  light  nuclei 


energies  has  ma.xima  for  isotopes  with  values  of  A  that  are 
multiples  of  4  and,  in  addition,  that  contain  equal  quantities  of 
protons  and  neutrons.  From  this  it  may  be  concluded  that  the 
nuclei  of  such  isotopes  are  extremely  stable.  It  may  be  noted 
that  this  was  one  of  the  reasons  for  supposing  that  such  nuclei 
are  built  up  of  a-particles  (the  a-model  of  the  nucleus). 

Energies  of  nuclear  reactions.  Both  the  binding  energy  and  the 
specific  binding  energy  characterise  the  stability  of  the  nucleus 
against  disintegration  into  protons  and  neutrons.  These  quantities 
could  also  be  used  to  compute  the  energies  of  nuclear  reactions. 
But  in  this  case  it  is  more  convenient  to  use  a  quantity  called 
the  mass  defect',  it  is  equal  to  the  difference  between  the  mass 
of  the  nucleus  and  the  mass  number  A, 

A=m  — A,  (13.3) 


"  Here,  only  one  nonstable  isotope  was  used — beryllium  Be*,  which 
disintegrates  into  two  a-particles  (see  below). 
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or  a  quantity  obtained  from  it.  6  =  A'A,  called  the  coefficient 
of  nuclear  packing.  For  convenience  sake,  the  quantities  A  and 
6  may  be  multiplied  by  1000. 

Let  us  consider  the  reaction  of  p-decay.  The  energy  of 
electron  decay,  i.e.,  that  of  the  reaction 

Z'  =  (Z+l)-'+p-  +  v 

(where  v  is  a  neutrino),  is  e.\pressed  by  the  formula 

Q  =  c'(ni^  — m^^,),  (13.4) 


where  in,  is  the  mass  of  the  initial  nucleus  and  mz+i  that  of 
the  final  nucleus.  Substituting  into  (13.4)  the  mass  defects  (13.3) 
in  place  of  the  respective  nuclear  masses,  we  obtain 

Q=cMAz  — (13.5) 


Thus,  we  see  that  the  energy  of  P"-decay  may  be  expressed  as 
the  difference  between  the  mass  defects  of  the  initial  and  final 
nuclei.* 

For  positron  decay,  i.e.,  for  the  reaction 


we  get 


Z'=(Z-l)''+p*  +  v, 

Q  =  c*  (m?  —  mz_,)  +  2c’m. 


(13.6) 


where  m,  is  the  rest  mass  of  the  electron.  The  term  2c‘m,  is 
introduced  because  in  positron  decay  one  electron  is  lost  simul¬ 
taneously  with  a  positron,  since  the  atom  of  the  new  element 
no  longer  contains  Z  electrons  but  Z — I  electrons.**  Thus,  on 
the  whole,  we  have  a  loss  of  mass  equal  to  2m,.  Expressing 
Q(I3,6)  in  terms  of  the  mass  defects,  we  obtain 

Q  =  c*(A2  — Az->)-f  2c’m,.  (13.7) 

We  note  that  the  quantity  2c*m,  is  equal  to  1.02194  MeV,  or 
0.0010975  atomic  mass  (physical  units  of  atomic  weight). 

Stable  and  unstable  isobaric  nuclei.  From  the  point  of  view 
of  nuclear  stability,  which  is  extremely  important  for  the 
theory  of  the  atomic  nucleus  and  for  the  periodic  system  of 


•  It  is  easy  loshow  lliat  the  quantity  Q  is  expressed  in  terms  of  the  binding 
energy  AEz  and  AEz.!.,  following  formula 

Q  =  (AE2^,  —  AEz)  -Fc'(m„  —  mp). 

in 'energy  0°782  MeV.  ""n  “  "1^  =  0.0008389  there  corresponds 

remember  that  the  quantities  m  are  the  masses  (atomic 
Tasiei  If  thi  Electrons  is  we"u  ‘""y 
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isotopes,  it  is  interesting  to  consider  the  so-called  isobunc 
nuclei  (isobars),  which  are  nuclei  with  different  charges  but  the 
same  mass  numbers.  Table  2  gives  some  of  the  isobaric  nuclei 
found  among  the  light  elements.  The  fifth  column  gives  the 
activity  of  the  unstable  nuclei  and  their  half-lives,  the  si.vth 
column,  differences  in  the  mass  defects  of  active  and  stable 
isobars  (in  mass  units  multiplied  by  ICOO)  A" — A. 

In  Table  2  we  note  the  positron  activity  (P^)  of  all  nuclei 
(with  the  exception  of  He’)  containing  a  surplus  number  of 
protons  as  compared  with  the  number  of  neutrons.  This  indi¬ 
cates  instability  of  such  nuclei.  Some  authors  associate  this  with 
the  mutual  repulsion  of  protons,  xhe  FJ'  nucleus  is  unstable 
<lespite  the  equal  number  of  protons  and  neutrons,  and  this 
goes  for  all  subsequent  nuclei  containing  an  equal  number  of 
protons  and  neutrons,  with  the  exception  of  .Mg).),  Sif,’,  S”.,  .Ar" 
and  CaJ“,  which  have  even  Z.  CaJ"  is  the  last  stable  isotope 
in  the  group  of  nuclei  under  consideration.  It  is  important  to 
point  out  that  for  nuclei  with  the  same  number  of  protons  and 
neutrons  but  with  odd  Z,  the  series  of  stable  nuclei  comes  to 
an  end  with  the  N)*  nucleus.  Now  nuclei  with  Z>7  are  either 
radioactive  or  are  simply  undetectable  due  to  their  low  stabi¬ 
lity.  like  nuclei  with  sufficiently  large  even  Z.  Whence  we  may 
conclude  that  nuclei  with  odd  Z  are  less  stable  than  nuclei  with 
even  Z.  This  conclu.sion  likewise  follows  from  the  curve  of 
specific  binding  energy  of  light  nuclei  shown  in  Fig.  II;  the 
minima  of  this  curve  correspond  to  nuclei  with  odd  Z;  LiJ, 

b;-.  n;*. 

In  accordance  with  the  reduced  stability  of  nuclei  with  excess 
protons,  the  mass  of  P'^’-active  nuclei  comes  out  greater  than 
that  of  the  corresponding  isobaric  stable  nuclei.  Here,  the 
greater  the  mass  difference  (and.  hence,  (he  difference  in  mass 
defects),  the  shorter  the  half-life  (Table  2)  and.  hence,  the 
greater  the  probability  of  radioactive  transformation  of  an 
unstable  nucleus.  On  the  Fermi  theory,  the  radioactive  trans¬ 
formation  of  these  nuclei  is  regarded  as  a  transition  of  a  heavy 
particle  of  the  nucleus  from  the  proton  to  the  neutron  state, 
which  results  in  a  nucleus  of  an  appropriate  stable  isobar; 


c;”— b;»,  c;'— b;',  n;*— c:*,  n;’  — c:*.  o;*- 
f:*— o:*,  Ne"— f;*. 


n;*.  o;‘  — n;‘. 


Also  unstable  are  isobars  with  two  surplus  neutrons  (see 
Table  2),  with  the  exception  of  Oi*  and  Ne”  and  tritium,  which 
is  unstable  even  with  the  single  surplus  neutron.  From  the 


Nucleus 
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sixth  column  of  Table  2  it  is  seen  that  the  nuclei  of  all  these 
isobars  have  an  appreciable  excess  of  energy  over  the  corre¬ 
sponding  stable  isobar,  and,  via  electron  emission  ((5‘activil\ : 
one  nucleon  converts  from  the  neutron  to  the  proton  slate), 
they  are  transformed  into  the  nucleus  of  the  stable  partner: 

He;— -Li;,  LiJ— Bel,  Be;"— Bl".  BI*  — C^,  C*— N!*, 

c;‘  — n;‘,  n;‘— o:‘,  n;’  — or,  o;*— f;*,  pr— -Ne;;. 

We  note  that  both  in  the  case  of  P“-  and  p '  active  nuclei  the 
half-life  is  directly  (but  in  the  inverse  sense)  dependent  on  the 
mass  difference  of  isobaric  nuclei. 

Whereas  nuclei  with  even  Z  and  an  excess  of  two  (or  more) 
neutrons  are  stable  beginning  with  Ol'  nuclei  (see  above),  in 
the  case  of  odd  Z  the  first  stable  nucleus  with  excess  neutrons 
(in  (his  case,  three  neutrons)  is  that  of  ClIJ.  Again  there  is  a 
greater  stability  of  nuclei  with  even  Z  over  those  with  odd  Z. 

From  data  on  the  masses  of  isobaric  elements  it  follows  that 
(he  masses  of  isobars  for  each  mass  number  A  lie  on  a  smooth 
curve  with  a  pronounced  minimum,  *  depending  on  the  differ¬ 
ence  between  the  number  ol  neutrons  and  the  number  of  pro¬ 
tons  in  the  nucleus,  A  stable  isobar  is  one  with  least  mass; 
obviously,  the  values  of  the  numbers  of  protons  and  neutrons 
corresponding  to  a  minimum  in  the  curve  are  those  "optimum’ 
values  which,  for  a  given  number  of  nucleons  A,  ensure  greatest 
stability  of  the  nucleus.  Electron-active  nuclei  result  from  an 
excess  of  neutrons  over  those  with  optimum  values,  positron- 
active  nuclei  result  from  a  neutron  deficiency. 

As  Z  increases,  the  number  of  neutrons  both  in  stable  nuclei 
and  in  the  nuclei  of  radioactive  isotopes  more  and  more  exceeds 
the  number  of  protons.  Towards  the  end  of  the  Periodic  Table, 
the  nuclei  of  heavy  elements  contain  approximately  two  protons 
to  three  neutrons.  For  the  nucleus  of  gold  Auj”  we  have 

for  the  nucleus  of  bismuth  Bi™’.  etc.  From 
the  point  of  view  of  Coulomb  interaction  of  protons,  the  stabi¬ 
lising  action  of  such  “diluting”  with  neutrons  may  be  accounted 
for  by  the  increasing  size  of  the  nucleus  and,  consequently,  the 
greater  mean  distance  between  protons,  in  other  words,  by  the 
decreasing  forces  of  mutual  repulsion  of  the  protons. 

It  will  readily  be  seen  that  such  an  explanation  does  not 
contradict  the  fact  of  the  existence  of  a  stability  threshold  of  an 

*  In  (he  case  of  isobars  with  an  even  number  of  protons  and  neutrons 
(even-even  nuciei)  and  with  an  odd  number  of  both  (odd-odd  nuclei),  we 
have  two  such  curves:  (or  even-even  and  odd-odd  isobars. 
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element,  which  finds  expression  in  the  fact  that  all  heavy  ele¬ 
ments  heginning  with  polonium  (Z  =  84)  are  radioactive,  i.e., 
they  have  unstable  nuclei.  Indeed,  since  in  this  case  it  is  a  ques¬ 
tion  of  the  a-activity  of  heavy  nuclei,  one  should  expect  that 
nuclear  stability  should  significantly  involve  other  factors  in 
addition  to  the  stabilising  action  of  "neutron  dilution".  Here, 
one  of  these  factors  is  undoubtedly  the  energy  of  the  reaction: 

.X^  =  Yz'r.‘  +  He; 

where  X  is  the  initial  and  Y  the  final  nucleus.  The  influence 
of  thi^  factor  is  clearly  seen  when  considering  Fig.  12,  which 

gives  the  energy  of  a-decay 
computed  from  the  formula 

Q  =  (m.x  —  ms —  mH»)  c’  (13.8) 

from  the  masses  of  atoms  X, 
Y  and  He*  for  the  following 
isotopes:  stable  —  HglJ"- 

Hg!;=,  Ti;?'.  Pb”*.  Pb'r. 
Pbi;’ .  Pb’.r.  Bin*,  and  a-ac. 
tive-Bi!:'  (AcC),  Po;;°.  Rn*,;*, 
RaU*.  Th;;*.  un*.  From  Fig. 
12  it  is  seen  that  near  the 
stability  threshold  (element 
83,  bismuth,  is  the  last  stable 
element),  when  passing  to 
heavy  elements  there  is  a 
sharp  increase  in  the  energy 
of  a-decay;  thisincrease  points 
to  a  direct  relationship  bet¬ 
ween  the  stability  of  the 
nucleus  with  respect  to  a-decay  (or  the  probability  of  a-decay) 
and  the  energy  effect  of  this  reaction. 


14.  Nuclear  Forces 

Properties  of  nuclear  forces.  In  connection  with  the  question 
of  the  size  of  atomic  nuclei  we  have  already  (p.  43)  spoken  of  the 
existence  of  special  nuclear  forces  of  attraction  operating  be¬ 
tween  the  nuclear  particles  at  distances  close  to  the  sum  of  the 
radii  of  these  particles  and  falling  off  rapidly  with  distance.  The 
magnitude  of  these  forces  may  be  judged  by  the  binding  energy 
of  nuclei,  which  is  many  orders  of  magnitude  greater  than  the  energy 
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of  the  chemical  bonds  in  molecules.  Indeed,  comparing  the 
binding  energy  of  the  proton  and  neutron  in  a  deuteron,  which  is 
2.23  MeV,  with  the  energy  of  chemical  coupling  of  a  proton 
and  H  atom  in  a  molecular  ion  of  hydrogen  Hr,  which  is 
2.65  eV.  we  see  that  the  former  quantity  exceeds  the  latter  by 
six  orders  of  magnitude.  At  distances  of  the  order  of  nuclear 
dimensions,  nuclear  forces  also  exceed  the  electrical  forces  of 
&)ulomb  interaction  of  charged  particles.  For  example,  assuming 
lhat  the  difference  in  the  binding  energies  of  two  isobaric  nuclei, 
tritium  T!  and  the  light  isotope  of  helium  He|,  8.49  —  7.73=0.76 
A\eV,  is  due  to  the  energy  of  mutual  repulsion  of  protons  in 
the  He’  nucleus,  on  the  basis  of  the  Coulomb  law  we  have 

£.=0.76  MeV. 
r 

whence  we  get  r=1.9X  10'"  cm  for  the  distance  between  pro¬ 
tons  in  the  He’  nucleus.  Since  this  number  practically  coincides 
with  the  deuteron  radius  a=l.8X  10" ”  cm  computed  from  for¬ 
mula  (9.6),  which  should  be  close  to  the  distance  between  pro¬ 
ton  and  neutron  and,  hence,  also  between  two  protons  in  the 
nucleus,  we  can  compare  directly  the  above  obtained  value  of 
the  energy  of  Coulomb  interaction  between  two  protons  with 
the  energy  of  nuclear  interaction  of  proton  and  neutron  in  a 
deuteron.  From  this  comparison  it  follows  that  at  a  distance 
equal  to  the  radius  of  the  deuteron,  the  force  of  nuclear  attrac- 
2  23 

tion  is  g^  =  3  times  that  of  Coulomb  attraction. 

From  this  calculation  it  also  follows  that  the  forces  of 
nuclear  attraction  between  proton  and  neutron  should  be  the 
same  as  between  proton  and  proton  or  betw'een  neutron  and 
neutron,  that  is  to  say,  these  forces  are  independent  of  the 
electric  charge  of  the  nucleon.  This  extremely  important  conclu¬ 
sion  is  also  supported  by  other  data,  for  instance,  the  results 
of  studies  in  the  scattering  of  protons  and  neutrons  by  protons. 

Further,  from  the  conclusion  of  the  small  range  of  nuclear  forces 
it  follows  that  the  nucleons  should  interact  only  with  their 
immediate  neighbours  in  the  nucleus.  This  conclusion  is  corrobora(« 
ed  by  the  following  data  that  refer  to  nuclear  binding  energy. 
Let  us  first  consider  the  nuclei  D?,  Tj,  He?,  and  He?,  for  which 
we  may  assume  direct  contact  between  all  nucleons.  In  this 
case,  the  number  of  bonds  between  each  pair  of  nucleons  in  the 
nucleus  is  expressed  by  the  formula  1/2  A  (A — 1),  from  w'hich 
we  have  1  for  D’,  3  for  T’  and  He’,  and  6  for  He’.  Consider¬ 
ing  all  bonds  equivalent  and  disregarding  Coulomb  repulsion  of 
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protons,  we  must  conclude  that  the  separate  binding  energies 
in  the  above  nuclei  should  approximately  be  in  the  ratio  of 
l:2:2;3.  Computing  from  the  nuclear  masses  the  corresponding 
values  of  specific  binding  energy,  we  obtain  1.1 1;  2.83;  2.58, 
and  7.08  .MeV;  these  figures  are  in  the  ratio  0.8:2. 0: 1.9:5. 0. 
which  approximately  corresponds  to  that  obtained  “theoreti¬ 
cally”.  It  must  be  pointed  out  that  one  cannot  expect  complete 
coincidence  because,  for  one  thing,  the  dependence  of  nuclear 
forces  on  nucleon  spin  is  disregarded  (see  below).  We  note  that 
one  of  the  consequences  of  this  dependence  is  the  particularly 
great  strciigth  of  the  two  proton-two  neutron  system  (the  He* 
nucleus),  which  is  manifested  in  its  high  binding  energy.  * 


fig.  13.  Specific  nucleus  binding  energy  as  a  function  of  mass  number  A 


Associated  with  the  short  range  of  nuclear  forces  is  also  the 
approximate  constancy  of  the  specific  binding  energy  observed 
in  all  stable  isotopes,  with  the  exception  of  the  first  ten  iso¬ 
topes  of  the  lightest  elements,  as  may  be  seen  from  the  curve 
of  .specific  binding  energy  (expressed  in  MeV)  versus  mass  num¬ 
ber  given  in  Fig.  13.  Near  A  =  10,  6E  attains  7.0  MeV,  then 
passes  through  a  flat  maximum  at  A  =  50  —  60,  which  corre¬ 
sponds  to  6E=8.8  and  with  further  increase  in  A  it  begins  to 
decline  slowly  approaching  7.6  MeV  near  A  =  240.  The  approx¬ 
imate  constancy  of  the  specific  binding  energy  finds  a  simple 
explanation  in  the  fact  that  given  a  sufficiently  large  number 
of  nucleons  in  the  nucleus,  each  nucleon  will  be  in  direct  con- 


♦  A  manifestation  of  the  great  stability  of  the  a-particle  may  also  be 
found  in  the  instability  of  the  HeJ  nucleus  against  (o -|- n)-decay,  the  LiJ  nu¬ 
cleus  against  (a -f  p)-decay.  Be’,,  against  2a-decay,  and  B!,  against 
(2d  p)-decay. 
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tact  only  with  a  limited  number  of  surrounding  nucleons;  as 
a  result,  the  expression  1,2  A(A  —  1)  for  the  bindin"  energy  of 
a  nucleus,  which  expression  presupposes  the  interaction  of  each 
nucleon  with  all  the  other  nucleons  in  the  nucleus,  cannot  be 
valid  even  approximately.  From  the  approximate  constancy  of  the 
specific  binding  energy  it  follows  that  the  binding  energy  of  the 
nucleus  must  be  proportional  to  the  number  of  nucleons  A  in 
the  given  nucleus.  On  the  other  hand,  according  to  equation 
(9.6),  we  have  A  ^  a’,  whence  it  follows  that  the  binding  energy 
AE  must  be  approximately  proportional  to  the  volume  of  the 
nucleus  4,3  na’. 

It  will  be  noted  that  similar  relations  occur  in  the  case  of 
a  liquid  drop,  the  energy  of  which  is  also  proportional  to  its 
volume;  this  is  due  to  the  rapid  decrease  in  the  forces  of  mu¬ 
tual  attraction  of  molecules  with  distance,  as  a  result  of  which 
each  molecule  interacts  only  with  its  immediate  neighbours. 
This  analogy  led  to  the  liquid-drop  model  of  the  atomic  nucleus, 
which  was  developed  by  Frenkel  and  Niels  Bohr  and  which  proved 
extremely  fruitful  in  the  interpretation  of  a  variety  of  nuclear 
properties,  and  above  all  the  fission  of  heavy  nuclei  (see  below). 

The  liquid-drop  model  of  the  nucleus  was  utilised  by  Weizsack- 
er  tor  computing  the  binding  energy  of  atomic  nuclei.  The 
formula  he  derived  for  the  specific  binding  energy  is* 

-YA~~i'-xZ-A~^  (14.1) 

where  a,  p,  y.  and  x  are  constants.  The  first  two  terms  in 
(14.1)  express  the  portion  of  energy  due  to  nuclear  forces  and 
reflect  the  experimental  fact  that  in  the  case  of  light  nuclei, 
when  Coulomb  repulsion  of  protons  plays  a  comparatively  slight 
lore,  the  stablest  nuclei  are  those  containing  an  equal  number 
of  protons  and  neutrons.  The  quantity  a  is  the  energy  of  nu¬ 
clear  interaction  when  N  =  Z.  The  symmetrical  shape  of  the 

function  is  in  accord  with  the  fact  that  the  nuclear 

forces  are  independent  of  the  nucleon  charge. 

I 

The  term  yA  •  in  formula  (14.1)  corresponds  to  the  surface 
energy  of  a  liquid  drop  and  expresses  the  simple  fact  that  the 


*  The  binding  energy  is  usually  normalised  so  that  (he  energy  of  a  nu¬ 
cleus  divided  into  nucleons  at  infinite  recession  is  assumed  equal  to  zero. 
Given  this  normalisation,  the  energy  of  the  nucleus,  being  *(in  absolute  mag¬ 
nitude)  equal  to  the  binding  energy,  will  obviously  be  negative  and  equal  to 
— AE  due  to  the  fact  that  energy  Is  liberated  when  a  nucleus  is  formed  out 
of  nucleons. 
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nucleons  on  the  surface  of  the  nucleus  are  more  weakly  bound 
than  those  inside  the  nucleus;  this  leads  to  a  reduction  in  the 
mean  binding  energy  of  the  nucleons  in  the  nucleus.  The  surface 
energy  of  the  nucleus,  considered  as  a  liquid  drop,  is,  obviously, 
proportional  to  the  magnitude  of  the  surface,  that  is,  to  the  square 
of  the  radius  of  the  nucleus.  Whence,  because  of  (9.6).  we  have, 
for  the  portion  of  specific  binding  energy  due  to  “surface  ten- 

Sion",  a  quantity  proportional  to  = 

Finally,  the  last  term  in  (U.l)  expresses  the  energy  of 
Coulomb  repulsion  of  protons.  Cxmsidering  the  nucleus  as  a  uni¬ 
formly  charged  sphere  of  radius  a.  possessing  a  charge  Ze,  we 
will  have  for  (he  energy  of  Coulomb  repulsion  of  protons, 

or.  using  e.xpression  (9.6)  and  putting  the  numerical  (actor  equal 
to  a,,  we  get  -  for  the  specific  energy.  From  this 

e.xpression  it  follows  that  the  constant  x.  which  is  equal  to 
3  e* 

•j  — .  may  be  computed  directly,  since  the  quantities  e  and  a„ 
are  known.  Substituting  e  =  4.8X10‘''  CGSE  and  a„=1.45X 
X  10'”  cm.  we  find  x  =  0.6  MeV.  The  remaining  constants  are 
selected  empirically  on  the  basis  of  experimentally  known  bind¬ 
ing  energies  of  nuclei.  The  curve  in  Fig.  13  is  plotted  from 
equation  (14.1)  by  means  of  the  following  empirical  constants: 
a=14.7.  p  =  20.5,  y=15.4  and  the  earlier  obtained  constant 
x  =  0,6.  As  may  be  seen  from  this  plot,  the  experimental  values 
of  the  specific  binding  energy  (open  circles)  fall  well  enough  on 
Ihe  curve,  with  the  exception  of  the  initial  portion  of  the  curve 
where  the  liquid  drop  model  of  the  nucleus,  which  presumes 
a  sufficiently  large  number  of  nucleons  in  the  nucleus,  is  inap¬ 
plicable. 


Nature  of  nuclear  forces.  From  the  foregoing,  very  incomplete, 
consideration  of  experimental  facts  we  obtained  some  idea  of 
the  properties  of  nuclear  forces  without  considering  the  nature 
of  these  forces.  The  present  approach  to  the  far-from-solved 
problem  of  nuclear  forces  starts  from  certain  features  of  simi¬ 


larity  between  the  properties  of  nuclear  and  chemical  (valence) 
forces.  Both  rapidly  fall  off  with  distance,  are  independent  of 
the  charge  of  the  interacting  particles,  but  depend  upon  their 
spin,  and  are  capable  of  saturation.  The  saturation  capacity  of 
chemical  forces  is  exhibited,  for  example,  in  the  fact  that  an 
atom  of  oxygen  is  capable  of  adding  only  one  or  two  atoms  of 
hydrogen  to  form  the  stable  molecules  HO  and  H.O  .there  being 
no  suqh  molecules  as  H.O.  H.O.  etc.  In  exactly  the  same  way.  onl 


Sec.  I  41 


NLCLE.M)  FORCES 


79 


proton  can  bind  only  one  or  two  neutrons  (in  the  nuclei  of  D; 
and  T!).  and  a  neutron  can  bind  not  more  than  two  protons 
(in  a  He’  nucleus).  This  similarity  of  chemical  and  nuclear 
forces  suggested  the  solution  of  the  latter  problem  to  be  soiiuht 
along  the  same  lines  that  led  to  the  solution  of  the  problem  of 
chemical  forces. 

The  latter  problem  was  solved  by  means  of  quantum  mechan¬ 
ics,  This  will  be  considered  in  the  necessary  detail  in  Chap¬ 
ter  7.  Here  we  shall  confine  ourselves  only  to  concepts  under¬ 
lying  one  of  the  appro.vimate  quantum  mechanical  methods  of 
molecule  analysis  and  used  in  broad  outline  for  a  quantum- 
mechanical  interpretation  of  nucleon  interaction. 

Within  the  framework  of  these  concepts,  the  approximate 
solution  of  a  chemical  problem  can  start  from  a  consideration 
of  two  (or  several)  conceivable  states  of  the  molecule  (that  occur 
at  large  distances  between  nuclei).  We  take  a  molecular  ion  of 
hydrogen  H/  as  the  simplest  molecule;  when  evaluating  its 
energy,  account  is  taken  of  the  states  that  correspond  to  the 
following  two  configurations  of  the  H^  molecule: 

H-’— H  and  H  — H-^. 

Transition  from  a  state  corresponding  to  one  configuration  to 
a  state  corresponding  to  the  second  configuration  is  obviously 
possible  as  transition  of  an  electron  from  the  nucleus  with 
which  it  is  bound  in  the  H  atom  to  the  other,  bare,  nucleus. 
Since  the  electron  changes  its  positive  partner,  this  and  similar 
processes  are  generally  called  exchange  processes.  As  a  result  of 
continual  exchange,  which  symbolically  may  be  represented  as 
H.=  H*  or  H^rp  (p  stands  for  proton),  there  arises  a  state  of 
the  H,*  ion  which  may  be  regarded  as  the  result  of  the  super¬ 
position  of  two  states  that  correspond  to  the  foregoing  configu¬ 
rations.  Computation  of  the  energy  of  this  state  shows  that 
electric  forces  of  attraction  develop  between  the  particles  that 
make  up  the  molecule.  These  forces  are  called  exchange  forces. 

The  interaction  of  neutral  particles,  for  example,  atoms  of  H 
in  the  H,  molecule,  may  likewise  be  regarded  from  the  view¬ 
point  of  superposition  of  states.  In  this  case.  too.  the  exchange 
forces  ensure  the  molecule  a  high  stability.  These  forces  fall  off 
rapidly  with  distance,  ^in  the  simplest  case  approximately  in 

accord  with  the  law  e  ’  (where  C  is  a  constant).  One  of  the 
distinguishing  features  of  exchange  forces  is  their  dependence 
upon  the  mutual  orientation  of  the  electron  spins.  In  particular, 
it  turns  out  that  for  anti-parallel  orientation  of  spins,  H  atoms 
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attract  to  form  a  stable  H,  molecule,  while  for  parallel  orienta- 
lion  they  repulse  and  no  molecule  is  formed  (see  Ch.  7). 

According  to  the  Heisenterg  Majorana  theory,  a  superposition 
of  states  similar  lo  that  which  occurs  in  the  chemical  interaction 
of  atoms  may  also  be  invoked  to  describe  particle  interaction 
in  a  system  consi.sting  of  protons  and  neutrons,  that  is  to  say, 
in  an  atomic  nucleus.  For  in.stance,  by  analogy  with  the  Hj 
ion,  the  state  of  a  deuteron  may  be  symbolically  represented 
as  n ;  -  p.  Continuing  the  analogy,  we  may  assume  that  exchange 
interaction  occurs  also  between  two  protons  or  two  neutrons 
(in  the  latter  case,  the  H,  molecule  is  the  chemical  analogy); 
this,  to  some  extent,  accounts  for  the  fact  that  nuclear  forces 
are  independent  of  the  nature  of  the  interacting  nucleons.  It 
may  also  be  noted  that  this  analogy  goes  still  further  in  that 
the  nuclear  forces,  like  chemical  exchange  forces,  depend  upon 
the  direction  of  spin,  A  cogent  experimental  proof  of  the  depend¬ 
ence  of  nuclear  forces  on  orientation  of  spins  is  the  observed 
dilTerence  in  cross-sections  for  slow-neutron  scattering  on  two 
modifications  of  hydrogen  —  ortho-  and  parahydrogen  (see Sec,  36); 
it  was  found  that  at  20"  K  the  cross-section  for  neutrons 
scattering  on  molecules  of  parahydrogen  (the  spins  of  both 
protons  are  anti-parallel)  is  approximately  30  times  the  cross- 
section  for  scattering  on  molecules  of  orthohydrogen  (proton 
spins  are  parallel). 

It  was  originally  supposed  that  underlying  the  exchange 
interaction  of  nucleons  is  the  emission  of  a  p-particle  and  a 
neutrino  by  a  single  nucleon  and  absorption  of  these  particles 
by  another  one,  similar  lo  the  exchange  interaction  of  an  H 
atom  with  a  proton,  where  one  may  ,speak  of  the  emission  of 
an  electron  by  an  H  atom  and  of  its  absorption  by  a  proton 
(with  the  formation  of  a  neutral  H  atom).  However,  a  quanti¬ 
tative  evaluation  of  the  forces  arising  in  the  exchange  of  a 
P  parlicle  and  a  neutrino  carried  out  by  Tamm  and  others 
showed  that  these  forces  are  many  orders  of  magnitude  weaker 
than  nuclear  forces. 

As  far  as  quantitative  agreement  between  theory  and  experi¬ 
ment  is  concerned,  we  may  also,  apparently,  consider  a  second 
attempt  to  reveal  the  nature  of  nuclear  forces  that  was  made 
by  Yukawa  (1935)  to  be  just  as  groundless.  He  started  from  the 
premise  that  the  exchange  interaction  of  nucleons  is  effected  by 
means  of  particles  heavier  than  electrons  but  lighter  than  pro¬ 
tons.  Particles  of  this  kind  with  mass  about  200  electron  masses 
were  discovered  in  1937  with  the  Wilson  cloud  chamber  in 
cosmic  radiation  by  Anderson,  who  called  them  mesons.  Later 
it  was  shown  (Williams,  1940)  that  mesons  have  a  short  life- 
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time  and  decay  (depending  on  the  sign  of  their  charge)  with 
the  emission  of  an  electron  or  positron  (and,  obviously,  a  neu¬ 
trino).  Subsequently,  Powell  (1947)  succeeded  in  proving  that 
the  source  of  these  mesons,  called  p-mesons  (p”- and  p"-mesons). 
are  particles  with  mass  about  300  electron  masses,  or  jx-mesons. 
which  are  also  pre.sent  in  cosmic  radiation  and  which  decay 
with  the  emission  of  a  p-me.son  and  a  neutrino;  .T^ — -p’^-l-v 
and  n"  ^ — >p"-|-v.  Later,  ji-mesons  were  likewise  obtained  in 
the  laboratory.  Also  discovered  were  neutral  n-mesons  (n  )  that 
arise  in  collisions  of  fast  protons  with  nuclei;  later,  they  were 
di.scovered  in  cosmic  radiation  as  well. 

In  contrast  to  p-mesons,  which  interact  very  weakly  with 
nuclei  n-mesons  are  strongly  absorbed  by  the  latter,  whence 
it  follows  that  the  forces  acting  between  mesons  and  nucleons 
are  particularly  great  in  the  case  of  n-mesons.  This  suggested 
that  exchange  interaction  between  nucleons  is  accomplished  by 
means  of  n-mesons,  and  the  underlying  principle  of  this  inter¬ 
action  is  the  emission  and  absorption  of  n-mesons  However, 
as  has  been  pointed  out  above,  all  attempts  at  a  quantitative 
interpretation  of  nuclear  forces  from  the  point  of  view  of  meson 
theory  have  failed.  For  this  reason,  the  meson  theory  concept 
of  nuclear  forces  cannot,  at  present,  be  considered  substantiated 
to  any  extent. 

Yet  there  can  hardly  be  any  doubt  about  the  exchange  nature 
of  nucleon  interaction.  For  one  thing,  exchange  interaction  of 
neutrons  and  protons  readily  explains  the  results  of  experiments 
in  the  scattering  of  fast  neutrons  (energy  of  the  order  of  100  MeV) 
by  protons,  where  a  large  number  of  fast  protons  was  detected 
moving  in  the  direction  of  motion  of  the  neutrons,  ft  was  shown 
that  the  appearance  of  so  many  fast  neutrons  cannot  be  due  to 
simple  elastic  scattering  of  neutrons  and  that  these  protons  are 
due  to  an  exchange  of  charge,  i.e.,  the  transformation,  into  a 
proton,  of  a  neutron  moving  past  a  proton  at  a  sufficiently  small 
distance,  and  of  this  proton  into  a  neutron. 

We  may  add  that  the  p-activity  of  nuclei  is  interpreted  as 
the  decay  of  a  meson,  at  the  instant  of  its  emission  by  a  nuclear 
nucleon,  into  an  electron  or  positron  and  a  neutrino.  Insofar  as 
the  conversion  of  a  proton  into  a  neutron  (with  the  emission  of 
a  positron  and  neutrino)  requires  energy,  this  process  is  accom¬ 
plished  only  in  the  nucleus,  accounting  for  the  p'^-activity  of 
nuclei.  Now  the  transformation  of  a  neutron  into  a  proton,  which 
takes  place  with  release  of  energy,  can  also  occur  in  the  free 
state.  In  the  latter  case,  the  process  n — “P  +  P'+v  is  accom¬ 
panied  by  the  release  of  0.782  MeV  of  energy  in  the  form  of  the 
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inaxiniuiii  energy  of  emitted  electrons;  and  the  neutron  is  char¬ 
acterised  by  a  half-life  of  12.8  minutes. 

Subatomic  particles.  The  problem  of  the  nature  of  nuclear  forces 
is  closely  connected  with  that  of  the  nature  and  interaction 
of  subatomic  particles  that  have  been  discovered  in  recent  years 
during  cosmic-ray  investigations  and  in  part  obtained  artificially 
by  bombardment  of  various  targets  with  protons  of  several  BeV 
accelerated  in  proton  synchrotrons.  There  is  now  hardly  any 
doubt  left  that  the  solution  of  the  problem  of  the  nature  of 
nuclear  forces  is  to  be  sought  in  studies  of  subatomic  particles. 
Without  going  into  details  we  will  confine  ourselves  to  an  enu¬ 
meration  of  presently  known  particles  and  some  of  their  prop¬ 
erties. 

First  of  all  we  note  that  these  particles  include  also  the  cor¬ 
responding  anli  pari  ides:  positron  (antielectron),  antiproton,  anti¬ 
neutron,  etc.  Some  of  these  antiparticles  were  first  predicted 
theoretically  and  only  later  discovered  experimentally.  Thus,  on 
the  Dirac  theory  of  the  electron  there  exists  a  particle  with  the 
same  mass  as  that  of  the  electron  but  with  opposite  (positive) 
electric  charge.  The  positron  turned  out  to  be  just  such  a  par¬ 
ticle.  In  exactly  the  same  way,  on  the  Dirac  theory,  the  proton 
and  neutron  should  likewise  have  antiparticles.  The  antiproton 
(with  proton  mass  but  negative  charge)  was  first  discovered  in 
the  laboratory  by  Chamberlain,  Segre.  Wiegand,  and  Ypsilantis 
in  1955  through  an  analysis  of  the  masses  of  negative  particles 
produced  in  the  bombardment  of  a  copper  target  with  fast  pro¬ 
tons  (/Cp>4  BeV).  The  antineutron,  which  differs  from  the 
neutron  by  the  sign  of  its  spin,  was  discovered  in  1956. 

Ml  presently  known  subatomic  particles  may  be  divided  into 
the  following  four  groups.  Group  one  includes  heavy  particles  of 
mass  equal  to  or  greater  than  that  of  the  nucleon  (proton,  neu¬ 
tron)  and  also  the  corresponding  antiparticles.  The  heaviest  known 
subatomic  particle  is  the  E-particle  with  a  rest  mass  of  2585 
electron  masses  (m^).  The  E-particle  has  a  lifetime  t=  lO"'"  —  10'* 
sec.  after  which  it  decays  into  a  .\-particle  (see  below)  and  a 
negative  pion  (n-meson).  Then  there  is  the  £-particle,  which  is 
known  in  the  form  of  a  positive  particle  (S'^)  of  mass  2325  m,. 
and  t  =  7X10"'*  sec  that  decays  into  a  proton  and  a  neutral 
pion  (n")  or  into  a  neutron  and  positive  pion  (n*);  in  the  form 
of  a  negative  particle  (S ")  of  mass  2341  m^  and  t  =  1 .5  X  I0'*°  sec 
that  decays  into  a  neutron  and  a  negative  pion  (n*);  and  in  the 
form  of  a  neutral  particle  (S°)  of  mass  2324  m,  that  decays  into 
a  A-particle  and  a  photon. 

Finally,  the  group  of  heavy  subatomic  particles  includes  the 
proton,  the  neutron,  and  the  A-particle  (the  latter  is  known  only 
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in  the  lorm  of  a  neutral  particle,  X  ).  The  A  -particle  has  a 
mass  of  2182  m,,  a  lifetime  T  =  2.7XffJ~"’  <>011  decays  into 

a  proton  and  a  negative  pion  or  into  a  neutron  and  a  neutral 
pi  on. 

The  ne.xt  group  is  composed  of  particles  with  mass  le.ss  than 
that  of  a  nucleon  but  greater  than  that  of  a  muon  (p-meson). 
These  include  the  K-meson  and  pion.  The  K-meson  is  known  in 
the  form  of  a  positive  (K’)  and  negative  (K")  particles  of  ina's 
966.5  m^.  and  t=1.2  <10  “  sec,  and  a  neutral  particle  (!<  )  of 
mass  965  m,.  and  t=I  <  10''“  sec  (anti-K  has  a  lifetime  be¬ 
tween  3,<10“‘  and  10'*  sec).  The  K-meson  undergoes  many 
types  of  decay:  into  a  muon  and  neutrino  (or  antineutrino),  into 
two  or  three  pions.  into  a  muon,  pion  and  neutrino  (antineutrino), 
and  into  an  electron  (positron),  antineutrino  (neutrino)  and  pion. 
Pions  existing  in  the  form  of  a  positive  (.t^).  negative  (.T).  and 
neutral  (n'')  particles  have  mass  27.3.2  n<.  (.t’'  and  n")  and 
264.2  m,.  (n')  and  lifetime  2.6  y  10"*  sec  (n’^  and  n")  and  lO'" 
to  10'“  sec  (n  ).  The  n’^-particle  decays  into  a  positive  muon 
(p^)  and  a  neutrino,  jt".  into  a  negative  muon  (p')  and  an 
antineutrino,  and  n'.  into  two  photons. 

The  third  group  of  subatomic  particles  includes  the  muon, 
electron,  and  neutrino  and  their  antiparticles.  The  muon  has  a 
mass  of  206.7  m^.;  after  a  lifetime  of  2.2;<10'‘  sec  it  decays 
into  an  electron  (positron),  neutrino,  and  antineutrino. 

Finally,  the  last,  fourth,  group  is  the  photon  with  its  rest 
mass  of  zero.  The  photon,  like  the  proton,  electron  and  neutrino, 
is  stable. 


IS.  The  a-Decay  of  Nuclei 

Potential  barrier  of  a  nucleus.  Due  to  the  rapid  decline  of 
nuclear  forces  with  distance,  a  positively  charged  particle  (for 
example,  a  proton  or  a-particle)  will  experience  diminishing 
attraction  near  the  surface  of  the  nucleus  when  receding  from 
the  latter,  and  at  a  certain  distance  a  the  forces  of  attraction 
will  be  balanced  by  the  Coulomb  force  of  repulsion,  which  will 
become  predominant  at  r>a.  From  this  it  follows  that  the 
internal  part  of  the  nucleus  is  separated  from  the  outer  space 
by  a  certain  potential  barrier.  The  curve  of  nuclear  potential 
U  (r)  for  an  a-particle  as  a  function  of  its  distance  from  the 
centre  of  the  nucleus  is  given  schematically  in  Fig.  14. 

It  must  be  noted  that  if  something  in  the  nature  of  separate 
groups  consisting  of  two  protons  and  two  neutrons  do  exist  in 
nuclei,  these  groups,  by  virtue  of  the  interaction  of  each  nucleon 
with  all  of  its  immediate  neighbours  in  the  nucleus  (due  to  the 
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close  packing  of  nuclei),  may  be  identified  with  a-particles  only 
in  a  very  approximate  manner.  It  is  in  this  sense  that  in  fu¬ 
ture  ue  shall  speak  of  the  penetration  of  a-particles  into  a 
nucleus,  of  their  existence  there,  and  their  ejection  from  the 
nucleus.  According  to  Frenkel,  isolation  of  a  group  of  two  pro¬ 
tons  and  two  neutrons,  i.e..  the  formation  of  an  a-particle  in 
nuclear  o-decay  occurs  in  the  course  of  decay,  just  as  the  forma¬ 
tion  of  NaCI  molecules  takes  place  during  their  evaporation 


from  the  crystal  or  from  a  melt  of  sodium  chloride  in  which 
the  sodium  and  chlorine  are  present  in  the  form  of  Na*  and  Cl" 
ions. 

The  potential  barrier  is  the  barrier  that  prevents  penetration 
of  a  charged  particle  into  the  nucleus.  By  measuring  the  min¬ 
imum  charged-particle  velocities  at  which  interaction  with  the 
nucleus  (and,  hence,  penetration)  is  possible,  we  can  form  some 
idea  of  the  height  of  the  potential  barrier  of  the  nucleus  under¬ 
going  bombardment.  This  height  is  measured  by  the  distance  of 
the  top  point  of  the  barrier  from  the  energy  level  that  corre¬ 
sponds  to  infinite  recession  of  the  bombarding  particle  from  the 
nucleus.  For  example,  from  the  fact  that  the  reaction  Hel  +  N;*== 
=o;’-t-Hl  is  accomplished  for  any  values  of  energy  of  the 
a-particles  exceeding  4.0  MeV,  it  may  be  concluded  that  the 
height  of  the  potential  barrier  of  a  nitrogen  nucleus  for  an 
a-particle  is  approximately  4.0  MeV.  Analogously,  we  obtain  the 
height  of  the  potential  barrier  of  an  aluminium  nucleus  at 
6.8  MeV. 

4t  is  also  possible  to  evaluate  the  height  of  the  potential  bar¬ 
rier  as  follows.  As  has  already  been  pointed  out  (p.  43).  from 
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experiments  in  the  anomalous  scattering  of  a-partictes  by  various 
nuclei  we  obtain  for  the  radius  of  the  nucleus  a  the  expression 

a  =  a„j/Z 


where  3  =  2X10'”  cni.  Since  the  quantity  a  determines  the 
distance  from  the  centre  of  the  nucleus  at  which  the  nuclear 
field  differs  perceptibly  from  the  Coulomb  field  (according  to 
Fig.  14,  this  can  occur  only  close  to  the  top  point  of  the  po¬ 
tential  barrier),  the  height  of  the  barrier  (for  this  nucleus)  may 
be  found  as 


U 


injx 


2e‘Z 

a 


(15.1) 


whence,  on  the  basis  of  equation  (9.5),  we  obtain 

U,„„  =  1.44Z'.  MeV.  (15.2) 

However,  the  height  of  the  potential  barrier  is  far  from  being 
the  only  criterion  that  determines  the  possibility  of  nuclear 
transformation  involving  charged  particles.  The  following  exam¬ 
ples  will  elucidate  this.  Earlier,  from  the  possibility  of  a  reaction 
of  the  nuclei  of  nitrogen  and  aluminium  with  o-particles  having 
energy  in  excess  of  a  certain  limiting  value,  we  concluded  lhat 
the  height  of  the  potential  barrier  of  these  nuclei  approximately 
corresponds  to  the  appropriate  limiting  values  of  energy  of  the 
o-particles  (4.0  and  6.8  AleV).  These  values  of  barrier  heights 
also  turn  out  close  to  those  computed  from  formula  (15.2),  5.3 
and  8.0  MeV,  whence  it  may  be  concluded  that  in  this  case  we 
are  not  far  from  the  truth.  It  would,  therefore,  seem  that  the 
penetration  of  an  o-particle  into  the  nucleus  (which  is  a  prereq¬ 
uisite  to  a  nuclear  reaction)  at  o-particle  energies  less  than  the 
height  of  the  potential  barrier  of  the  given  nucleus  should  be 
absolutely  excluded.  However,  experiment  shows  that  in  a  num¬ 
ber  of  cases  the  reaction  nevertheless  takes  place,  even  though 
this  condition  is  not  fulfilled,  as  long  as  the  energies  of  the 
o-particles  have  strictly  definite  values  (though  lower  barrier 
heights).  For  example,  in  the  case  of  aluminium  (Alj!),  which, 
as  we  have  seen,  has  a  potential  barrier  of  6.8  MeV.  in  addi¬ 
tion  to  o-particles  with  energies  that  satisfy  the  condition 
mv'/2>6.8  MeV,  there  have  been  \ounA  discrete  groups  of  o-par¬ 
ticles  with  energies  4.00,  4.49,  4.86,  5.25,  5.75,  and  6.61  MeV 
that  are  capable  of  entering  into  the  reaction  He5-f-Al”  = 
=  SiJ!-|-H!.  For  a  reason  which  will  be  given  below,  these  and 
analogous  cases  are  called  resonance  penetration  of  o-particles 
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inlo  the  nucleus.  It  follows  from  the  existence  of  resonance 
penetration  that  oi-particles  can  enter  the  nucleus  not  only  by 
passing:  over  the  potential  barrier,  but  also  by  penetrating  through 
the  barrier. 

In  classical  mechanics,  processes  of  this  kind  are  out  of  the 
question  because  they  are  associated  with  passage  through  a  field 
of  negative  kinetic  energies  (imaginary  velocities).  On  the  con¬ 
trary,  wave  mechanics,  which  describes  the  motion  of  a  particle 
as  a  certain  wave  process,  permits  such  processes  and  attributes 
to  them  a  probability  different  from  zero.  According  to  the 
wave  theory,  a-particles  with  kinetic  energy  less  than  the  height 
of  the  potential  barrier  are  reflected  from  the  barrier  when  col¬ 
liding  with  the  nucleus,  though  a  small 
portion  of  them  have  a  chance  of  pen¬ 
etrating  the  nucleus  through  the  bar¬ 
rier.  In  wave  mechanics,  such  processes 
are  known  as  tunnel  processes. 

An  analogy  may  be  found  in  op¬ 
tics.  We  know  that  in  the  case  of 
total  internal  reflection,  in  addition 
to  the  reflected  wave  (which  carries 
fic.  I.'}-  Piith  ol  ray  in  olT  most  of  the  energy  of  the  incident 

total  inUrnal  reik'ction.  light)  there  is  a  wave  of  low  inten¬ 

sity,  which  is  refracted  at  the  inter¬ 
face  and  penetrates  into  the  second  medium.  This  analogy  will 
he  still  more  complete  if  we  consider  reflection  and  refraction 
of  waves  in  a  system  of  two  rectangular  prisms  as  shown  in 
Fig.  15.  Denoting  the  distance  between  the  adjacent  planes  of 
the  two  prisms  by  d,  we  can  consider  the  following  two  limit¬ 
ing  cases:  the  case  when  d  is  great  in  comparison  to  the  wave¬ 
length  X,  and  the  case  of  d^X,  which  corresponds  to  prac¬ 
tically  complete  contact  of  the  prisms.  In  the  former  case,  the 
intensity  of  the  refracted  wave  passing  from  the  first  prism  into 
the  second  will  be  practically  zero,  that  is,  we  will  observe 
total  internal  reflection.  But  in  the  latter  case,  due  to  the  prac¬ 
tical  absence  of  a  reflecting  surface,  the  wave  will  pass  unim¬ 
peded  from  the  first  into  the  second  prism.  Whence  it  is  seen 
that  for  d  =  X  there  will  be  an  intermediate  case,  when  the 
intensities  of  both  waves  (reflected  and  refracted  —  the  latter 
passing  into  the  second  prism)  will  be  finite.  The  finite  probabil¬ 
ity  of  penetration  of  a-particles  into  the  nucleus  at  an  energy 
less  than  the  height  of  the  potential  barrier  corresponds  precisely 
to  this  case,  the  role  of  d  being  played  by  the  width  of  the 
potential  barrier,  which  is  measured  by  the  distance  between 
two  points  of  the  potential  curve,  these  two  points  corresponding 
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to  the  same  energy  and  being  situated  on  opposite  sides  of  the 
top  point  of  the  barrier. 

The  necessity  of  assuming  tunnel  penetration  of  a-particics 
through  the  potential  barrier  becomes  particularly  obvious  if  ue 
turn  to  a  detaited  consideration  of  the  phenomenon  of  natural 
a-decay.  Indeed,  we  saw  that  the  height  of  the  potential  barrier 
may  be  expressed  by  formula  (15.1)  to  a  rather  high  degree  of 
accuracy.  For  uranium  (Z  =  92),  this  formula  gives  U,„,,  =  29MeV. 
Therefore,  if  a-particles  left  the  uranium  nucleus  by  surmounting 
the  potential  barrier,  their  kinetic  energy  after  ejection  from 
the  nucleus,  determined  in  this  case  by 


ni  r  2£Z 

2  J  r' 

J 


dr  =?^?(^U), 


should  come  to  about  29  MeV.  Yet  experiment  shows  that  the 
energy  of  the  uranium-emitted  a-particles  is  only  4.21  AleV. 
i.e.,  considerably  less  than  the  height  of  the  potential  barrier. 
The  situation  is  similar  for  all  other  a-active  elements.  Thus 
the  only  path  of  a-particles  In  a-decay  of  nuclei  is  tunnel  pene¬ 
tration  through  the  potential  barrier  of  the  nucleus. 

This  conclusion  follows  also  from  general  reasoning  about 
nuclear  stability.  Indeed,  if  only  particles  of  sufficiently  high 
energy  can  leave  the  nucleus  over  the  harrier,  the  nuclei  of 
a-active  elements  should  be  absolutely  unstable;  but  this  contra¬ 
dicts  the  finite  and,  frequently,  very  small  probability  of  a-decay. 
This  reasoning,  therefore,  leads  to  the  conclusion  that  a  specific 
energy  level  (or  levels)  below  the  top  point  of  the  potential  bar¬ 
rier  should  correspond  to  a-particles  in  the  nucleus.  Due  to  the 
possibility  of  tunnel  penetration  through  the  barrier,  an  a-par- 
ticle  will  always  have  a  certain  probability  X.  of  leaving  the 
nucleus  without  Inducement  by  any  external  force,  in  particular, 
without  energy  being  supplied.  In  this  process,  the  number  of 
nuclei  decaying  in  unit  time  will,  obviously,  be  equal  to 


where  n  is  the  concentration  of  radioactive  matter  at  time  t; 
thus  we  obtain  an  empirical  law  of  radioactive  decay  (10.1).  The 
character  of  this  law  expresses  the  basic  fact  that  radioactive 
decay  follows  the  laws  of  probability,  the  decay  constant  X.  being 
interpreted  as  the  probability  of  decay. 

Theory  of  a-decay  of  nuclei.  The  theory  of  radioactive  decay 
of  atomic  nuclei  was  given  by  Gamow  (1928)  and  Gurney  and 
Condon  (1928).  Fundamental  to  this  theory  are  the  above-described 
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concepts  concerning  tunnel  penetration  through  the  energy 
barrier.  This  penetration  is  one  of  the  manifestations  of  the  wave 
properties  of  matter.  As  we  have  seen,  the  occurrence  of  tunnel 
processes  logically  follows  from  the  entire  assemblage  of  experi¬ 
mental  data  that  refer  to  a-decay  of  atomic  nuclei. 

When  computing  the  constant  of  a-decay,  Gamow  proceeded 
from  a  simplified  view  of  the  shape  of  the  potential  barrier, 
assuming  the  potential  energy  of  the  a-particle  to  be  constant 
(UJ  when  r  =£  a  and  expressed  by  the  formula 

U(r)  =  iii^ 

which  corresponds  to  Coulomb  interaction  of  the  residual  nucleus 
and  the  a-particle  when  r  a.  Here,  U(a)  =  2(Z  —  2)  e'/a>U,. 
The  expression  Gamow  obtained  for  the  decay  constant  X  is  of 
the  form 


*  8nli 

A=-.  — 5  e 

Ilia’ 


where  E  is  the  a-particle  energy  (equal  to  mv’/2)  and 

9(Z-2)e‘ 

E 

is  the  distance  separating  the  centre  of  the  nucleus  from  the  point 
on  the  outer  portion  of  the  potential-energy  curve  that  corresponds 
to  U  =  E.  In  corpuscular  interpretation,  expression  (15.3)  is  the 
product  of  the  frequency  of  oscillations  of  an  a-particle  in  the 
nucleus,  or  the  number  of  its  impacts  per  second  against  the 
barrier,  by  the  probability  of  penetrating  through  the  barrier. 

Integrating  the  expression  obtained  and  expanding  it  in  a  se¬ 
ries  of  powers  of  the  small  quantity  a,'r*.  we  obtain  from  (15.3) 

X  =  — .e  .  (15.4) 


This  expression,  rewritten  in  the  form 
lnX  =  A  — -5-. 


A  =  ln«2^-(-l^ 

ma*  '  h 


'(Z  — 2)a 


B  =  ^(Z-2). 


and 
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corresponds  to  the  empirical  relation  between  the  constant  of 
a-decay  and  the  a-particle 
path  length, 

lnR=alnX  +  p.  (15.6) 

established  by  Geiger  and 
Nuttall  as  early  as  1912. 

This  relationship.  or  the 
Geiger-Nultall  la-jj.  may.  with 
the  aid  of  the  empirical  for¬ 
mula 


SO 


R=Cv’ 


(15.7) 


found  by  Geiger  and  connect¬ 
ing  the  path  length  of  the 
a-particles  with  their  veloc¬ 
ity,*  also  be  written  as 

lnX  =  A'  +  B'ln  V.  (15.8) 

The  values  of  In  X  for  the  na¬ 
turally  radioactive  elements 
of  the  uranium  series  are  giv¬ 
en  in  Fig.  16  as  a  function  of 
the  logarithm  of  energy  of 
a-particles  E.  which  is  a  lin¬ 
ear  function  of  Inv  (crosses) 
and  also  of  E~'>,  which  is 
proportional  to  l/v  (open  cir¬ 
cles).  We  see  that,  to  a  suffi¬ 
cient  degree  of  approximation 
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Fig.  16.  Relationship  between  the  constant 
of  a-decay  of  nuclei  and  the  energy  of 
a-particles 


both  cases  yield  a  straight  line  and  that  the  empirical  formula 
(15.8)  and  the  Gamow  formula  (15.5)  both  convey  very  well  the 
dependence  of  X  on  v  over  the  entire  range  of  values  of  X  and  v. 
The  Geiger-Nuttall  law  is  thus  theoretically  substantiated. 


•  Formula  (15.7),  which  underlies  one  of  the  important  methods  of  deter¬ 
mining  a-particle  energy  (from  their  patti  length  R)  is  derivable  also  theoret¬ 
ically  from  the  following  simple  reasoning.  Taking  the  energy  lost  by  an 
a-particle  per  unit  length  of  its  path  in  a  stopping  medium  to  be  propor¬ 
tional  to  the  time  the  a-particle  is  near  the  molecules  encountered  on  its 
way.  and.  consequently,  inversely  proportional  to  the  velocity  of  the  a- 
particle,  we  can  put 

dx  3C  V  * 

Integrating  this  equation,  we  obtain  Cv*[q  =  x|J*.  1.  e.,  R=Cv’. 
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It  should,  however,  be  pointed  out  that  when  utilising  data 
for  artificially  obtained  a-active  isotopes  even  within  the  limits 
of  a  single  radioactive  series,  there  is  a  considerable  spread  of 
dots,  though  the  general  tendency  towards  a  concentration  of 
dots  near  the  Geiger-Nuttall  line  is  retained.  Particularly  great 
are  the  deviations  from  this  straight  line  in  the  case  of  the 
transuranium  elements,  i.e.,  elements  with  nuclear  charge  great¬ 
er  than  that  of  uranium  (Z  =  92),  which  was  the  last  element* 
in  the  Periodic  Table  prior  to  the  discovery  of  the  artificial 
transformation  of  elements.  For  example,  on  the  basis  of  the 
measured  values  of  a-particle  energies  E  of  two  isotopes  of  the 
96lh  element  curium  Cm”’  and  Cm”',  from  the  straight  line  in 
Fig.  16  we  obtain  values  of  half-lives  that  are  less  than  the  observed 
half-lives  by  five  orders  of  magnitude.  In  exactly  the  same  way, 
the  isotopes  of  the  9ftth  element  californium  Cl”*  and  Cf”*  show 
half-lives  that  are  less  than  the  observed  ones  by  7  to  8  orders 
of  magnitude. 

From  the  point  of  view  of  the  theory  of  a-decay,  these  and 
other  deviations  from  simple  monotonic  dependence  of  \  upon 
v  may  in  part  be  explained  by  the  fact  that  the  quantities 
A  and  B  in  (15,5)  are  not  constants,  due  to  their  dependence 
on  the  radius  and  charge  of  the  nucleus.  According  to  Gamow, 
deviations  from  a  monotonic  relationship  should  be  observed  in 
cases  when  the  smooth  variation  of  a  and  v  in  the  given  radio¬ 
active  series  is  disrupted. 

One  reason  for  relation  (15.5)  not  being  fulfilled  may  possibly  be 
its  insufficient  accuracy  due  to  the  approximate  character  both  of 
its  theoretical  calculation  and  of  the  theory  itself,  which  assumes 
the  existence  of  individual  a-particles  in  the  nucleus,  whereas 
in  reality  these  particles  are.  apparently,  formed  in  the  nucleus 
(from  protons  and  neutrons)  only  in  the  course  of  a-decay. 


*  The  Iransuranium  elements  are  ordinarily  obtained  by  bombardment  of 
heavy  elements  with  multiply  charged  ions  of  high  energy  needed  to  over¬ 
come  the  Coulomb  barrier.  Thus,  lor  example,  isotopes  of  the  99th  element 
einsteinium  Es”*  and  Es”’  were  obtained  by  bombarding  uranium-238  with 
ions  of  nitrogen  N*-*-’**-*  of  energy  about  100  MeV  in  the  reactions 
IN,  .  6n)  Es”*  and  U”*  (N”.  5n)  Es”'.  Element  101.  mendelevium.  was 
obtained  in  the  bombardment  of  einsteinium-253  by  4t-MeV  a-particles  in 
the  reaction  Es”'(o,  n)i\tv”*.  Mendelevium-256  has  a  half-life  of  about 
converls  info  element  100.  fermium.  by  electron  capture.  Element 
102.  nobehum,  was  obtained  by  bombarding  curium  (Z  =  96)  by  C”  ions 
""""y  obtained  by  bombarding  Californium 

=  with  D**  and  B"  ions. 
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Nuclear  energy  levels  and  the  spectra  ot  o-,  0-,  and  y-rays. 
The  presence  of  definite  discrete  energy  levels  of  the  atomic  nu¬ 
cleus  (p.  87)  postulated  in  the  theory  of  a-decay  follows  directly 
from  the  fact  that  a-rays  are  monoenergelic.  Ateasurements  of  the 
velocities  of  o-particles  emitted  by  a  given  nucleus  show  that  all 
o-particles  fall  into  separa/e  groups,  each  of  which  is  characterised 
by  a  certain  velocity  that  is  constant  for  the  given  group.  In 
such  cases,  one  usually  speaks  of  the  /ine  ^Iniclure  of  a-spectra. 
For  e.xample.  in  the  a-spectrum  of  ThC.  which  converts  into 
ThC"  with  the  emission  of  an  a-particle.  are  observed  five  groups 
of  ci-particles  with  energies  6.0930.  6.0537.  5.7709.  5.6283.  and 
5.6095  MeV.*  The  existence  of  these  discrete  groups  of  a-particles 
indicates  that  the  nuclei  in  a-decay  are  in  various  discrete  energy 
stales.  Denoting  the  energy  of  the  initial  and  final  nuclei  by 
e]  and  e,  respectively,  on  the  basis  of  the  law  of  conservation 
of  energy,  we  will  have 


. ""'U  ,  MVf,  M  mvj, 

'i  '  2  2  “  M  2  ' 


(16.1) 


where  mv?,'2  is  the  energy  of  an  a-particle  belonging  to  a  given 
group  of  a-particles.  and  MVf(  '2  is  the  energy  of  the  final  nucleus 
(recoil  nucleus).  The  quantity  ej  —  ej  is  called  the  energy  of  a- 
decay.  Substituting  into  equality  (16.1).  in  place  of  mv;,,'2.  the 
foregoing  values  of  a-particle  energy  and  m  M=1  52.  we  obtain 
for  the  decay  energy  the  following  values;  6.2103.  6.1703.  5.8819. 
5.7366.  and  5.7175  MeV.  Since,  with  rare  exceptions  (see  below), 
in  the  a-decay  of  atomic  nuclei  the  disintegrating  nucleus  is  in 
a  state  with  least  energy  (we  shall  call  it  the  ground  or  normal 
slate),  which  is  the  case  also  in  the  a-decay  of  a  ThC  nucleus, 
we  can  put  ej  — eJ  =  const.  Thus,  the  existence  of  various  discrete 
groups  in  the  a-spectrum  in  this  and  similar  cases  is  due  to  the 
fact  that  the  final  nucleus  (ThC")  appears  in  different  energy 
states.  Putting  the  energy  of  the  ground  state  of  the  ThC  nucleus 
e,  =0.  we  obtain  from  the  differences  of  the  foregoing  decay 
energies  for  the  remaining  four  levels:  e,  =  0.0400.  e,  =  0.3284, 
8,  =  0.4737,  and  e.  =  0.4928  MeV. 

This  energy-level  diagram  of  the  ThC  nucleus  is  shown  in 
Fig.  17.  The  correctness  of  this  scheme  is  confirmed  by  the 


*  II  resolution  is  weak,  these  five  groups  ol  a-particles  arc  recorded  as 
a  single  monoenergetic  group  with  a  certain  mean  (weighted)  energy. 


92 


ATOMIC  NUCLEUS 


[Ch.  2 


\  spcctrum  observed  in  the  decay  of  ThC.  The  discrete  character 
of  this  spectrum,  which  consists  of  separate  lines,  shows  that 
here  the  yradiation  is  due  to  transitions  of  the  excited  nucleus 
from  one  set  of  discrete  energy  states  to  another  set.  Identifying 
these  states  with  the  energy  levels  obtained  above  of  the  ThC" 
nucleus,  one  should  expect  that  the  energy  of  the  observed 
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Fig.  17.  Energy  levels  of  ThC"  nucleus  (in  MeV) 


Y-photons  (Y  =  hv)  will  be  equal  to  the  energy  differences  of 
the  corresponding  levels,  because  from  the  law  of  conservation 
of  energy  we  have  * 

e(—  ei'  =Yii'  =  hvt('.  (16.2) 

In  Table  3  the  differences  e, —  ev  computed  from  the  above- 
obtained  values  of  c,  are  compared  with  the  yphoton  energy. 
It  is  seen  that  six  out  of  ten  differences  (within  measurement 
error,  which  in  the  case  of  y-rays  comes  to  I*/^,)  coincides  with 
the  corresponding  Y-quanta  energies.  As  we  shall  see  below  (Ch.  5). 
by  virtue  of  the  so-called  selection  rules  the  number  of  possible 
transitions  between  different  energy  levels  always  proves  to  be 
greater  than  the  number  of  actually  observed  transitions,  i.e., 
than  the  number  of  lines  in  the  spectrum  of  the  given  element. 


•  A  type  (16.2)  relation  was  first  used  by  J.  J.  Thomson  in  1912  to  explain 
the  structure  of  the  characteristic  spectrum  of  X-rays  (see  below,  p.  143): 
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Energy  levels  and  v^pectra  of  THC'  nucleus 


Energv  dillcrcii«c. 

MeV 

=0.0191 

€4  -  e.  =  0.1644 

— 

e,  -  c,  =0.4528 

0.4511 

C4  -  =  0.4928 

— 

e,  —  =  0-145.3 

— 

e,  —  e,  =0.4337 

0,4317 

e,  —  e,  =  0.4737 

0.4709 

e,  —  e,  =0  2884 

0.2869 

e,  ~  e^  =  0.3284 

0.3267 

e,  —  =  0.0400 

0.03995 

Thus,  from  the  foregoing!  it  follows  that  excited  ThC"  nuclei 
which  appear  in  the  a-decay  of  ThC  pass  into  the  ground  state 
with  the  emission  of  y-photons.  The  pattern  is  practically  the 
same  in  all  other  cases  of  y-decay.  Such  is  the  origin  of  y-ra- 
diation  attending  the  a-dccay  of  nuclei. 

Sometimes  cases  are  observed  in  a-decay  when  a  part  (usually 
insignificant)  of  the  initial  nuclei  is  also  in  one  of  the  excited 
states.  In  such  cases,  in  addition  to  a-particles  of  energy  ordi¬ 
narily  between  4  and  S  MeV,  there  are  observed  so-called  long- 
range  a-particles  with  energy  exceeding  8  AteV.  For  instance,  in 
the  a-spectrum  of  ThC,  in  addition  to  an  intense  basic  group  of 
a-particles  we  find  three  exceedingly  weak  groups  with  energies 
K  =  8,776.  9.491,  and  10.542  AleV.  Computing  from  these  values 
the  appropriate  decay  energies,  e?  —  e,  =  8.942,  9.670,  and 

10.741  MeV  and  attributing  the  least  of  the  values  obtained 
to  transition  from  the  ground  level  of  the  ThC  nucleus,  we 
have  for  the  levels  of  this  nucleus:  e„  =  0,  e,  =  0.728,  and 
ej=  1.799  MeV.  The  reliability  of  these  values  follows  from  the 
fact  that  the  differences  e,  —  and  e,  —  practically  coincide 
with  the  energies  of  ThC  y-photons,  0.726  and  1.802  MeV.  The 
general  scheme  of  the  transformation,  ThC— ThC' — ^  ThD  (Pb). 
is  given  in  Fig.  18.  in  which  the  transitions  accompanied  by 
y-radiation  (y-transitions)  are  shown  by  wavy  arrows. 

Excited  nuclei  also  appear  in  p-decay  and  electron  capture, 
in  the  bombardment  of  nuclei  with  fast  neutrons,  protons,  a-  and 
other  charged  particles  (inelastic  collisions),  and  also  in  various 
nuclear  reactions.  By  way  of  illustration.  Fig.  19  gives  the 
p-decay  scheme  of  MnH-  Here,  we  see  three  p-spectra  with  maxi- 
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mum  energies  0.75.  1.04,  and  2.81  MeV,  whence  it  follows  that 
ilie  electron  decay  of  iMn"  yields  at  least  three  different  energy 
states  of  the  final  nucleus  h'e”.  A  parallel  investigation  of  the 
Y-spectrum,  which  contains  three  lines  with  quantum  energies 
0.822.  1.77.  and  2.06  MeV.  leads  to  the  decay  scheme  given  in 
Pig.  19.  Similar  schemes  have  been  established  for  nearly  all 
(J-active  nuclei.  Finally.  Fig.  20  gives  the  energy  levels  of  an 
O"  nucleus  as  obtained  in  various  reactions. 


ThC 


Fig.  JS-  Radioactive  translorination 
ThC  -  ThC'’-*  ThD  (Pb) 


Fig.  19.  Beta-decay  ofMnjJ  . 
The  energy  differences  are 
given  in  MeV 


Mean  lifetime  of  excited  nuclei.  To  various  excited  states  of 
the  nucleus  there  correspond  different  mean  lifetimes  (t),  which 
determine  the  probability  of  p-  or  v^ransition  into  a  state  with 
less  energy*  and  which  are  reflected  in  the  intensity  of  the  cor¬ 
responding  spectrum.  **  Without  touching  on  the  question  of  the 
nature  of  the  internal  factors  that  determine  the  probability  of 
the  various  nuclear  transitions,  we  note  here  only  the  extremely 


•  The  mean  lifetime  is  usually  determined  as  a  reciprocal  to  the  transi¬ 
tion  probability  or  the  decay  constant  X:t  =  l/X.  The  hall-life  T*/,  and  x  are 
connected  by  the  following  obvious  relation;  T>/,  =Tln2. 

•*  In  the  vast  majority  of  cases,  the  probability  of  transition  of  an  excit¬ 
ed  nucleus  to  a  lower  state  with  a-particle  emission  is  appreciably  less  than 
the  probability  of  yfransition  to  the  same  state.  For  this  reason,  excited 
nuclei,  the  lifetimes  of  which  are  determined  by  the  probability  of  a-transi- 
t:on.  are  extremely  rare.  These  include  the  emission  of  long-range  a-particles 
by  certain  nuclei. 


u 


Fig.  20.  Energy  levels  of  O'*  nucleus  obtained  from  various  reactions 
(after  Hornyak,  Lauritsen>  Atorrison  and  Fowler) 
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broad  range  covered  by  the  quantity  t,  which  varies  from 
10‘"  sec  to  values  exceeding  minutes  and  tens  of  minutes*  in 
the  case  of  y-transitions.  and  from  lO"’  sec  to  10’  years  and 
more**  in  the  case  of  p-transitions.  Obviously,  when  both  y- 
and  p-transitions  are  possible  from  a  given  level  of  an  excited 
nucleus,  the  mean  lifetime  will  be  determined  by  the  sum  of 
the  probabilities  of  both  transitions  X  = 

t  =  4.  (16.3) 

When  the  probability  of  one  of  the  transitions  is  considerably 
greater  than  that  of  the  other,  the  mean  lifetime  will,  obviously, 
be  determined  by  the  greater  probability.  Thus,  when 
we  will  have  t=I  X^  =  t^  and.  accordingly,  when  X^^X^i 
T  =  I  X,  =  T, 

Nuclear  isomerism.  In  the  case  of  a  sufficiently  long  lifetime 
we  will  have  excited  melaslabic  nuclei  that  behave  like  ordinary 
active  nuclei  in  the  ground  energy  state.  The  excited  nuclei 
will  (like  the  nucleus  of  the  given  element  in  the  ground  state) 
have  the  same  number  of  protons  and  neutrons  but  will  differ 
in  its  radioactive  properties.  These  nuclei  have  been  called 
isomeric  nuclei.  Nuclear  isomerism  was  first  discovered  by  Hahn 
(1921)  in  uranium  Z.  which  turned  out  to  be  an  isomer  of  ura¬ 
nium  X,.  With  one  and  the  same  number  of  protons  and  neu¬ 
trons.  UZ  and  UX,  have  different  half-lives  (6.69  hours  and  1.22 
minutes,  respectively)  and  different  p-  and  yspsetra.  It  turned 
out  that  UZ  corresponds  to  the  ground  state  of  the  protactinium 
isotope  PaJ”,  while  UX,,  to  the  excited  (metastablel  .state  of 
this  isotope:  in  99.35  cases  out  of  100,  -UX,  converts  into 
Ull(Uj")  by  electron  decay,  and,  in  0. 15  case,  with  the  emission 
of  a  Y-photon  (y  =  0.394  MeV)  it  passes  into  the  ground  state, 
i.e.,  it  "converts”  into  UZ. 

Nuclear  isomerism  is  particularly  widespread  among  the  arti¬ 
ficially  radioactive  isotopes.  Here,  the  existence  of  isomeric 
nuclei  was  first  established  bv  I.  V.  Kurchatov.  B.  V.  Kurcha¬ 
tov.  L.  V.  Mysovsky  and  L.'l.  Rusinov  (1935)  in  the  case  of 
the  p-active  isotopes  of  bromine  Br”.  It  was  demonstrated  that 
the  ground  state  of  this  isotope  is  a  state  with  a  half-life  of 
18  minutes,  while  the  excited  metastable  nucleus  Br“  has  a  half- 


•  As  an  exception,  unusually  long  lifetimes  have  been  obtained  for  all 
.  Of  tellurium  with  odd  mass  number:  from  1.7S  days  for  Te'*' 

to  200  days  for  Te***.  ■' 

ino’C-m"  respectively.  1.75X10’  and 

109X10  years,  and  for  Re'".  8400X  10*  years.  r  j  ^ 
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life  of  4.4.  hours  and  passes  into  the  ground  state  by  emission 
of  two  successive  y-photons  of  energy  0.049  and  0.037  AteV. 

During  the  past  20  years  a  large  number  of  cases  of  nuclear 
isomerism  have  been  discovered.  The  number  of  isomeric  nuclei 
with  short  lifetimes  is  especially  great. 

Nuclear  excitation  in  inelastic  collisions  with  neutrons  and 
charged  particles.  The  excitation  of  atomic  nuclei  by  bombard¬ 
ment  with  fast  particles  is  the  simplest  case  of  an  inelastic  col¬ 
lision.*  This  excitation  will  be  detected  by  changes  in  the 
spectra  of  the  bombarding  particles  and  also  by  the  yr^diation 
of  the  excited  nuclei.  For  example,  in  the  inelastic  scattering, 
by  magnesium,  of  monoenergetic  neutrons  with  initial  energy 
2.5  MeV,  the  spectrum  of  scattered  neutrons  exhibits  a  new 
group  (in  addition  to  the  given  group)  of  neutrons  with  energy 
l.l.  MeV,  whence  for  the  excitation  energy  of  the  magnesium 
nucleus  it  follows  that  c  =  1.4  MeV.  This  same  value  is  also 
obtained  from  experiments  in  the  inelastic  scattering  of  protons. 
The  approximate  value  thus  obtained  of  the  excitation  energy 
of  a  magnesium  nucleus  is  in  good  agreement  with  the  value  of  one 
of  the  two  y-photons  observed  in  the  y-spectrum  of  the  reaction 
Na“(P")Mg“:  1.380  and  2.758  MeV.  That  this  spectrum  belongs 
to  the  magnesium-24  nucleus  is  obvious  from  the  following  cal¬ 
culation.  Since  special  experiments  have  shown  that  these 
y-photons  are  emitted  in  succession  (in  a  cascutie),  we  should 
obtain  the  energy  of  the  p-decay  of  Na“*  by  summing  the  energy 
of  these  photons  with  the  maximum  energy  of  the  p-particles  of 
Na”.  This  summation  gives  Q  =  5.528  AteV.  which  is  in  good 
agreement  with  the  value  5.555^30.035  MeV  obtained  from  the 
known  masses  of  the  atoms  Na'*  and  Atg*‘. 

In  exactly  the  same  way,  the  excitation  level  of  the  Li]  nu¬ 
cleus  e=0. 480  MeV  is  obtained  both  from  the  y-spectrum  observed 
in  the  inelastic  scattering  of  protons  and  a-particles  by  lithium-7, 
i.e.,  in  the  processes  Li’ (p,  p')  Li’  and  Li’ (a,  a')  Li’,  and  in 
the  following  reactions:  Be’ (K)  Li’  from  the  y-spectrum, 
B’Vn,  a)Li’  from  the  a-  and  y-.spectra.  Be*  (d,  a)  Li’  from  the 
a-  and  y-spectra,  and  Li*(d.  p)  Li’  from  the  y-spectrum  and  the 
proton  spectrum. 

In  the  foregoing  nuclear  reactions  that  lead  to  the  excitation 
of  the  Li’  nucleus,  the  final  nucleus  Is  excited.  Also  widespread 
are  cases  when,  in  the  course  of  a  nuclear  reaction  of  the  types 


*  The  inelastic  collision  of  a  fast  particle  x  with  a  nucleus  Y.  which  * 
leads  to  excitation  of  the  latter,  is  usually  denoted  by  the  symbol  Y  (x.  x')  Y', 
where  x'  is  the  particle  x  that  sutlered  inelastic  collision.  This  process  may 
be  regarded  as  a  particular  case  of  the  nuclear  reaction  Y  (x,  y)  X. 


98 


ATOMIC  NUCLEUS 


ICh  2 


considered,  an  inlermediale  nucleus  is  excited  that  corresponds  to 
a  certain  transition  state  of  the  system  on  its  way  from  the 
initial  to  the  final  state.  Let  us  consider  the  general  case  of  the 
reaction  A-(-a  =  B  +  b,  where  A  is  the  initial  and  B  the  final 
nucleus,  a  is  the  bombarding  particle  and  b  is  the  particle 
formed  as  a  result  of  the  reaction.  This  reaction,  which  symboli¬ 
cally  may  also  be  written  as  A  (a.  b)  B.  embraces  all  types  of 
particle  interaction  with  a  nucleus,  including  elastic  (b  =  a)  and 
inelastic  (b  =  a’)  impacts  and  all  possible  nuclear  reactions  that 
lead  to  the  formation  of  a  new  element  or  a  new  isotope  of  the 
initial  element.  When  b  =  Y  (photon)  we  have  a  reaction  of 
particle  capture,  and  when  a  =  Y,  we  have  a  photonuclear  reac¬ 
tion.  In  all  these  cases,  according  to  views  most  clearly  stated 
by  Bohr  (1936.  1938),  when  a  particle  a  penetrates  into  the 
nucleus,*  which  is  a  system  of  many  bodies  (nucleons),  its  energy 
is  distributed  among  all  the  nuclear  particles.  This  leads  to 
a  complex,  or  inlermediale.  nucleus  which  has  a  greater  or  lesser 
degree  of  stability  characterised  by  a  certain  mean  lifetime  x. 
The  magnitude  of  t  is  determined  by  the  probability  of  such 
a  redistribution  of  energy  in  the  complex  nucleus  that  results  in 
a  certain  nuclear  process  becoming  possible.  Depending  on  the 
nature  of  this  redistribution  of  energy  and  its  concentration  on 
a  given  particle,  the  latter  can  escape  from  the  nucleus. 

Thus,  according  to  Bohr,  every  nuclear  process  should  be  rep¬ 
resented  as  a  double  transition:  initial  state  of  the  system 
(A  +  a) — complex  nucleus  (Q— final  state  of  the  system  (B-|-b). 
We  note  that  in  the  case  of  a-decay  the  initial  nucleus  can  be 
considered  as  a  complex  nucleus,  since  here  the  disintegration 
into  a  new  nucleus  and  an  o-particle  takes  place  without  any 
external  force. 

Due  to  the  finite  lifetime  of  a  complex  nucleus  t,  it  (like  any 
other  nucleus)  can  have  definite  energy  levels,  which  may  be 
detected  by  the  appearance  of  specific  (resonance)  peaks  on 
a  curve  of  cross-section  or  probability  of  reaction  versus  the 
energy  of  the  bombarding  particle.  A  resonance  peak  of  this  kind 
is  seen  in  Fig.  21,  which  gives  the  curve  of  neutron  yield  in 
the  reaction  Bel(p,  n)  BI  for  various  proton  energies.  Another 
case  are  the  curves  of  cross-sections  of  the  reaction  Al”  (p.  a) Mg” 
and  the  reverse  reaction  Mg”(o,  p)  Al”  given  in  Fig.  22.  For 


•  An  exception  to  this  mechanism  are  the  deuteron  reactions  (d.  n)  and  (d.  p), 
which  are  accomplished  in  such  manner  that,  due  to  a  small  binding  energy, 
the  deuteron  (even  near  the  surface  o(  the  nucleus)  splits  into  a  proton  and 
neutron,  one  of  which  is  absorbed  by  the  nucleus  and  the  other  remains  free. 
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these  reactions,  from  the  law  of  conservation  of  energy,  we  have 
Q  +  K,  =  e,  +  K, 

where  Q  is  the  formation  energy  of  the  complex  (intermediate) 
nucleus,  which  in  the  cases  given  above  is  the  nucleus  Bl"  and. 
respectively.  Si”;  this  energy 
is  computed  from  the  follow¬ 
ing  formula: 

Q  =  C’  (171^  +  111.4 —  ni.4.,.a) 

(in,  is  the  mass  of  the  bom¬ 
barding  particle.  111.4  is  the 
mass  of  nucleus  A.  and 
111.4  +  »  is  the  mass  of  the  com¬ 
plex  nucleus);  K,  is  the  ener¬ 
gy  of  the  bombarding  par¬ 
ticle  at  resonance  maximum. 

K,  is  the  kinetic  energy  of 
the  complex  nucleus  equal  to 
the  kinetic  energy  of  the  cen¬ 
tre  of  gravity  of  the  system, 
and  e,  is  the  excitation  energy 
of  the  complex  nucleus.  From 
the  law  of  conservation  of 
momentum  it  follows  that 
K,  =  — Substituting 

Kc  into  the  preceding  formu¬ 
la.  we  get 

Computing  Q  from  the  atomic  masses  of  Be!.  Bl“.  and  Hj  and 
substituting  this  quantity  together  with  K,  =  2.52  MeV  into 
(16.4),  we  find  p  — 8.86  MeV  for  the  excitation  energy  of  the  Bl" 
nucleus  in  the  reaction  Be!  (p.  n)  B!.  In  the  same  way,  from 
the  values  of  K,  that  correspond  to  the  four  most  intensive  peaks 
on  the  curves  of  Fig.  22.  we  obtain  for  the  excitation  energy  of 
the  nucleus  Si”.  e  =  2.755.  2.931,  3.002,  and  3.280  MeV. 

Fig.  22  also  illustrates  one  of  the  few  sufficiently  investigated 
cases  of  two  nuclear  reactions  that  proceed  in  both  directions. 
Considering  two  such  reactions  (in  the  general  case.  A  +  a  — .  B  +  b 
and  B  +  b — .A  +  a)  it  should  be  concluded,  on  the  basis  of 
the  statistical  principle  of  detailed  balancing,  that  both 


ing  protons  (after  Hushley) 


See.  ir>i 


NUCLEAR  ENERGY  LEVELS 


101 


reactions  must  proceed  via  one  and  the  same  complex  nucleus. 
It  may,  therefore,  be  expected  that  the  cross  sect  ions  of  the  di¬ 
rect  and  reverse  reactions  will  be  in  a  definite  ratio.  Indeed, 
a  consideration  of  statistical  equilibrium  A -|- a  ._iC  B -j- b 
leads  to  the  following  formula: 


(v.i)  ^ 

(Vb)  ^5 


(16.5) 


where  and  are  the  effective  cross-sections  of  the  direct 
and  reverse  reactions,  and  X„  are  the  de  Broglie  wavelengths 
a  and  b;  the  velocities  of  these  particles  are  connected  by  a 
definite  relationship  derived  from  conservation  laws.  For  example, 
for  the  centre  of  gravity  of  the  system,  i.e.,  in  coordinates 
fixed  in  the  complex  nucleus,  this  relationship  is  of  the  form 

‘’(Q  is  the  energy  of  the  reaction).  On  the  basis 
of  (16.5),  we  should  expect  parallelism  in  the  course  of  the  di¬ 
rect  and  reverse  reactions;  this  is  clearly  obvious  from  the  curves 
in  Fig.  22.  We  note  that  in  this  figure  the  energy  scale  of 
a-particles  (reverse  reaction)  is  displaced  relative  to  the  scale  of 
proton  energy  (direct  reaction)  to  such  a  degree  that  there  is 
a  coincidence  of  peaks  corresponding  to  identical  excitation 
energies  of  the  Si”  nucleus.  The  energy  thus  obtained  of  the 
reaction  Al”  +  H' =Afg=*  + He*.  Q=  1 .613  ±  0.003  A\eV.  coin¬ 
cides,  within  error  limits,  with  that  computed  from  the  masses, 
Q=  1.594  ±  0.045  MeV. 

The  lower  curve  of  Fig.  22  relating  to  the  reaction  Mg'*  (a,  p)  Al” 
may  be  regarded  as  associated  with  the  penetration  of  a-particles 
into  the  magnesium  nucleus.  We  see  that  in  this  case  the  reac¬ 
tion  has  a  pronounced  resonance  character.  It  is  therefore  natu¬ 
ral  to  consider  that  the  earlier  mentioned  (p.  85)  resonance  pene¬ 
tration  of  a-particles  into  nuclei  is  of  the  same  nature.  It  should 
be  pointed  out  that  a  connection  between  the  resonance  effects 
and  the  energy  levels  of  the  nucleus  in  a-particle  interaction 
with  the  nucleus  was  pointed  to  by  Gamow  and  Gurney,  who 
theoretically  found  that  the  probability  of  tunnel  penetration 
of  an  a-particle  into  a  nucleus  greatly  increases  when  the 
a-particle  energy  coincides  with  that  of  some  nuclear  level  (we 
are  here  dealing  with  the  levels  of  a  complex  nucleus,  i.e.,  a 
nucleus  formed  from  an  initial  nucleus  and  an  a-particle).  It  is 
this  enhanced  probability  of  penetration  of  a-particles  (and  also 
other  charged  particles)  into  the  nucleus  that  explains  the  pos¬ 
sibility  of  such  nuclear  reactions  proceeding  at  a  measurable  rate. 
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Breit-Wigner  formulas.  The  resonance  character  of  the  cross- 
sections  for  nuclear  reactions  (including  the  scattering  of  fast 
particles  by  nuclei)  is  to  a  certain  extent  similar  to  absorption 
and  scattering  of  light  by  atoms  and  molecules.  This  analogy 
was  first  noted  by  Breit  and  Wigner  (1936).  Underlying  it  is  the 
possibility  of  regarding  the  absorption  and  scattering  of  particles 
by  a  nucleus  (and  also  the  absorption  and  scattering  of  light 
by  atomic  systems)  as  a  two-stage  process.  By  quantum-mechan¬ 
ical  treatment  of  the  problem  of  finding  the  cross-sections  for 
nuclear  reactions  associated  with  the  absorption  and  scattering 
of  fast  particles.  Breit  and  Wigner  derived  formulas  that  resem¬ 
bled  those  (or  optical  dispersion,  which  express  the  refraction 
index  and  the  absorption  coefficient  of  light  as  functions  of  the 
wavelength  or  the  frequency.  Accordingly,  the  Breit-Wigner  (or- 
muias  involve  the  energies  and  velocities  of  the  particles.* 

By  way  of  illustrating  the  Breit-Wigner  formulas  we  give  the 
following  relation: 


0  =  0, 


4(K  -  K,)-'-!-  I  '  ■ 


(16.6) 


which  expresses  the  total  effective  cross-section  for  neutron  in¬ 
teraction  with  the  nucleus,  i.e.,  a  cross-section  that  corresponds 
to  the  overall  probability  of  absorption  and  scattering  of  a  neu¬ 
tron.  In  (16.6),  K  is  the  energy  of  the  bombarding  neutrons,  K, 
is  the  energy  at  the  point  of  resonance,  o,  is  the  appropriate 
(maximum)  cross-section,  and  P  is  a  constant  that  determines  the 
width  of  the  resonance  peak.  From  (16.6)  it  is  seen  that  for 
low-energy  neutrons  (K<^K,)  the  total  neutron  cross-section  first 
diminishes  (approximately  like  1  v)  with  increasing  neutron  ve¬ 
locity.  then  begins  to  increase,  reaching  a  maximum  value  (o,) 
at  the  point  of  resonance  (K=K,),  after  which  it  again  decreases. 

Verification  of  the  Breit-Wigner  formulas  by  experiment  shows 
that  they  are  in  good  agreement  with  data  referring  to  various 
reactions.  We  note  that  when  there  are  closely  situated  levels 
in  a  given  energy  range  of  the  bombarding  particles,  the  single¬ 
term  formula  of  type  (16.6)  is  replaced  by  a  sum  of  terms  of 
type  (16.6),  just  as  in  optics  for  the  complex  structure  of  an 
absorption  spectrum. 


•  It  will  be  recalled  that  the  velocity  and  kinetic  energy  of  particles  are 
connected  with  the  de  Broglie  wavelength  by  the  following  relation: 
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17.  Fission  of  Heavy  Nuclei 

Fission  reaction  of  atomic  nuclei.  The  above-considered  reactions 
do  not  exhaust  all  types  of  nuclear  reactions.  So  far  we  have 
hardly  touched  on  an  exceedingly  important  reaction — the 
reaclioii  —  with  the  discovery  of  which  practical  use  of  the  enor¬ 
mous  reserves  of  energy  concentrated  in  atomic  nuclei  became 
possible.  Soon  after  the  discovery  of  the  neutron  it  was  noted 
(Fermi.  1934)  that  when  uranium  is  irradiated  with  neutrons, 
a  targe  number  of  new  electron-active  nuclei  are  produced  that 
may  be  detected  by  their  different  half-lives,  which  did  not 
coincide  with  those  of  any  of  the  then  known  radioactive  ele¬ 
ments;  and  so  the  search  was  first  begun  in  the  direction  of 
transuranium  elements  and  also  the  isotopes  of  known  radioac¬ 
tive  elements.  However,  chemical  separation  together  with 
p-analysis  yielded  irrefutable  proof  that  the  products  of  transfor¬ 
mation  of  neutron-irradiated  uranium  contain  elements  located 
in  the  middle  of  the  Periodic  Table.  This  fact  was  first  estab¬ 
lished  by  Hahn  and  Strassmann  (1938)  who  demonstrated  chemi¬ 
cally  that  one  of  the  products  of  transformation  of  uranium, 
which  at  first  was  believed  to  be  an  isotope  of  radium  (Ra^,). 
is  actually  barium  (Ba„).  ft  is  interesting  to  note  that  some¬ 
what  earlier  I.  Curie  and  Savitch  identified  lanthanum  (La„)  in 
the  products  of  uranium  transformation,  but  (in  spite  of  the 
data  of  their  own  chemical  studies)  they  considered  it  an  isotope 
of  actinium  (Ac,,).  The  identity  of  this  product  with  lanthanum 
was  later  confirmed  by  Hahn  and  Strassmann,  who,  in  addition, 
identified  in  the  products  of  uranium  transformation  a  new 
P-active  substance  with  a  half-life  3.5  hours  and  the  properties 
of  a  rare-earth  element,  and  demonstrated  that  it  was  not  acti¬ 
nium.  As  was  later  established  by  Curie  and  Savitch  (1939), 
this  substance  is  an  isotope  of  lanthanum  (La“').  These  new 
facts  were  correctly  interpreted  by  Meitner  who  presumed  that 
the  excited  uranium  nucleus  which  arises  due  to  the  capture  of 
a  neutron  *  splits  into  two  fragments  with  commensurable  masses, 
which  is  reminiscent  of  the  fission  of  living  cells.  For  this  reason, 
Meitner  and  Frisch  called  the  new  nuclear  reaction  a  fission 
reaction.  According  to  computations  based  on  the  liquid-drop 
model  of  the  nucleus,  a  charged  nucleus  with  Z=100  should 
become  unstable  due  to  the  predominance  of  Coulomb  repulsion 
over  the  forces  of  attraction. 


•  Tlie  capture  of  a  neutron  by  a  nucleus  o(  uraniuin-235  releases  an  energy 
of  6.0  MeV.  by  a  uraniuni-238  nucleus,  5.7  MeV. 
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The  fratimenls  produced  in  nuclear  fission  have  various 
masses.  Thus,  from  the  curve,  shown  in  Fig.  23.  of  the  yield 
of  fission  fragments  of  uraniuni-235  as  a  function  of  their  masses 
it  IS  seen  that  tlie  masses  of  the  fragments  range  from  70 
to  160  (in  units  of  atomic  weight)  and  the  most  probable  is 
nonsymmetric  fission  witli  the  mass  ratio  of  fragments 2:3. 


o—  £sta.btished  mass  number 
p-  /entaUve  mass  number 

Fig.  23.  Yield  of  fission  fragments  under  $lou'>neutron  irradiation 


See.  I7| 


FISSION  OF  IIF.WY  NUCLEI 


10', 


Also  very  great  is  the  diversity  of  elements  in  the  fission 
fragments,  which  fact,  like  the  diversity  of  fragment  masses,  is 
to  be  explained  by  the  fortuitous  nature  of  the  nuclear  fission 
process.  Here,  naturally,  the  proton-neutron  ratio  in  the  frag¬ 
ments  is  maintained  approximately  as  it  was  in  the  uranium 
nucleus,  three  neutrons  to  two  protons.  Whence  it  follows  that 
the  nuclear  charges  of  the  fragments  must  be  in  the  same  ratio 
as  their  masses,  this  means  that  the  most  probable  ratio  is 
Z,:Z,  =  2:3,  which  is  in  good  agreement  with  experiment. 

Due  to  the  fact  that  the  number  of  neutrons  in  the  nuclei  of 
fission  fragments  of  uranium  is  far  in  excess  of  the  number  of 
neutrons  in  the  stable  isotopes  of  elements  with  the  appropriate 
atomic  numbers,  all  fragments  are  electron-active.  For  example, 
let  a  uranium-235  nucleus  fission  according  to  the  following 
scheme; 

Uir—Sr^+Xe'”. 

Since  the  heaviest  stable  isotopes  of  strontium  and  xenon  are 
Sr“  and  XeJ”,  it  is  seen  that  the  strontium  isotope  produced 
as  a  fission  fragment  contains  seven  extra  neutrons,  while  the 
xenon  isotope  contains  three.  By  successive  electron  emission  the 
fission  fragments  convert  to  stable  isotopes  of  elements  with 
greater  Z.  Thus  arise  chains  of  P'-transformations,  an  example 
of  which  is  the  following; 


Te'**  ■ 


— i"  !■ 


Ba'”. 


We  note  the  regular  increase  in  half-life  as  we  approach  a  stable 
isobar;  this  indicates  an  increasing  stability  of  the  nucleus. 

Likewise  attributable  to  an  excess  of  neutrons  in  the  fission 
fragments  and  in  their  transformation  products  is  the  fact  that 
nuclear  fission  is  always  attended  by  neutron  emission.  Special 
experiments  have  shown  that  2  to  3  neutrons  are  emitted  in 
each  nuclear  fission  event  of  uranium.  These  neutrons,  which 
are  apparently  emitted  by  short-lived  fragments  (t  less  than  10''* 
sec),  are  called  fission  neutrons.  Fission  neutrons  have  a  continuous 
energy  spectrum  with  a  maximum  at  about  0.7-0. 8.  MeV  extend¬ 
ing  up  to  12  MeV  and  more.  Along  with  these  neutrons  that 
are  ejected  from  the  nucleus  practically  at  the  instant  of  fission, 
there  are  also  so-called  delayed  neutrons  emitted  by  the  fission 
products  after  the  lapse  of  a  considerable  time  interval  following 
the  formation  of  the  fragments.  The  half-lives  corresponding  to 
separate  groups  of  delayed  neutrons  range  from  0.05  sec  to  120  min, 
those  less  than  a  minute  being  predominant.  The  total  number 
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of  delayed  neutrons,  however,  is  small  and  comes  out  to  only 
0.755“  ,  of  the  number  of  fission  neutrons  (tor  U”’). 

The  laifje  number  of  chains  of  p ' -transformations  of  various 
fission  trayments  and  also  the  secondary  reactions  involving 
both  fission  neutrons  and  delayed  neutrons  create,  in  the  fission¬ 
ing  material,  a  great  diversity  of  active  and  nonactive  nuclei. 
In  the  case  of  uranium,  for  instance,  over  300  different  active 
fission  products  have  been  recorded. 

Ill  rare  instances,  an  a-particle  or  a  particle  (nucleus)  of  greater 
mass  is  ejected  together  with  the  two  fission  fragments  (ternary 
fission).  In  the  fission  of  uranium-235  by  thermal  neutrons  there 
is  an  average  of  one  o-particle  per  220  fission  events  and  one 
proton  per  5000. 

Afeasurenienis  show  that  in  the  fission  of  uranium  about  170  MeV 
energy  is  released,  the  major  portion  of  which  is  originally  in 
the  form  of  the  kinetic  energy  of  the  fission  fragments.*  A  value 
close  to  this  one  is  obtained  if  it  is  taken  that  all  the  energy 
of  the  reaction  is  concentrated  in  the  fragments  and  that  its 
source  is  Coulomb  repulsion  of  the  fragments.  Thus,  assuming 
Z,  =37  and  Z,  =  55  (Z, :Z.  =  2:3)  and  computing  the  distances 
between  the  fragment  nuclei  (at  the  instant  of  their  formation) 
from  formula  (9.5)  as  the  sum  of  the  radii  of  these  nuclei, 
r  =  a,  +  a,=  14.3  X  10“'’  cm,  we  obtain 


.17  V55  (4.8)’  X  lO"’" 

14. 3X  I0-'»X  1.6X  lO'* 


205  MeV. 


A  value  that  practically  coincides  with  this  one  is  obtained  as 
follows.  From  the  curve  of  binding  energy  of  atomic  nuclei 
(Fig.  13),  it  follows  that  the  binding  energy  per  nucleon  (specific 
binding  energy)  in  the  range  of  atomic  weights  A  =  95-140  (cor¬ 
responding  to  Z  =  37-55)  is  8.5  MeV  and  diminishes  to  7.6  MeV 
at  the  end  of  the  Periodic  Table.  Hence,  for  the  energy  released 
in  the  fission  of  uranium-235  we  find  U  =  (8.5  —  7, 6)  X  236  = 
=212  MeV. 

Due  to  the  high  energy,  the  fission  fragments  are  strongly 
ionising.  For  this  reason,  when  using  an  ionisation  chamber  it 
is  easy  to  distinguish  the  fission  process  from  other  nuclear  proc¬ 
esses  by  the  powerful  surges  of  current.  Due  to  the  high  ioni- 
satiori  density  and  the  considerable  path  lengths  of  the  fragments,** 
the  fission  process  may  also  be  photographed  with  a  Wilson 

*  4612011  inat ion  of  the  kinetic  energy  of  the  fragments  of 

uranium-235  fission  by  thermal  neutrons  yields  166  rtr  2  MeV  (which  is  in 
eacellent  agreement  with  the  measurement  data  obtained  by  other  methods), 
len-'th  fragments  in  air  at  atmospheric  pressure  have  a  path 


'2‘i  Tracks  of  uratnntii  fission  fras^nn nts 
it)  Wilson  cloud  chamber 


Uranium  is  not  the  only  element  that  is  fissionable  under 
the  action  of  neutrons.  Thorium  and  all  the  transuranium  ele¬ 
ments  have  this  properly.  Some  isotopes  fission  even  upon  the 
capture  of  thermal  neutrons.  These  are  U”’,  U;”,  U;".  Pu”.’  , 
AmJ",  AmJ”.  Am;“.  etc.  Other  isotopes  have  been  found  to  have 
a  fission  lliresliolil ,  which  is  the  minimum  neutron  enerpy  tor 
which  fission  occurs.  For  NpJ”  the  fission  threshold  is  0.25  AleV, 
for  U”*  0.28  MeV,  for  Pa”'  O.-fo  AteV,  U'”  0.92  AteV,  Th”* 
1.05  .AfeV,  and  so  forth.  Nuclear  fission  may  be  initiated  not 
only  by  neutrons  but  by  fast  charged  particles  and  y-photons 
(pholo/ission).  Thus,  it  has  been  found  that  uranium  and  thorium 
fission  under  the  action  of  deuterons  of  energy  K  =3=  8  MeV.  The 


108 


ATOMIC  NUCLEUS 


|Ch.  2 


photofissjon  threshold  (the  minimum  energy  of  yphotons)  is  ap¬ 
proximately  5.4  A\eV  for  Th”*,  5J  MeV  for  U”‘.  5.1  MeV  for 
U;:’.  etc. 

The  nuclei  of  heavy  elements  are  capable,  however,  of  fission¬ 
ing  not  only  under  the  action  of  external  factors  (irradiation 


Z'/A 


Fig.  -2$.  Spontaneous-llssion  half-life  as  a  function 
of  2*/A  (after  Ghiorso). 

with  neutrons,  yphotons,  or  charged  particles)  but  also,  to  a 
greater  or  lesser  degree,  spontaneously.  Spontaneous  fission  of 
atomic  nuclei  was  discovered  by  Flerov  and  Petrzhak  in  1940. 
The  appropriate  half-life  of  uranium  came  out  to  3  V  10'*  years 
(more  precise  measurements  give  T.,.  =  8.0X  10“  years).  Later, 
spontaneous  fission  was  established  for  a  large  number  of  nuclei, 
rig.  25  gives  the  half«lives  for  spontaneous  fission  of  elements 
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beginning  with  thorium  and  ending  with  element  100  (fermium) 
as  a  function  of  Z'  A.  We  see  that  as  this  parameter  increases, 
the  half-life  exhibits  a  sharp  decrease  (almost  linear);  while  for 
Th5"(Z’,A  =  34.9l)  it  is  1.4  X  10'“  years,  for  Fm;“  (Z'  A  =  39.37) 
it  is  only  half  a  year.  The  significance  of  this  dependence  of 
In  T,;.  on  the  parameter  Z*/A  (Fig.  25)  will  be  clarified  below. 

Let  us  now  consider  reactions  of  siiperfasi  parlictes,  i.e.,  parti¬ 
cles  of  several  hundred  MeV  and  more  (up  to  thousands  of  mil¬ 
lions  of  electron-volts),  with  nuclei.  When  nuclei  are  bombarded 
with  neutrons,  protons,  deuterons,  or  a-particles  of  such  energies, 
fission  is  observed  not  only  in  the  case  of  uranium  and  thorium, 
but  also  Bi,,,  Pb,„  Tl,,,  Hg,,,  Au„,  Pt,,,  Ta„,  and  other  lighter 
elements.  A  number  of  peculiarities  in  fission  reactions  initiated 
by  superfast  particles,  for  example,  different  products  from  those 
produced  in  fission  with  slow  particles,  frequently  observed 
stable  isotopes  among  the  primary  fission  products,  etc.,  sug¬ 
gests  that  nuclear  fission  is  in  this  case  preceded  by  the  emis¬ 
sion  of  a  large  number  of  neutrons.  This  assumption  is  also 
confirmed  by  the  fact  that  the  sum  of  the  masses  of  nuclei  that 
arise  with  the  greatest  probability  is  considerably  less  than  the 
mass  of  the  initial  nucleus.  Thus,  the  fission  of  a  nucleus  by 
superlast  particles  is  to  be  visualised  as  a  three-stage  process 
(in  contrast  to  the  two-stage  process  in  the  case  of  uranium 
fission  with  slow  neutrons,  n -j- U;“ — -UU' — ■  fission  fragments. 
The  fission  of  bismuth  with  superfast  deuterons  may  serve  as  a 
probable  instance  of  the  three-stage  fission  process:  d-j-BiH' — - 
Po”*-iL. Poj” 1 2n fission  fragments,  or  Bij”  (d,  I2n)  PoJ” — - 
fragments. 

The  three-stage  mechanism  of  nuclear  fission  by  superfast 
particles  follows  from  the  views  of  Serber,  who  regards  the  col¬ 
lision  of  a  superfast  particle  with  a  nucleus  as  a  collision  with 
a  single  nucleon.  When  this  collision  occurs  near  the  centre  of 
the  nucleus,  then  as  a  result  of  subsequent  secondary  collisions 
of  the  struck  nucleon  aiid  of  the  bombarding  particle  itself,  the 
energy  of  the  latter  is  distributed  among  a  large  number  of 
nucleons.  This  produces  a  peculiar  state  of  the  nucleus,  which 
Serber  calls  the  “boiling  nucleus”;  due  to  its  large  store  of  energy, 
a  “boiling  nucleus”  is  capable  of  emitting  (“evaporating”)  a  large 
number  of  nucleons.  However,  since  the  escape  of  protons  from 
the  nucleus  involves  surmounting  a  high  potential  barrier,  the 
evaporating  nucleons  must  be  mainly  neutrons;  this  leads  to  the 
second  stage  of  the  three-stage  fission  mechanism.  The  third 
stage  of  the  fission  process  sets  in  as  a  result  of  increasing  den- 
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•sity  of  the  positive  chartte  of  the  nucleus  making  if  unstable 
against  fission. 

It  should  be  c.xpected  that  with  increasing  energy  of  the  su¬ 
perfast  particles,  and,  hence,  also  the  energy  of  the  “boiling 
nucleus"  under  bombardment,  the  predominance  of  the  number 
of  evaporating  neutrons  over  the  number  of  protons  will  tend  to 
diminish.  This  is  corroborated  by  bombarding  nuclei  with  super- 
fast  protons  of  energy  2.2  GeV  (or  BeV).  From  measurements  of 
the  elTec five  cross-sections  of  formation  of  various  products  it  fol¬ 
lows  that  the  fission  of  a  heavy  nucleus  (Bi.  Pb.  etc.)  in  this 
caac  becomes  relatively  less  probable  and  gives  way  to  the  proc¬ 
ess  of  deep  iplilling  or  spallalion  of  the  nucleus,  i.e.,  the  ejec¬ 
tion  of  a  large  number  of  nucleons  (neutrons  and  protons),  which 
in  some  cases  reaches  60.  I)  is  obviously  the  loss  of  a  large 
number  of  nucleons  that  makes  fission  of  the  nucleus  a  less  prob¬ 
able  process  than  .spallation. 

Theory  of  nuefear  fission.  A  pictorial  view  of  the  fission  process 
of  heavy  nuclei  is  given  by  the  liquid-drop  model  of  the  nucleus. 
According  to  concepts  developed  by  Frenkel  (1939)  and  "Bohr 
and  Wheeler  (1939),  an  external  factor  acting  on  the  nu- 
leus  (for  example,  the  capture  of  a  neutron  by  the  nucleus)  gives 
rise  to  a  comparatively  long-lived  (excited)  complex  with  excess 
energy.  The  excitation  energy  of  this  compfex  is  distributed  sta¬ 
tistically  (like  the  thermal  energy  of  a  body  having  a  large  num¬ 
ber  of  degrees  of  freedom).  As  a  result  of  accidentaf  fluctuations 
it  caii  bring  about  oscillations  similar  to  those  of  a  fiquid  sphere, 
fn  a  heavy  nucleus  with  a  large  number  of  protons,  the  electro¬ 
static  forces  of  repulsion,  which  counteract  the  stabilising  action 
of  the  forces  of  attraction,  make  the  oscillations  unsteady  and 
cause  disintegration  (fission)  of  the  nucleus  into  two  smaller 
nuclei  that  correspond  to  an  energetically  more  suitable  stale  of 
the  system. 

Frenkel,  Bohr  and  Wheeler  also  gave  a  mathematical  theory 
of  nuclear  fission  based  on  the  liquid-drop  model  of  the  nucleus. 
Let  us  first  consider  the  fission  process  from  the  point  of  view 
of  its  energy  balance.  Since  the  portion  of  energy  due  to  nu¬ 
clear  forces  is  proportional  to  the  number  of  nucleons,  which 
practically  remains  constant  when  a  nucleus  fissions,  we  may 
disregard  the  first  two  terms  in  equation  (14.1)  when  computing 
the  energy  change  in  the  fission  process.  Thus,  with  an  accuracy 
to  within  the  constant  term,  we  may  represent  the  nuclear  energy 
prior  to  fission  in  the  following  form: 

—  AE  =  yA’.+  xZ’A-''', 

or,  introducing  the  radius  of  the  nucleus  a  =  a,A''",  in  the  form 


bcc.  I7J 


FISSION  OF  HEAVY  NUCI  El 


(II 


-AE  =  Yff)‘+x‘!fZ‘. 


(17.1) 


Further,  regarding  (for  the  sake  of  simplicity)  the  nucleus  as 
dividing  into  two  identical  fragments,  we  will  have  Z,  =  Zj— ^ 


and  : 


a,  =  a,  =  ^  inasmuch  as  -ina’ =y  Jraj-j--!- na’ j,  whence, 

for  the  fragment  energy,  we  gel 

-AE.-AE,=-Y(f)‘2''  +  x^Z=2-..  (17.2) 


On  the  basis  of  (17.1)  and  (17.2),  the  equation  of  the  energy 
balance  of  the  fission  process  is  written  as 


Q  =  AE.  +  AE.-AE  =  y(^)'(1-2'  .)  + 

-t-x^Z'(l-2-=.).  (17.3) 


Energywise,  fission  becomes  possible  at  Q^O.  Thus,  equating 
(17.3)  to  zero,  we  obtain  the  energy  condition  for  the  possibility 
of  fission: 

or,  since  =A, 

^=0.70X.  (17.5) 


Substituting  into  (17.5)  y=  15.4  and  x  =  0.6  (see  p.  78)  for  the  crit¬ 
ical  value  of  the  parameter  Z*/A,  which  determines  the  possi¬ 
bility  of  fission  from  the  viewpoint  of  the  ^ergy  balance  of  the 
fissioning  nucleus,  we  obtain  (Z'IA)^,=  18.  Putting  Z  =  A/2  approx¬ 
imately,  we  find  A„  =  72  for  the  critical  atomic  weight.  This 
means  that  fission  is  possible  already  in  the  range  of  medium 
atomic  weights.  The  fact  that  in  reality  fission  is  observed  only 
in  the  case  of  heavy  nuclei  is  to  be  attributed  to  the  insuffi¬ 
ciency  of  the  fission  energy  condition  by  itself,  for,  due  to  the 
existence  of  a  potential  barrier  (the  penetrability  of  which  is 
small  for  heavy  fission  fragments),  an  additional  condition  must 
be  fulfilled  for  fission  to  occur.  The  essence  of  this  condition  is 
that  the  fissioning  nucleus  must  possess  a  certain  excess  energy. 
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called  the  aiUvuHon  t/urgy  in  analogy  with  the  activation  energy 
of  chemical  reactions.  * 

The  problem  of  the  activation  energy  of  nuclear  fission  was 
investigated  by  Frenkel,  Bohr  and  Wheeler,  and  others.  Here  we 
shall  confine  ourselves  to  a  consideration  of  only  a  few  of  the 
results  obtained.  As  follows  from  (17.5).  from  the  viewpoint  of 
energy,  fission  is  possible  when  the  electrostatic  energy  of  the 
nncleiis  xZ’A " '  ■  amounts  to  70”,,,  or  more  of  its  surface  energy 
vA  ■.  On  the  other  hand,  it  was  found  that  the  activation  energy 
is  zero  (i.e..  the  nucleus  is  absolutely  un.stable  against  fission) 
when  the  electrostatic  energy  of  the  nucleus  is  double  its  surface 
energy.  The  condition  of  absolute  instability  of  a  nucleus  against 
fission  may  thus  be  written  as 

^  =  (17.6) 

It  may  be  noted  that,  according  to  the  latest  and  most  precise 
calculations,  the  instability  condition  is  expressed  by  the  formula 

^  =  46.  (17.6a) 

Comparing  the  number  46  with  the  value  of  the  parameter  Z’; A 
for  all  known  fissionable  nuclei  (including  also  spontaneously 

fissionable  nuclei),  it  becomes  clear  that  in  all  cases  Z'/A  is  less 
than  46.  For  example,  for  the  nuclei  ThJ".  U“’,  Fm“5,  Z*/A  is 
35.0,  36.0,  39.4,  respectively.  For  the  first  two  nuclei,  the  min¬ 
imum  energy  of  yrays  that  causes  photofission  is  5.40  and 
5.31  MeV,  respectively.  Obviously,  these  numbers  can  be  identi¬ 
fied  with  the  activation  energy  values  of  fission  of  ThJJ’  and 
U55’.  We  may  add  that  the  activation  energy  of  fission  of  the 
nucleus  UJ”  may  likewise  be  computed  from  th;  fission  threshold 
of  the  nucleus  Ujj*  as  a  result  of  the  capture  of  a  neutron 

(0.28  MeV)  and  the  binding  energy  of  a  neutron  in  the  nucleus 
U55‘  (4.9  MeV),  whence  the  value  of  activation  energy  is  found 
to  be  5.2  MeV.  Within  measurement  error,  this  value  coincides 
with  the  threshold  of  photofission  of  U”‘  (5.3  MeV).  Thus  we  see 
that  whereas  for  a  hypothetical  nucleus  with  the  parameter 
Z*/A  =  46  the  activation  energy  is  zero,  reduction  of  this  param¬ 
eter  to  35-36  yields  activation  energy  values  that  exceed  5  MeV. 


•  For  instance,  due  to  the  existence  of  an  energy  potential  barrier,  the 
chemical  reaction  N,0=N,-i-0  requires  an  energy  of  60  kcal/mol  at  a  reac 
tion  heat  Q  =  —  39.5  kcal/mol.  The  reaction  D-FH,  =  DH-f-H  proceeds 
with  an  activation  energy  of  7  kcal/mol  at  Q  =  0. 
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Calculations  made  on  the  basis  of  the  liquid-drop  model  of 
the  nucleus  show  that  the  activation  energy  of  fission  increases 
as  Z  diminishes  or  as  A  increases;  in  other  words,  as  the  para¬ 
meter  Z'  A  decreases,  retaining  an  appro.simately  constant  value 
for  constant  Z‘;A.  Thus,  there  is  a  correspondence  between  the 
activation  energies  0.5,  I.  3.  5,  and  10  MeV  and  the  values  of 
the  Z'/A  parameter  close  to  42.5,  41.0.  38.5,  36.5,  and  34.0, 
respectively. 

A  correlation  of  computations  and  e.xperiinental  data  reveals 
satisfactory  agreement  between  theory  and  e.xperiment.  Certain 
irregularities  observed  in  the  relationship  of  activation  energy 
versus  Z';A  are,  apparently,  due  to  the  fact  that  the  liquid-drop 
model  of  the  nucleus  does  not  take  into  account  quantum  effects, 
as,  for  instance,  the  dependence  of  nuclear  forces  upon  nucleon 
spins,  which  affects  the  size  of  the  nucleus. 

If  the  energy  of  a  nucleus  is  less  than  that  corresponding  to 
its  activated  state,  the  oscillations  that  arise  due  to  fluctuations 
of  energy  will  be  quasi-periodic,  corresponding  to  specific  energy 
levels  of  the  nucleus.  However,  in  this  case,  too,  nuclear  fission 
can  still  occur  due  to  the  probability  (though  small,  it  is  still 
finite)  of  the  tunnel  effect.  This  is  precisely 
the  mechanism  of  spontaneous  nuclear  fission. 

From  the  liquid-drop  model  of  the  nucleus 
we  may  obtain  an  expression  for  the  proba¬ 
bility  of  spontaneous  fission  in  the  form 

X  =  vP  (17.7) 

where  v  is  the  frequency  of  nuclear  o.scil- 
lations,  of  the  order  of  10”  sec’,  and  P  is 
the  probability  of  tunnel  penetration,  or 
the  "transparency"  of  the  potential  barrier. 

We  note  the  close  similarity  of  (17.7)  and 
(15.3)  obtained  from  the  theory  of  a-de- 
cay.  P  increases  with  diminishing  difference  in  the  energy  cor¬ 
responding  to  the  top  point  of  the  potential  barrier  and  the 
energy  of  the  nucleus,  i.e.,  with  increasing  ZV'A.  Whence  we 
get  the  half-life  as  a  function  of  the  parameter  Z’  A  in  sponta¬ 
neous  fission  (Fig.  25).  Here,  as  in  the  case  of  artificial  fission, 
the  slight  spread  of  dots  about  the  curve  in  Fig.  25  is  due  to 
the  influence  of  factors  not  taken  into  account  by  the  simple 
liquid-drop  model  of  the  nucleus. 

From  (17.7)  it  follows  that  for  P  =  1  (this  occurs  when  the 
nuclear  energy  corresponds  to  the  top  point  of  the  potential 
barrier,  i.e.,  when  the  activation  energy  of  fission  is  zero)  the 
decay  constant  is  of  the  order  of  10”  sec’  and.  consequently, 
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the  half-life  is  of  the  order  of  10'”  sec  or  lO"'*  year.  This  is 
the  half-life  of  an  ideal  nucleus  that  is  absolutely  unstable 
against  fission. 

Nuclear  chain  reaction.  According  to  present-day  views  advanced 
and  substantiated  in  the  works  of  Semyonov  (1928-34),  a  chemical 
chain  reaclion  occurs  with  the  participation  of  active  particles 
or  centres  in  the  form  of  free  atoms  and  radicals.  The  chief 
peculiarity  of  a  chain  reaction,  that  distinguishes  it  from  non¬ 
chain  reactions,  is  its  continual  regeneration  of  active  centres, 
as  a  result  of  which  the  appearance  of  each  active  centre  is 
accompanied  by  a  large  number  of  recurring  links.  The  number 
of  these  links,  or  the  length  of  the  chain,  together  with  the  rate 
of  generation  of  active  centres  is  what  determines  the  rate  of 
the  chain  reaction. 

A  chain  reaction  may  be  represented  diagrammatical ly  as  shown 
in  Fig.  26  (A  is  an  active  centre,  C  is  a  reaction  product).  The 
arrow  0  indicates  formation  of  an  active  centre  as  a  result  of 
thermal  motion  or  some  external  agent,  for  instance,  irradiation 
in  the  case  of  photochemical  reactions.  Arrow  1  denotes  the  set 
of  processes  that  lead  to  the  formation  of  a  reaction  product. 
Active  centres  are  formed  simultaneously  (the  number  of  these 
is  r  per  molecule  of  the  product  C).  The  quantity  e  is  called 
the  regeneration  factor,  or  the  active-centre  multiplication  factor. 
Thus,  according  to  the  diagram,  the  chain  reaction  itself  is  an 
additional  source  of  active  centres  (in  Fig.  26  this  is  depicted 
by  the  dashed  arrow).  Finally,  arrow  2  denotes  the  set  of  proc¬ 
esses  that  lead  to  the  disappearance  of  active  centres  (to  chain 
termination). 

Denoting  the  rate  of  generation  of  active  centres  (this  corre¬ 
sponds  to  arrow  0)  by  \V„  and  the  probability  that  as  a  result 
of  the  reactions  of  a  single  active  centre  a  reaction  product  C 
will  be  formed,  by  a,  we  can  express  the  rate  of  a  steady-state 
chain  reaction  W.  i.e.,  the  number  of  molecules  C  formed  in 
unit  time,  by  W  =  (W^-}*  «W)  a,  from  which  it  follows  that 


W  =  W, 


O  1  -  ea  • 


(17.8) 


As  may  be  seen  from  (17.8),  the  rate  of  a  chain  reaction  remains 
finite  as  long  as  ea<[l,  and  increases  beyond  all  bounds  as 
ea  approaches  1.  We  note  that  at  a<^l,  i.e.,  when  the  chains 
terminate,  the  probability  of  which  is  obviously  p  =  l — a,  an 
infinitely  high  rate  of  the  reaction  is  possible  only  if  e>l. 
Using  Semyonov’s  terminology,  this  case  corresponds  to  branched 
chain  reactions. 
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Let  us  now  consider  a  nonsteady-state  reaction.  In  Semyonov’s 
theory,  this  problem  is  solved  as  follows.  Desij^naf injj  the  con¬ 
centration  of  active  centres  at  a  certain  time  t  by  N,  the  specific 
rate  of  the  reaction,  i.e.,  the  rate  of  the  reaction  referred  to 
a  single  active  centre,  by  v,  =\V,N,  and  the  specific  rate  of 
disappearance  of  active  centres  by  v,,  we  write  the  kinetic  equa¬ 
tion  of  the  reaction  in  the  form 

^^  =  \V„-(v,+v.)N  +  ev.N=W„  -(v.  +  v.)(l  -ea)N. 

since,  by  definition,  the  probability  of  chain  propagation  is 
a  =  V,  (V, -j- V,).  Integrating  this  equation  for  the  boundary  con¬ 
dition  N=0  at  t=0,  we  find 


N 


I  _ g—  (V,  +  va (I  -E.) t 

(V,  +  V.)  (I  — ect) 


whence,  for  the  reaction  rate  at  t,  it  follows  that 


W  =  v,N  =  ji 


a\V„ 


(17.9) 


From  (17.9)  it  is  seen  that  a  steady-state  reaction,  that  is, 
one  that  proceeds  at  a  constant  rate,  is  possible  only  when  ea<^  I. 
Indeed,  in  this  case,  for  sufficiently  large  t,  tt  >  l/(v,  v,)  (1  —  ea), 

when  the  second  term  in  square  brackets  is  negligibly  small, 

(17.8)  —  the  rate  of  a  steady-state  reaction  —  is  obtained  from 

(17.9) .  But  in  the  case  of  ea>l,  .?iven  sufficiently  large  t. 
(t  >  l/(v, -j- V,)  (ca — 1),  e.xpression  (17.9)  passes  into 

W  =  (17.10) 


where  ip  =  (v, -j- v,)  (ea — 1).  We  see  that  in  this  case  the  rate  of 
the  reaction  increases  e.\ponentially  with  time  (Semyonov’s  law) 
tending  to  become  large  beyond  all  bounds.  An  immeasurably 
high  reaction  rate  obviously  corresponds  to  an  explosion.  Accord¬ 
ing  to  Semyonov,  the  self-acceleration  of  the  reaction  as  expressed 
by  (17.10)  is  characteristic  of  branched  chain  reactions,  i.e., 
of  reactions  with  e>l. 

It  will  be  readily  seen  that  the  foregoing  elementary  kinetic 
theory  of  chemical  chain  reactions  is  applicable  also  to  nuclear 
fission  reactions.  Indeed,  inasmuch  as  the  bombardment  of  heavy 
nuclei  (and  in  the  case  of  such  nuclei  as,  for  instance,  UJ”  or 
Pu;”,  the  capture  of  thermal  neutrons)  causes  fission  accompa¬ 
nied  by  the  emission  of  fission  neutrons  (plus  delayed  neutrons), 
the  number  of  which  is  2  or  3  (e]>  1)  per  fission  event,  a  branched 
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chain  reaction  is  obviously  possible  in  this  case  in  which 
Ihe  neutrons  play  the  role  of  active  centres.  The  possibility  of 
this  reaction  was  first  pointed  out  by  Zeldovich  and  Khariton 
in  1939. 

Having  in  view  a  nuclear  chain  reaction,  let  us  clarify  the 
meaning  of  the  kinetic  quantities  Wo,  v,,  and  v,  that  enter  into 
equations  (17.9)  and  (17.10).  The  quantity  Wo  is  the  rate  of 
production  of  neutrons  in  a  mass  of  fissionable  material.  In  the 
•ibsence  of  neutron  irradiation  from  without,  this  quantity  is 
determined  mainly  by  the  rate  of  spontaneous  fission  of  the 
given  substance.  For  e.xample,  in  the  case  of  natural  uranium, 
the  isotopic  composition  of  which  is  U”*  —  99.274'’/,,  U'“  — 

0.720',,.  and  U”'  —  0.006",,  and  the  rate  of  spontaneous  fission 
6  9  (U””).  0.3  (U”‘).  and<^9  (U”')  fissions  per  kg  sec.  we  find 
that  in  one  kilogram  of  this  element  there  occur,  on  the  average 
6.85  fission  events  per  second.*  Since  each  fission  event  of 
uranium-238,  which  makes  up  the  bulk  of  natural  uranium,  yields 
an  average  of  2.2  (-^0.3)  fission  neutrons,  we  obtain  Wo  =15 
neutrons  kg"'  sec"'.** 

In  the  case  of  a  nuclear  chain  reaction,  v,  represents  the 
specific  rate  of  the  fission  reaction  expressed  by  the  product 

v!‘’  =  aliVvN'''' 

where  o'o/  is  the  fission  cross-section,  v  is  the  neutron  velocity, 
and  N'”’  is  the  concentration  of  fissionable  isotope  of  a  given 
sort  (x),  i.e.,  the  number  of  its  nuclei  in  I  cm*  of  the  sub¬ 
stance.  As  has  already  been  pointed  out  (p.  107),  only  comparatively 
fast  neutrons  (K>0.9  MeV)  can  fission  uranium-238.  This  is 
due  to  a  fission  threshold.  In  this  case,  the  fission  cross-section 
increases  from  a  value  close  to  zero  at  K  =0.9  AteV;  near  K  =  2  MeV 
it  reaches  0.6  X  10"'*  cm*,  and  varies  but  slightly  with  increas¬ 
ing  neutron  energy.  In  contrast  to  uranium-238,  the  fission 
cross-section  of  uranium-235  is  500X  10"**  cm*  already  for  ther¬ 
mal  neutrons.  It  decreases  (as  I, v)  with  increasing  neutron  energy 
and  approaches  a  constant  value  of  1.5X10"**  cm*.  From  these 
data  it  follows  that  with  respect  to  neutron  fission,  uranium-235 
is  appreciably  more  active  than  uranium-238.**  For  this  reason, 
in  practice  we  use  uranium  enriched  with  the  235  isotope.  It  may 
be  noted  that  plutonium-239,  which  is  obtained  in  nuclear  reac- 


*  Under  ordinary  conditions,  fission  processes  due  to  cosmic  radiation 
contribute  a  small  portion  (about  10'/,)  to  neutron  production. 

••  Due  to  the  small  percentage  of  the  uranium-234  isotope  in  natural  ura¬ 
nium.  it  does  not  play  any  appreciable  part  in  a  uranium-fission  chain 
reaction. 
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tors  (see  below),  has  the  same  properties  as  uraiiiuin-235  (with 
respect  to  fission). 

Since  about  75°  of  fhe  fission  neutrons  have  energies  above 
the  fission  threshold  of  U”'  (0.92  AteV),  a  uranium  chain  reaction 
proceeds  with  the  participation  of  both  isotopes  (235  and  238). 
However,  due  to  energy  loss  in  inelastic  collisions  with  nuclei, 
the  fast  neutrons  become  incapable  of  fissioning  uranium-238, 
which  thus  drops  out  of  the  game.  Atoreover.  at  low  neutron 
energies  (about  7  eV)  uranium-238  avidly  absorbs  neutrons  without 
fission:  the  cross-section  for  neutron  capture  by  a  U”"  nucleus 
has  a  resonance  ma.\inuim  at  this  energy  (resonance  capture)  that 
corresponds  to  o^.3|,  =  5000X  10  '’*cm’  -  The  capture,  by  uranium-238, 
of  neutrons,  the  energy  of  which  is  less  than  the  fission  thresh¬ 
old.  thus  leads  to  chain  termination. 

This,  however,  is  not  the  sole  cause  of  chain  termination. 
The  neutrons  can  also  be  absorbed  by  impurity  nuclei  in  the 
uranium.  In  addition,  the  chain  may  terminate  due  to  a  neutron 
escaping  from  the  fissile  material.  All  these  causes  of  chain  ter¬ 
mination  determine  the  specific  rate  of  neutron  loss  v,. 

•A  nuclear  chain  reaction  may  be  accelerated  either  by  raising 
V,  or  by  reducing  v,.  Besides  increasing  the  percentage  of  the 
235  isotope  in  the  case  of  uranium,  the  rate  of  the  fission  reac¬ 
tion  can  also  be  increased  by  changing  v,  through  the  addition 
of  moderators.  The  usual  moderators  are  either  deuterium  in  the 
form  of  heavy  water  D,0,  which  does  not  absorb  neutrons  and 
which,  due  to  the  fact  that  its  mass  is  close  to  the  neutron  mass, 
has  a  strong  moderating  action,  or  carbon  (in  the  form  of  graph¬ 
ite)  whose  nuclei,  like  those  of  oxygen,  are  poor  absorbers  of 
neutrons.  As  a  result  of  rapid  moderation  *  the  neutrons  jump 
across  the  dangerous  region  of  resonance  capture  by  uranium-238 
nuclei  (7eV)  and  become  thermal,  in  which  state  they  are  partic¬ 
ularly  capable  of  fissioning  uranium-235  nuclei. 

Speeding  the  chain  reaction  by  acting  on  v,  is  accomplished 
by  careful  purification  of  the  fissile  mass  and  the  moderator 
of  neutron-absorbing  impurities  and  also  by  increasing  the  mass 
(volume)  of  the  materials  so  as  to  reduce  the  probability  of 
neutron  loss  from  the  mass.  In  addition,  a  good  effect  is  attained 
through  the  use  of  reflectors,  which  likewise  reduce  the  probabil¬ 
ity  of  neutron  loss.  Neutron  loss  by  escape  is  relatively  large 
in  the  case  of  a  small  volume  of  fissile  material.  For  this  reason, 
every  substance  has  a  definite  critical  size  or  critical  mass  char- 

•  It  may  be  shown  that,  (or  example,  a  neutron  witli  an  initial  energy 
of  I  MeV  becomes  thermal  after  experiencing  an  average  of  21  collisions 
with  deuterium  nuclei.  Assuming  the  energy  of  a  thermal  neutron  to  be 
K  =  3/2  kT,  at  T  =  273°K,  we  obtain  K=l/30eV. 
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(ictcrised  by  the  fact  that  for  dimensions  or  mass  less  than  these 
values,  a  nuclear  chain  reaction  will  be  an  exceedingly  slow 
steady-state  reaction,  whereas  for  dimensions  and  mass  above 
critical  the  reaction  is  self-accelerating  (according  to  the  Se¬ 
myonov  law)  and  ends  in  an  explosion. 

By  changing  v,  it  is  possible  to  regulate  the  rate  of  a  nuclear 
chain  reaction.  In  nuclear  reactions,  this  regulation  is  done  by 
means  of  cadmium  rods  introduced  into  the  mass  of  fissile  mate¬ 
rial.  Due  to  strong  resonance  absorption  of  neutrons  by  cadmium 
(in  (he  energy  region  of  0.180  eV).  which  at  resonance  maximum 
has  a  capture  cross-section  of  7800  X  10"’*  ent’  (the  cadmium 
isotope  responsible  for  resonance  capture  is  cadmium- 1 13  and 
makes  up  12.3”  „  of  natural  cadmium;  its  cross-section  is  63.400  X 
'•  10“"  cm'),  the  concentration  of  neutrons  in  the  reactor  is 
sharply  reduced  in  the  presence  of  cadmium  rods,  and  this, 
consequently,  slows  down  the  chain  reaction.  The  reaction  rate 
is  controlled  simply  by  inserting  cadmium  rods  into  the  reactor 
or  pulling  them  out. 

We  note  that  the  capture  of  slow  neutrons  by  uranium-238 
brings  about  the  following  chain  of  transformations; 

n  4- U;”  V  U”’  P';  23  niin;qp?»ip'.  2.3  days PuJJ*. 

As  already  pointed  out.  the  Pu”*  thus  produced  is  capable  ot 
fissioning  upon  the  capture  of  slow  neutrons,  just  like  uranium- 
235.  and  for  this  reason  is  a  valuable  nuclear  chain  "fuel”.  The 
dilTerence  in  chemical  properties  of  uranium  and  plutonium  makes 
it  possible  to  separate  these  elements  by  ordinary  chemical  meth¬ 
ods  and.  consequently,  to  separate  with  relative  ease  the  Pu”* 
from  the  used-up  “fuel’’  of  uranium  reactors  (piles).  Plutonium-239 
is  a-active  and  has  a  half-life  of  2.44X10*  years.  Its  half-life 
with  respect  to  spontaneous  fission  is  5.5X10“  years. 


18.  Thermonuclear  Reactions 

Fission  chain  reactions  of  heavy  nuclei  are  not  the  only  source 
of  nuclear  energy.  Another  source  are  thermonuclear  reactions 
that  occur  in  stars  and  are  accomplished  under  terrestrial  condi¬ 
tions —  so  far,  unfortunately,  only  in  hydrogen  bombs.  These 
reactions  that  involve  protons  and  the  nuclei  of  certain  light 
elements  (see  below)  become  possible  due  to  the  very  high  temper¬ 
atures  in  stellar  interiors  which,  according  to  astrophysical  data, 
range  up  to  several  tens  of  millions  of  degrees.  Although  at  such 
temperatures  the  mean  kinetic  energy  of  the  nuclei  is  only  a  few 
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keV,  i.e.,  tar  from  that  required  to  surmount  the  potential 
barrier,  the  heiqht  of  which  in  the  case  of  ii(<lit  nuclei  is  of  the 
order  of  1  MeV,  the  possibility  of  tunnel  penetration  considerably 
reduces  their  activation  energy.  For  instance,  above  we  saw  (p.  .'if) 
that  the  reaction  H', -1- LiJ  =  2  HeJ  is  observed  already  at  proton 
energies  of  K  =  IOkeV.  whereas  by  computing  the  height  of  the 
potential  barrier  from  the  approximate  expression 

n  =0.77  - AteV. 

I  +  /Z 


which  is  similar  to  equation  (15.2).  we  find  U,„^^=0.9  AteV. 
Besides,  at  any  temperature  a  noticeable  portion  of  the  nuclei 
has  energies  substantially  higher  than  the  mean  energy  at  that 
temperature  e  =  3  2kT;  assuming  a  Alaxwellian  distribution  of 
nuclear  velocities  it  is  not  difficult  to  compute  from  the  formula 


N 


-  (kT)-' 
V  a 


\  e  de 


(dN  is  the  number  of  particles  of  energy  within  the  range  be¬ 
tween  e  and  e-J-de.  N  is  the  total  number  of  particles)  that  I*/, 
of  the  nuclei  has  an  energy  six  times  that  of  the  mean  energy. 

Taking  into  account  the  large  abundance  of  hyilrogen  in  stars 
and  also  the  large  binding  energy  of  the  helium  nucleus  (see  Fig. 
11)  it  is  natural  to  assume  that  the  chief  .source  of  stellar  energy 
is  the  reaction  of  the  formation  of  helium  from  hydrogen; 

4H— .He. 


the  energy  of  which  amounts  to  5.9  X  10"  cal  gm-atom  of  helium  .* 
We  will  show  that  this  energy  is  quite  sufficient  to  maintain  the 
high  temperature  of  a  star,  our  sun  for  example,  for  a  very  long 
period  of  time.  Indeed,  since  hydrogen  makes  up  about  30"/„  of 
the  solar  mass,  which  totals  5.5X10”  gm.  the  amount  of  hy¬ 
drogen  in  the  sun  is  2X10”  gm.  or  2X10”  gm-atoms.  From 
this  we  find  the  energy  that  would  be  released  if  all  the  hydro¬ 
gen  in  the  sun  were  converted  to  helium: 

5.9XI0-X2XI0”  ^  3 ,0-.  ,3,ories. 


We  can  also  compute  the  quantity  of  energy  radiated  by  the  sun. 
Since  each  square  centimetre  of  surface  of  the  earth  normal  to 
the  sun’s  rays  (the  distance  of  earth  from  sun  being  1.5X10“  km) 


•  Here  we  disregard  the  energy  released  in  the  annihilation  of  two  posi¬ 
trons  emitted  in  the  synthesis  of  heiium  out  of  hydrogen. 
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receives  1 .5  calories  of  radiant  energy  per  minute,  the  total  amount 
of  energy  radiated  by  the  sun  in  one  second  comes  out  to 

4jt(1.5  X  10”)’^  =  7X  10” cal  sec'. 

Dividing  by  this  number  the  reserves  of  nuclear  solar  energy 
containeil  in  hydrogen  atoms,  we  find  the  time  during  which  this 
energy  may  be  radiated  (we  take  the  radiation  intensity  to  re¬ 
main  constant  in  time): 

7  H)..  =  4  X  10”  sec  =  10"  years. 

Since  the  age  of  the  sun  is  put  at  appro.ximately  5X10’  years, 
a  comparison  with  the  computed  age  shows  that  up  to  now  the 
sun  has  used  up  roughly  only  one-twentieth  of  its  store  of  energy. 

The  specific  nuclear  reactions  underlying  the  synthesis  of 
helium  from  hydrogen  were,  in  the  main,  suggested  by  Weizsacker 
(1938)  and  Bethe  (1939).  Calculating  the  half-lifeof  various  nuclear 
reactions  (that  is.  the  time  during  which  hall  of  the  nuclei  react) 
by  extrapolation  of  known  cross-sections  of  these  reactions  to  high 
temperatures.  Bethe  demonstrated  that  the  synthesis  of  helium 
could  proceed  in  two  chains  of  reactions:  the  hydrogen-hydrogen 
cycle  and  the  carbon-nitrogen  cycle.  The  latest  researches  have 
confirmed  and  improved  upon  this  conclusion.  It  has  been  found 
that  the  hydrogen-hydrogen  cycle  plays  the  main  part  in  stars 
cooler  than  the  sun.  while  the  carbon-nitrogen  cycle  is  domi¬ 
nant  in  the  hotter  stars. 

The  hydrogen-hydrogen  cycle  is  presently  viewed  as  the  fol¬ 
lowing  set  of  nuclear  reactions: 

2H  — D-|-P'’(1.4X  10”  years); 

H  +  D  —  He’  (5.7  sec); 

He’-f  He’  —  He’  +  2H(10’  years). 

Doubling  the  number  of  first  and  second  reactions  and  summing, 
we  obtain  an  equation  of  the  total  (overall)  reaction  4H — ►  He*4- 
-(-2p’'.  The  time  during  which  the  reaction  develops  is  given  after 
each  reaction.  It  will  be  seen  that  the  slowest  reaction  is  that  of 
the  formation  of  deuterium  from  hydrogen  —  of  the  order  of  10” 
years.  Comparing  this  with  the  above-computed  period  of  energy 
radiation  latent  in  hydrogen  (^10"  years),  we  see  that  this  fig¬ 
ure  is.  however,  sufficiently  small  for  the  hydrogen-hydrogen 
cycle  to  be  accomplished.  We  note  that  the  foregoing  reaction 
times  have  been  computed  for  a  temperature  of  13X10*  degrees 
Kelvin,  which  is  taken  as  the  temperature  at  the  centre  of  the 
sun. 
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The  carbon-nitrogen  cycle  embraces  the  following  reactions; 
H+C"  — N'’(I  -3  X  10’  years); 

N”^C“4-p-"  (7min): 

H+C”  — N'‘(2.7X  10'- years); 

H-fN’*  — 0'‘(3.2X  10*  years); 

O'*  — W  +  p-’-  (82  sec); 

H-l-N'*  — C‘*-|-He*(l.l  X  I0‘  years). 

As  in  the  hydrogen-hydrogen  cycle,  summing  the.se  reactions 
yields  4H — -He*-|-2p*.  It  will  be  noticed  that  in  this  cycle 
carbon-12  plays  a  part  similar  to  that  of  catalysts  in  chemical 
reactions;  it  enters  into  the  reaction  at  the  start  and  again  forms 
(is  regenerated)  at  the  end  of  the  cycle.  The  reaction  times  are, 
as  before,  computed  for  a  temperature  of  13X10‘°K. 


CHAPTER  3 

ELECTRONIC  STRUCTURE  OF  ATOMS 


19.  Ionisation  Potentials  and  Groups  of  Electrons  in  Atoms 


Ionisation  potentials  of  atoms.  The  entire  assemblage  of  exper¬ 
imentally  known  physical  and  chemical  properties  of  atoms 
shows  that  each  atom  consists  of  a  positively  charged  part  —  the 
nucleus  —  and  electrons,  the  number  of  which  in  a  neutral  atom 
is  equal  to  the  atomic  number  of  the  given  element  in  Mende¬ 
leyev’s  Periodic  Table. 

If  one  or  several  electrons  are  removed  from  an  atom,  the 
result  is  a  positive  ion.  for  example,  N*.  etc.  The 

energy  necessary  for  ionisation  may  be  imparted  to  the  atom  by 
the  impact  of  a  fast  particle  (say,  an  electron)  or  it  may  be  ab¬ 
sorbed  by  the  atom  in  the  form  of  a  quantum  of  light  (photon). 
In  the  former  case  (ionisation  by  collision),  we  will  consider  the 
process  of  ionisation  as  collision  of  elastic  spheres,  one  of  which 
represents  the  atom  and  is  stationary;  it  will  then  be  seen  that 
on  the  basis  of  the  faws  of  conservation  of  energy  and  momen¬ 
tum 

K.  =  el  +  K,.  V  =  l  (m-fM)  K,. 

where  K„  is  the  minimum  energy  of  the  bombarding  particle 
required  to  ionise  the  atom,  m  is  its  mass,  M  is  the  mass  of 
the  atom,  is  the  energy  of  the  centre  of  gravity  of  the  col¬ 
liding  system,  and  el  is  the  energy  for  ejection  of  the  electron 
from  the  atom  (I  is  the  ionisation  potential  of  the  atom),  we 
will  have 


K„  =  - 


rel. 


(19.1) 


If  the  bombarding  particle  is  an  electron,  then,  since 
<1/1840,  its  mass  m  may  be  disregarded  as  compared  to  the 
atomic  mass;  hence,  the  minimum  energy  of  the  ionising  elec¬ 
tron  is  practically  equal  to  the  ionisation  energy  of  the  atom: 
K„  =  el.  It  is  thus  possible,  by  subjecting  atoms  to  the  bombard- 
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nient  of  fast  electrons  and  by  measurins;  the  quantity  of  ions 
(the  ionic  current  i)  for  various  values  of  energy  K  of  the  bom¬ 
barding  electrons  and  by  extrapolation  of  the  i  (K)  curve  to  zero, 
to  find  K„  and,  consequently,  1.  This  is  usually  the  method  ap¬ 
plied  to  measure  ionisation  potentials.  The  energy  is  imparted 
to  the  bombarding  electrons  by  an  electric  field,  and  lor  this 
reason  K  is  expressed  in  electron-volts.  It  should,  however,  be 
pointed  out  that  the  error  of  measurement  of  ionisation  poten¬ 
tials  by  this  method  is  rarely  less  than  l“i.  Therefore,  the  spec¬ 
troscopic  method  (see  below)  is  resorted  to  when  greater  accu¬ 
racy  is  required.  It  ensures  much  higher  accuracy  than  the  elec¬ 
tron-impact  method. 

In  the  case  of  photoionisation  of  an  atom,  the  energy  of  the 
ionising  photon  hv  and  the  ionisation  potential  are  connected 
by  the  following  relation: 

hv=-=el  4-  K 

where  K  is  the  energy  of  the  electron  ejected  from  the  atom, 
ft  will  be  seen  from  this  expression  that  there  should  be  a  cer¬ 
tain  minimum  frequency  \„.  defined  by  the  equality  hv„  = 
=  el(K  =  0)  and  corresponding  to  the  threshold  that  separates 
the  region  of  photoionisation  (v]>Vj,)  from  that  where  photoi¬ 
onisation  is  energetically  impossible  (v<]v„).  The  frequency 
may  be  called  the  threshold  frequency  of  photoionisation  (or  the 
photoelectric  effect).  The  most  precise  values  of  v„  are  obtained 
from  investigations  of  atomic  spectra. 

The  ionisation  potentials  I  (in  volts)  lor  various  elements 
are  given  in  Fig.  27  (the  horizontal  axis  is  the  atomic  number 
Z  of  the  element).  From  Fig.  27  it  follows  that  the  inert  gases 
have  maximum  values  of  ionisation  potentials  while  the  alka¬ 
line  elements  have  minimum  values.  As  will  be  shown  below, 
this  fact  and  also  the  periodicity  in  values  of  1  revealed  by  Fig. 
27,  which  repeats  the  periodicity  of  the  chemical  properties  (see 
below),  reflect  peculiarities  in  the  structure  of  the  electronic 
shells  of  atoms. 

Electron  affinity.  The  atoms  of  certain  elements  are  capable 
of  adding  extra  electrons  thus  forming  negative  ions,  such,  for 
example,  are  the  ions  H",  O',  F'.  The  energy  released  in  the 
formation  of  a  negative  ion  out  of  a  neutral  atom  and  an  elec¬ 
tron,  i.  e.,  the  energy  of  the  process  A-|-e  =  A"  (A  is  the  atom.  e. 
the  electron)  is  called  electron  affinity.  The  values  of  electron 
affinity  E  for  certain  atoms  are  (in  eV):  0.71(H),  3.62(F). 
3.78  (Cl).  3.56  (Br).  3.18(1),  1.48(0).  2.07  (S). 

It  will  be  noted  that  affinity  for  two  (or  more)  electrons, 
i.e.,  the  energy  of  formation  of  a  doubly  charged  (or  multiply 
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cluirt^ed)  ncj^ative  ion  out  of  an  atom  and  two  (or  more)  elec¬ 
trons  is  always  nejjative.  In  the  formation  of  the  0“"  ion  out 
of  0  +  2e.  (or  instance,  about  7  eV  is  expended,  while  the  S’" 
ion  (out  of  S  +  2e)  requires  about  3.5  eV.  Consequently,  an  elec¬ 
tric  system  consisting  of  a  nucleus  and  Z -j- k  electrons,  i.e.,  a 


negative  ion  A  *,  is  always  unstable  at  k>l  and  must  disin¬ 
tegrate.  with  the  release  of  energy,  into  an  ion  A’  and  k — 1 
electrons  or  into  a  neutral  atom  A  and  k  electrons.  Experiment 
shows  that  the  halogen  atoms  have  the  greatest  electron  affinity. 
As  we  shall  see  further  on.  this  (act,  which  indicates  that  the 
electron  shells  of  halogen  ions  X’  are  extremely  stable,  is  also 
due  to  peculiarities  in  the  structure  of  the  electronic  shells  of 
the  atom.  It  will  be  noted  that  the  electron  affinity  together 
with  the  ionisation  potential  are  important  quantitative  charac¬ 
teristics  of  elect ronegali Vi ly.  which  plays  an  important  part  in 
the  structure  of  molecules  (see  below,  p.  298). 

Electron  groups.  As  one  electron  after  another  is  removed  from 
an  atom,  the  charge  of  the  remaining  part  of  the  atom  (the 
atomic  core)  increases,  and,  consequently,  there  is  an  increase  in 
the  attraction  of  electrons  by  the  atomic  core.  For  this  reason. 
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the  consecutive  removal  of  electrons  from  an  atom  requires  more 
and  more  energy.  Designating  the  minimum  energy  required  to 
remove  one  (the  first)  electron  from  the  atom,  by  el,,  the  sec¬ 
ond,  by  el,,  the  third,  by  el,,  etc.,  we  will  have  I,  I, <[  I,  , . .  , 
The  number  of  dilTerent  values  of  1,  (ionisation  potentials)  of 
each  element  is  obviously  equal  to  the  corresponding  atomic 
number  Z.  Note  that  the  quantities  I,  may  be  obtained  from  the 
minimum  values  of  energy  of  the  ^ 
bombarding  electrons,  which  ener¬ 
gy  is  needed  to  convert  the  ions 
A*"-"  into  the  ions  A  +  '  (cf. 

above).  The  appearance  of  ions  of  ^ 

a  given  sign  may.  in  this  case,  be  ,r _ J _ 

established  mass-spectroscopical-  / 

ly.  However,  preci.se  values  of  / 

ionisation  potentials  are  obtained, 
as  has  already  been  pointed  out, 

from  atomic  spectra.  z - - 

A  consideration  of  the  quanti-  ^ 

ties  l|  for  one  and  the  same  ele-  i 

ment  shows  that  increase  in  1,  / 

with  the  number  of  electrons  re-  / 

moved  i  is  not  smooth,  but  exhib-  >  —j- - 

its  sharp  discontinuities  at  def-  I 

inite  values  of  i.  This  rela¬ 
tionship  between  I,  and  i  indi¬ 
cates  that  the  electrons  in  an  atom 

are  distributed  in  discrete  ener-  ^ - - J — g - jg  ,. 

iiy  groups,  or  layers,  characterised  ,  ... 

u''  .  .L  r  Tie.  g#.  rile  ionisation  potentials 

by  different  binding  strength  of  ,|o'-g  ,  ,  of  all  eleven  electrons  ot 
the  electrons.  By  way  of  illus-  the  sodium  atom 

tration.  let  us  examine  the  re¬ 
lationship  between  the  ionisation  potentials  I,  of  a  sodium  atom, 
found  on  the  basis  of  spectral  data,  and  the  various  ions  of  this 
element,  Na'^“-‘’.  1,  is  obviously  the  ionisation  potential  of  the 
neutral  atom  Na.  I,  is  the  ionisation  potential  of  the  ion  Na*, 
I,,  that  of  the  ion  Na^*,  etc.  In  Fig.  28.  log  I,  is  represented 
as  a  function  of  i.  The  curve  shows  that  the  ionisation  poten¬ 
tial  of  sodium  and  its  ions  has  two  discontinuities:  the  first  in 


the  transition  from  the  atom  Na(i  =  l)  to  the  ion  Na*(i  =  2) 
and  the  second  in  the  transition  from  the  ion  Na'^'(i=9)  to 
the  ion  Na**(i  =  10).  From  this  it  follows  that  the  first  electron 
in  the  sodium  atom  is  considerably  more  weakly  bound  than  the 
remaining  10  electrons,  of  which  8,  in  turn,  are  bound  appre¬ 
ciably  more  weakly  than  the  last  two.  Consequently,  the  II 
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electrons  of  sodium  are  distributed  into  three  groups;  a  two-elec- 
lion  group  of  the  most  firmly  bound  electrons,  an  eight-electron 
group,  and  a  group  containing  one  electron,  the  most  mobile  one. 
This  distribution  of  electrons  into  groups  stands  out  prominently 

if  the  quantity  i.'I,  is  represent¬ 
ed  as  a  function  of  i,  as  in  Fig. 
29. 

This  graph  may  be  interpret¬ 
ed  as  follows.  Assuming  (ap¬ 
proximately)  total  screening  of 
the  nuclear  charge  Ze  by  the 
surrounding  electrons,  that  is, 
assuming  that  the  electron  being 
removed  is  acted  upon  by  a 
point  charge,  the  magnitude  of 
which-is  determined  by  the  nu¬ 
clear  charge  minus  the  total 
charge  of  all  remaining  Z  —  i 
electrons  —  the  charge  Ze  — 
—  (Z —  i)e  =  ie  —  the  ionisation 
potentials  I,  may  be  represented 
by  the  formula* 

I,  =  |^  (19.2) 


where  r  is  a  certain  mean  dis- 
l-ig.  ?9.  Distribution  of  sodium-atom  tance  of  the  removed  electron 
electrons  into  three  groups.  from  the  nucleus.  From  this  for¬ 

mula  it  follows  that  the  quanti¬ 
ties  i'l,  must  approximately  vary  as  the  mean  distance  r.  Therefore, 
on  the  basis  of  Fig.  29,  it  may  be  concluded  that  the  first  elec¬ 
tron  of  the  sodium  atom  is  in  a  layer  farthest  from  the  nucleus; 
in  the  next,  deeper,  layer  there  are  8  electrons,  and,  finally,  in 
the  layer  closest  to  the  nucleus  there  are  two  most  firmly  bound 
electrons.  The  electron  of  the  outer  layer  may  be  called  ihe  outer 
electron,  the  remaining,  the  inner  electrons. 


*  Assuming  that  the  electrons  revolve  about  the  nucleus  in  circular  or¬ 
bits.  and  that  the  centrifugal  force  mv*/r  is  balanced  by  the  force  of  Coulomb 
attraction  to  the  nucleus  ie'ir’  (see  below.  Sec.  22).  we  obtain  tor  the  kinet¬ 
ic  energy  of  the  electron  K  =  mv*)2  =  ie*,2r.  so  that  the  total  energy  of  the 
electron  is 

c  ie*  ie*  ie* 

2r  r  “  2r  ■ 

The  energy  for  removal  of  an  electron  from  the  atom  (elj)  is  equal  to  the 
energy  E  with  sign  reversed,  whence  we  get  formula  (19.2). 
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Comparing  the  first  and  second  ionisation  potentials  of  tlic 
remaining  alkaiine  elements  (Table  4).  we  are  convinced  of  a 
discontinuity  (a  change  in  ionisation  potential  by  a  factor  of  14 
to  6)  when  going  from  I,  to  I,  (a  thing  that  is  not  observed  in 
the  case  of  the  greater  part  of  the  remaining  elements  where  the 
quantity  I,: I,  does  not  exceed  2-3).  From  this  we  may  con¬ 
clude  that  a  common  feature  of  all  alkaline  elements  is  the  pres¬ 
ence  of  one  outer  electron.  This  single  electron  gives  the  atoms 


Table  4 

First  (I,)  and  second  (L)  ionisation  potentials  of  alkaline  elements  (in 
volts) 


I«)nlA.*i(lr>n 

I.i 

N;i 

!< 

nil 

c.< 

I, 

5.36 

5.11 

4.32 

4.16 

3.87 

1. 

75.26 

47.07 

31.7 

27.3 

23.4 

of  the  alkaline  elements  a  certain  similarity  to  the  hydrogen 
atom  with  its  one  electron  (Z=l).  This  is  manifested  in  a 
similarity  of  physical  and  chemical  properties  of  these  atoms  and 
the  hydrogen  atom  (see  Sec.  20). 

Table  5  contains  all  the  known  ionisation  potentials  of  the  ele¬ 
ments  of  the  second  period  (from  Li  to  Ne).  Here,  the  stepped  line  in¬ 
dicates  discontinuities  that  separate  relatively  weakly  bound  elec¬ 
trons  from  the  most  firmly  bound  inner  eiectrons.  From  Table  ,r  it 
follows  that  all  the  elements  represented  in  it  have  the  same 
number  (Iwo)  of  such  electrons  with  varying  numbers  of  remain¬ 
ing  electrons.  And  so  we  see  that  these  two  electrons  form  a 
strong  closed  group  maintained  throughout  the  second  period. 
Investigations  into  the  structure  of  the  atomic  clouds  of  the 
heavier  eiements  show  that  this  group  persists  also  in  the  ele¬ 
ments  of  the  subsequent  periods.  It  is  first  formed  in  helium 
(Z  =  2),  both  electrons  of  which  belong  to  this  group:  this  is 
evident  from  a  comparison  of  the  ionisation  potentials  of  helium: 
I,  =  24. 47  V  and  I,  =  54. 14  V  (no  discontinuity).  It  is  with  the 
closed  character  of  this  group  that  the  chemical  inertness  of  he¬ 
lium  is  connected. 

A  similar  closed  group  is  formed  by  eight  electrons  of  neon 
(which  are  outer  with  respect  to  the  two  most  firmly  bound  in- 
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Table  5 


Ionisation  potentials  of  elements  of  the  second  period 


lilcmcnts 

loiiis  ifioil 

IxjUi'I  1-'1< 

LI 

Be 

B 

c 

a 

B 

D 

Ne 

*1 

5.36 

9.28 

8.25 

14.46 

13.55 

18.6 

7.1.26 

18.12 

24.26 

29.44 

34.94 

34.81 

*» 

121.84 

I.i3. 11 

37.74 

47.64 

54.63 

62.35 

63.3 

M 

— 

216.63 

258.03 

64.17 

72.04 

86.72 

(97) 

— 

— 

338.53 

kbliWW 

113.30 

— 

— 

_ 

— 

— 

487.55 

137.42 

156.37 

— 

— 

— 

— 

663.73 

735.22 

184.26 

— 

— 

— 

— 

— 

I, 

_ 

— 

— 

— 

— 

1097.66 

1... 

— 

— 

1355.48 

ner  electrons).  This  follows  both  from  the  chemical  inertness  of 
neon  and  from  the  fact  that  the  element  following  neon,  sodium, 
has  not  9  but  one  outer  electron  (see  above),  magnesium,  not  10 
but  2,  etc.  The  eight-electron  closed  group  that  takes  shape  in 
neon  is  maintained  in  all  subsequent  elements  (like  the  earlier 
considered  two-electron  group). 


20.  Periodic  System  of  Elements 

The  layer-like,  group  structure  of  atomic  clouds  is  most  clear¬ 
ly  expressed  in  the  recurrence  of  the  chemical  properties  of 
the  elements.  This  recurrence  is  expressed  by  Mendeleyev’s  period¬ 
ic  law.  The  periodic  system  of  the  elements  is  the  most  cogent 
and  irrefutable  proof  of  the  existence  of  discrete  groups  in  the 
electron  clouds  of  atoms  of  all  the  elements.  The  recurring  sim¬ 
ilarity  of  chemical  properties  of  analogous  elements  is  a  direct 
indication  of  the  identical  structure  of  the  outer  electron  layer  of 
these  elements  and  the  closed  character  of  the  inner  electron 
groups. 

Diverse  facts  involving  chemical  and  also  certain  physical 
properties  of  the  elements  indicate  that  a  basic,  if  not  exception¬ 
al,  role  in  the  chemistry  of  atoms  is  played  by  the  outer  elec¬ 
trons.  The  capacity  for  substitution  (in  various  chemical  com¬ 
pounds)  of  one  atom  for  another  that  differs  greatly  from  the  former 
in  atomic  weight,  atomic  number,  and.  hence,  in  the  total  num- 


Sec.  20) 


PERIODIC  SYSTEM  OF  ELEMENTS 


1 29 


ber  of  electrons,  etc.,  together  with  a  similarity  in  the  chemical 
and  physical  properties  of  the  resulting  compounds  (for  instance, 
LiCI  and  KCI,  NaCI  and  Nal,  etc.)  undoubtedly  indicate  that  net 
all  the  electrons  of  these  atoms,  but  only  a  certain  very  small 
part  of  them,  participate  in  the  formation  of  chemical  compounds. 
We  have  already  seen  that  all  analog  elements  in  the  group  of 
alkaline  elements  have  one  outer,  or.  as  it  may  be  called,  va¬ 
lence  electron.  Elements  of  the  second  group  (alkaline-earth  ele¬ 
ments)  have  two  outer  (valence)  electrons,  etc.  Halogen  atoms 
(seventh  group)  have  seven  outer  electrons.  The  conclusion  that 
the  chemical  properties  of  an  atom  are  due  to  its  outer  electrons 
is  likewise  corroborated  by  studies  of  X-ray  spectra  of  one  and 
the  same  element  in  its  different  compounds.  In  this  way  it  is 
shown  that  these  spectra  exhibit  relatively  slight  change  in  the 
transition  from  the  pure  element  to  its  compound.  And  since 
X-rays  are  associated  precisely  with  the  inner  and  most  firmly 
bound  electrons  in  the  atom  (see  below),  this  constancy  of  X-ray 
spectra  must  be  regarded  as  direct  proof  that  the  chemical  prop¬ 
erties  of  an  atom  are  only  very  slightly  dependent  on  the  in¬ 
ner  electrons.  In  contrast  to  X-ray  spectra,  optical  spectra,  which 
are  associated  with  the  outer,  mobile  electrons,  undergo  such 
changes  that,  as  a  rule,  the  spectrum  of  the  compound  has  noth¬ 
ing  in  common  with  the  spectra  of  the  component  elements. 

Let  us  make  a  brief  examination  of  Mendeleyev’s  Periodic 
Table  (Table  6)  from  the  viewpoint  of  the  electronic  structure 
of  the  atoms.  The  hydrogen  atom,  which  occupies  first  place  in 
this  table,  has  only  one  electron  (Z=l).  This  is  likewise  sug¬ 
gested  by  hydrogen  having  only  one  ionisation  potential  (Iii  = 
=  l3.60eV).  The  next  element  after  hydrogen  is  helium  with  two 
electrons  forming  a  closed  two  electron  group  (see  p.  127).  It  has 
already  been  pointed  out  that  the  inertness  of  helium  is  con¬ 
nected  with  the  particular  stability  of  this  group. 

The  next  element,  lithium,  is  univalent.*  By  attributing 
this  to  the  presence  in  the  lithium  atom  of  one  outer  electron, 
we  obtain  confirmation  of  the  conclusion  drawn  from  a  consider¬ 
ation  of  the  ionisation  potentials  of  lithium  that  its  three  elec¬ 
trons  are  distributed  in  two  groups;  the  inner,  two-electron,  group 
and  the  outer  group  with  one  electron.  The  isolated  state  of  the 
outer  electron  of  lithium  confirms  the  conclusion  about  the 
closed  character  of  the  electron  shell  of  the  helium  atom. 


•  Here  we  have  in  mind  the  so-called  negative  valence,  or  valence  with 
respect  to  fluorine,  which  is  determined  by  the  number  ol  fluorine  atoms  (or 
half  the  number  ol  oxygen  atoms)  bound  by  the  given  atom  in  a  saturated 
state  (see  Sec,  34);  for  example,  the  existence  of  LiF  (but  not  LiF,.  etc.) 
indicates  that  lithium  is  univalent. 
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The  elements  that  follow  lithium-beryllium,  boron,  carbon, 
nitrogen,  oxygen  and  fluorine  —  are  chemically  active,  but  the 
tenth  element,  neon,  is  inert.  If  we  associate  chemical  inertness 
with  the  closed  character  of  the  outer  electronic  shell  of  the 
atom,  we  must  conclude  that  none  of  the  elements  from  lithium 
to  fluorine  has  a  closed  outer  shell;  this  shell  closes  only  when 
an  eighth  electron  is  added  (as  in  neon). 

Earlier,  proceeding  from  a  consideration  of  the  ionisation 
potentials  of  sodium,  we  came  to  the  conclusion  that  ten  out  of 
its  eleven  electrons  form  two  closed  groups  (the  two-  and  eight- 
electron  groups),  while  the  eleventh  electron  is  outside  these 
groups.  This  fact,  and  also  the  presence  of  similar  closed  groups 
in  the  elements  that  follow  sodium,  confirm  the  conclusion  about 
the  closed  nature  of  the  outer  eight-electron  group  of  neon. 
Another  indication  of  the  closed  eight-electron  shell  is  the  great 
electron  affinity  of  the  fluorine  atom  and,  consequently,  the  high 
stability  of  the  F'  ion.  which  finds  expression,  for  one  thing,  in 
the  fact  that  the  F  atom  is  more  active  chemically  than  the  F"  ion. 

From  the  chemical  activity  of  all  elements  following  sodium 
and  ending  with  fluorine  it  follows  that  their  outer  electrons, 
like  the  eleventh  electron  of  sodium,  enter  into  a  third,  unclosed 
electron  group.  The  same  number  of  electrons  in  the  outer 
unclosed  electron  group  of  elements  of  the  second  and  third  pe¬ 
riods  is  the  reason  why  sodium  is  the  chemical  analog  of  lithium, 
magnesium  is  the  chemical  analog  of  beryllium,  aluminium  the 
analog  of  boron,  silicon  of  carbon,  phosphorus  of  nitrogen,  sul¬ 
phur  of  oxygen,  and  chlorine  of  fluorine.  This  analogy  is  not 
confined  solely  to  a  similarity  of  chemical  properties.  As  a  rule, 
elements  belonging  to  the  same  group  have  similar  structures  of 
optical  spectra,  similar  magnetic  properties,  etc. 

In  the  element  following  chlorine,  argon,  the  third  electron 
group  has  8  electrons  and  again  we  have  an  inert  element.  How¬ 
ever.  a  consideration  of  the  chemical  and  other  properties  of 
the  heavier  elements  that  follow  argon  shows  that  only  the  first 
two  groups  retain  the  two  and  eight  electrons,  respectively,  through¬ 
out  the  Periodic  Table.  The  third  elect.'on  group  undergoes 
subsequent  essential  changes:  beginning  with  scandium  and  end¬ 
ing  with  copper,  this  group  builds  up  to  18  electrons  and,  up 
to  the  transuranium  elements,  remains  an  18-electron  group.  The 
consequent  irregularity  in  the  filling  of  the  el  ectron  groups  finds 
expression  in  a  number  of  chemical  and  physical  anomalies  ob¬ 
served  in  the  elements  from  scandium  to  copper.  The  29  elec¬ 
trons  of  the  copper  atom  are  distributed  as  follows:  28  form  three 
closed  groups  (two-,  eight-,  and  eighteen-electron  groups),  the 
29th,  outer,  electron  belongs  to  a  new.  fourth  group. 
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This  loiirth  yroiip  fills  up  normally  in  the  elements  from  cop¬ 
per  to  krypton:  in  krypton  it  contains  8  electrons,  acquiring  a 
certain  degree  of  completion  (like  the  eight-electron  outer  group 
of  argoin  and  thus  giving  rise  to  the  inertness  of  krypton.  How¬ 
ever.  this  group  remains  eight  electron  only  in  two  elements 
following  krypton:  rubidium  and  strontium.  It  then  builds  up 
first  to  18  electrons  in  the  elements  from  yttrium  to  palladium, 
and  then  up  to  32  in  the  rare-earth  elements.  Withthisare  associated 
the  anomalies  in  the  chemical  and  physical  properties  that  are 
characteristic  of  elements  from  yttrium  to  palladium  and  of  the 
rare  earths.  The  number  of  electrons  in  the  fourth  group  remains 
constant  throughout  the  remaining  part  of  the  Periodic  Table. 
F  rom  this  it  follows  that  the  completed  fourth  group  contains  32 
electrons.  All  heavy  elements  from  the  70th  (ytterbium)  contain 
four  completed  groups  (2-.  8-,  18-.  and  32-electron)  and  a  certain 
number  of  uncompleted  groups.  Assigning  to  the  lour  completed 
groups  the  numbers  I.  2.  3,  and  4,  it  is  easy  to  see  that  the 
ma.Niimim  number  of  electrons  in  each  group  (2,  8,  18.  and  32)  is 
e.xpressed  by  the  formula  2n’.  where  n  is  the  number  of  the  group. 

21.  Atomic  Energy  Levels 

Spectrum  of  the  H  atom  and  of  ions  with  one  electron.  The  pres¬ 
ence  of  discrete  groups  of  electrons  in  the  electronic  structure  of 
atoms  points  to  discrelcnas  in  the  energy  states  of  the  atom.  This 
discreteness  is  expres.sed  most  vividly  in  atomic  spectra:  optical 
and  X-ray.  It  has  already  been  pointed  out  that,  unlike  X-ray 
spectra,  optical  spectra  are  associated  with  the  outer  electrons  of 
the  atom.  This  is  evident,  in  particular,  from  the  fact  that  the 
energy  changes  that  correspond  to  optical  spectra  usually  have 
magnitudes  of  several  electron-volts,  i.e.,  are  comparable  to  the 
first  ionisation  potentials  that  correspond  to  the  binding  strength 
of  precisely  the  outer  electrons  of  the  atom. 

A  characteristic  peculiarity  of  atomic  spectra  is  their  linear 
structure,  which  permits  describing  the  spectrum  of  each  element 
by  specific  values  of  wavelengths  X  or  frequencies  v.  Separate 
groups,  or  series,  of  lines  in  atomic  spectra  obey  definite,  series 
laws.  These  laws  (or  regularities)  are  particularly  prominent  in 
the  spectrum  of  the  simplest  atom,  hydrogen. 

As  early  as  1885.  Balmer  demonstrated  that  the  wavelengths 
of  nine  lines  of  hydrogen  (these  lines  were  measured  by  Hagenbach), 
four  of  which  lie  in  the  visible  region  of  the  spectrum  (XX 7500- 
4000  A),  are  expressed  by  the  following  simple  formula: 


where  X„  =  3645.6  A,  n  =  2  and  in  =  3,  4.  5 . II. 

A  spectrogram  of  this  series  of  the  hydrogen  spectrum,  calfed 
the  Baltner  series,  is  shown  in  Fig.  30  (at  present  up  to  40  lines 
of  this  series  are  known).  From  the  spectrogram  it  is  .seen  that  the 
distance  between  each  pair  of  adjacent  I ines  diminishes  regularly, 
and  in  the  region  of  short  wavelengths  the  lines  converge  to  a 
certain  limit  ilhe  series  limil).  By  e.vtrapolation  to  m  =  oo,  from 


Fift.  30,  Linission  spectrum  oi  hydrogen  atom  in  visible 
and  near  ultraviolet  regions  (Balmer  scries) 


the  preceding  formula,  called  the  Balmer  formula,  we  obtain  the 
wavelength  that  corresponds  to  the  limit  of  the  Balmer 

series.  Passing  now  from  wavelengths  to  frequencies  or  to  wave 
numbers,*  the  Balmer  formula  may  be  rewritten  in  the  form 


The  quantity  R,  equal  to  3.288  X  10"  sec"’  or  109,677.58  cm"', 
is  called  the  Rydberg  conslant,  after  the  scientist  who  found  that 
this  constant  could  be  used  to  represent  numerous  spectra.  As  al¬ 
ready  pointed  out.  in  the  Balmer  formula  n  =  2.  However,  Bal¬ 
mer  himself  already  regarded  his  formula  as  something  more  gen¬ 
eral.  For  instance,  he  suggested  the  e.xistence  of  a  series  char¬ 
acterised  by  the  value  n  =  3.  This  series  was  actually  discovered 
later  by  Paschen  (1908).  The  Paschen  series  is  expressed  by  the 
formula 

_  v  =  R(3i,-^).  m  =  4.5.  ... 

*  The  wavelength  X  is  connected  with  the  frequency  v  by  the  relation 
X  =  c/v.  where  c  is  the  velocity  of  light.  In  spectroscopy,  the  wave  number 
1/X  is  also  frequently  called  the  frequency.  This  provisional  frequency  is  ex¬ 
pressed  in  cm"'  in  distinction  to  v,  which  is  expressed  in  sec"*. 
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Lyman  (iiscovereci  a  series  that  obeys  the  formula 

■"  =  2.3.... 

Thus,  the  Balnier  formula  (21.1)  was  firmly  established  ex¬ 
perimentally  and  was  taken  as  the  basis  for  the  theory  of 
spectra. 

From  the  Balmer  formula  it  is  easy  to  obtain  a  general  ex- 
pre.ssion  for  the  energy  of  the  hydrogen  atom.  Indeed,  according 
to  the  quantum  theory  (Planck.  1902)  lighl  is  emitted  or  absorbed 
by  an  atom  only  in  definite  portions,  or  quanta,  of  magnitude  hv, 
which  permits  connecting  the  frequency  v  of  each  spectral  line 
with  energy  change  of  the  atom  AE  by  the  relation  (cf  formula 
(16.2)) 

hv=AE.  (21.2) 

From  this  it  is  seen  that  to  discrete  spectral  lines  there  correspond 
discrete  energy  states,  or  energy  levels  of  the  atom.  Designating 
the  latter  for  the  hydrogen  atom  by  the  subscripts  n  and  m,  we 
obtain  AE=E,„ — E„ .  Comparing  this  expression  with  (21.1), 
we  find  * 

=  (21.3) 

Series  similar  to  the  hydrogen  series  were  detected  also  in  the 
spectra  of  ionised  helium,  lithium,  beryllium,  and  other  elements. 
The  series  that  belong  to  the  ions  He'^,  Li'^'*,  Be*'^'*,  etc.,  that 
is.  to  ions  which,  like  the  H  atom,  have  only  one  electron  (hy¬ 
drogen-tike  ions),  are  expressed  by  the  formula 

v  =  Z’r(^  — ^).  m  =  n-f  1,  n  +  2,  .  .  .  (21.4) 

It  will  be  seen  that  (21.1)  is  a  particular  case  of  (21.4),  which 
passes  into  (21.1)  when  Z=l.  Consequently,  the  following  ex- 


*  Formula  (21.3)  is  obtained  under  a  definite  normalisation  of  the 
energy  of  an  atom,  in  accordance  with  which  £„  =  ©  when  n  =  co.  As  we 
shall  see  below,  such  normalisation  corresponds  to  a  zero  energy  of  the 
ionised  atom.  i.  e.,  of  the  system  in  the  case  of  infinite  recession 

of  the  electron  from  the  nucleus  (r  =  (x).  Naturally,  in  this  case.  En<0 
corresponds  to  finite  values  of  r,  which  is  expressed  by  the  minus  sign 
in  (21.3).  I'  /  e 
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pression  *  should  be  considered  as  a  more  general  expression  for 
the  energy  of  an  atom  or  ion  with  one  electron: 

E„  =  -'^Z’.  (21.5) 

Due  to  the  fact  that,  according  to  (21.2),  the  frequencies  of 
the  spectral  lines  are  expressed  as  the  difference  in  the  energy 
divided  by  the  Planck  constant  h,  it  is  expedient,  in  place  of  the 
energy  E„  ,  to  introduce  the  quantity 


called  a  term.  From  (21.5)  we  obtain,  for  the  terms  of  a  hydro¬ 
gen-like  atom  or  ion,  the  expression 

T„=^Z*.  (21,5') 

It  may  be  noted  that  the  (21.5')  is  frequently  called  the  Balmer 
formula. 

From  the  series  formula  (21.4)  it  follows  that  part  of  the  lines 
in  the  spectrum  of  ions  (Z>l)  should  coincide,  in  frequency, 
with  the  hydrogen  lines.  Thus,  lor  example,  representing  the 
frequencies  of  the  lines  of  He'  in  the  series  n=4  (called  the 
Pickering  series)  on  the  basis  of  formula  (21,4), 

v  =  m  =  5,  6,7 . 

we  obtain  a  formula  which  differs  from  the  above  for  Ihe  Balmer 
series  in  the  hydrogen  spectrum  in  that  the  number  in  the  de¬ 
nominator  of  the  second  term,  in  the  case  of  hydrogen,  assumes 
only  integral  values  (3,  4,  5,  ...),  whereas  in  the  case  of  helium 

we  have  m,2  =  5/2,  3,  7, '2,  4 . i.e.,  double  the  number  of 

V  values.  Whence  it  follows  that  the  spectrum  of  a  helium  ion 
should  contain  twice  the  number  of  lines  of  the  hydrogen  spectrum, 
and  this  was  found  to  be  so  in  experiment. 

Another  feature  in  which  the  spectra  of  the  ions  He*.  Li*^, 
etc.,  differ  from  the  hydrogen  spectrum  is  that  the  lines  of  these 
spectra,  which  should  have  had  coinciding  wavelengths,  are 
actually  somewhat  displaced  one  relative  to  the  other.  This  is 


*  This  c.xpression  is  obtained  from  the  more  general  expression 


(C  is  a  constant)  with  appropriate  normalisation  ot  energy. 
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seen,  for  example,  from  Table  7.  which  gives  the  wavelengths 
or  lines  of  the  Balmer  series  of  hydrogen  (n  =  2)  and  those  of 
the  Pickering  series  (n  =  4)  of  helium:  the  wavelengths  of  the 
hydrogen  lines  exceed  by  approximately  2  A  the  wavelengths  of 
the  corresponding  He’’  lines. 

This  shift  is  due  to  the  fact  that  in  the  formulas  (21.4)  and 
(21.5)  the  values  of  the  Rydberg  constant  for  different  atoms  or 
ions  are  somewhat  different.  Thus,  spectroscopic  measurements 
put  the  Rydberg  constants  for  the  H  atom  and  the  He*  ion 
at  R„  =  109.677.58  cm"'  and  Rho+ =  109.722.26  cm"'.  Comput¬ 
ing.  in  (21.4).  the  relative  shift  of  lines  in  the  appropriate  series 
in  the  spectra  of  hydrogen  and  helium,  we  get 


Av 


>•11 


0.00041 


Substituting  into  this  formula  X  =  5000A.  in  accordance  with 
the  data  in  Table  7.  we  find  AX  =  2A. 

Table  7 


Lines  nf  (he  Balmer  series  (H)  and  Ore  Pickering  series  (He  +  )  in  the 
visible  region  of  (he  spectrum 


W.ivctcniflh  in  A 

48^1.33 

4859.34 

4541.61 

4340.47 

4338.69 

4199.85 

4101.74 

4100.00 

The  isotopes  of  the  same  element  likewise  have  different  values 
of  R.  For  example,  lor  the  isotopes  of  H,  D.  and  T  we  have 
Rh=  109.677.58  cm"'.  Ro  =  109.710.48  cm"',  and  Rt  = 

=  109.715.97  cm"'.  As  in  the  preceding  case  (H  and  He*), 
this  difference  leads  to  a  certain  shift  of  lines  in  the  spectra  of 
various  isotopes  (/so/ ope  sAi/t).  To  take  an  example,  for  the  lines  of  the 
Balmer  series  in  the  spectra  of  H  and  D  it  is  of  the  order  of  lA. 
It  may  be  noted  that  it  was  this  effect  that  led  to  the  discovery 
of  deuterium  (Urey.  1932).  As  we  shall  see  later  on  (Sec.  22), 
this  difference  in  Rydberg  constants  is  due  to  mass  differences 
of  the  nuclei.  It  will  also  be  noted  that  the  isotopic  shift  of 
spectral  lines  is  particularly  great  in  the  case  of  the  light 
elements,  though  in  the  heavy  elements  it  is  quite  prominent; 
isotopic  shift  was  detected  even  in  such  an  element  as  uranium. 
The  following  values  were  obtained  for  the  wavelengths  of  the  line  X 
4,244  A  of  the  five  uranium  isotopes:  4,244.373  (U”*),  4,244.226(U***), 
4.244. 122(U**‘).  4,244.075(U“‘).  and  4,243.977A(U*"). 
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From  the  toregoiny  it  follows  that,  on  the  average,  there  is 
AX  =  0.039  A  to  each  unit  of  mass. 

From  (21.5)  it  follows  that  the  energy  of  an  atom  (ion)  with 
one  electron  takes  on  the  following  discrete  series  of  values; 

—  hRZ*.  —  l/4hRZ’.  —  i;9hRZ' . 0.  The  least  of  these 

values.  — hRZ*.  obviously  corresponds  to  the  ordinary  (groimd. 
or  normal)  state  of  the  atom,  while  the  greatest  (0).  to  the 
ionised  state.  The  ditlerence  of  these  values  should  be  equal 
to  the  ejection  energy  of  the  electron,  that  is.  to  the  energy  of 
ionisation  el  of  the  atom.  We  thus  have 


Substituting  into  (21.6)  the  values  of  the  constants  h.  R. 
and  e.  we  find  the  following  values  of  ionisation  potentials  (in 
volts):  13.606(H).  54.403  (He ’^).  122.420  (Li '*).  217.657  (Be  '  '^"). 
340.127  (  8"**^^^).  489.84(0"’-+  "").  etc. 

The  energy  values  intermediate  between  minimum  and  max¬ 
imum  correspond  to  excited  stales  of  the  atom  (ion).  According 
to  Bohr,  the  transitions  of  an  atomfromone  discrete  energy  state 
to  another  should  be  attended  by  the  emission  or  absorption  of 
monochromatic  light.  The  energy  levels  and  the  spectrum  of  the 
hydrogen  atom  are  given  in  Fig.  31. 

The  experiments  of  Franck  and  Hertz.  The  presence  of  excited 
levels  in  the  atom  was  proved  directly  in  experiments  by  Franck 
and  Hertz  (1912).  When  the  atoms  of  a  given  gas  are  bombarded 
by  electrons  of  definite  velocity,  measurements  are  made  of  the 
energy  losses  of  the  electrons  colliding  with  the  gas  atoms  and. 
simultaneously,  observations  are  made  of  the  emission  spectrum 
produced  by  the  electron  bombardment.  The  first  experiments 
with  mercury  vapour  demonstrated  that  electrons  accelerated  by 
an  electric  field  with  a  potential  difference  <^4.9  V  and.  conse¬ 
quently.  having  an  energy  K  less  than  4.9eV  are  reflected  from 
the  mercury  atoms  elastically,  that  is.  without  noticeable  loss 
of  energy.  In  this  case,  naturally,  there  is  no  emission.  But 
when  the  electron  energy  is  increased  to  4.9  eV  (and  higher), 
slow  electrons  appear;  this  shows  that  electrons  with  energy 
4.9eV  transler  this  energy  to  the  mercury  atoms  in  lolo.  Simulta¬ 
neously.  the  mercury  vapour  begins  to  luminesce.  In  the  spectrum 
of  this  luminescence  we  observe  only  a  single  line  with  \  = 
=  2537  A.  Atultiplying  the  frequency  of  this  line  by  the  Planck 
constant  h.  we  obtain  an  energy  of  4.87eV.  which  practically 
coincides  with  the  critical  electron  energy  of  4.9eV.  This 
result  should  obviously  be  interpreted  as  meaning  that  an  elec¬ 
tron  of  energy  4.9eV  colliding  with  a  mercury  atom  excites 
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the  latter,  that  is,  causes  a  transition  of  the  atom  from  the 
ground  level  to  an  appropriate  e.xcited  level.  Emission  of  the 
line  2537  A  is  due  to  the  reverse  transition  of  an  e.xcited  atom 
to  the  ground  state.  This  and  similar  experiments  conducted 
with  various  gases  point  to  discrete  energy  states  (levels)  of 
atoms  that  coincide  with  the  levels  found  from  their  spectra. 

Spectra  of  alkali  metals.  Series  regularities,  like  those  of  the 
hydrogen  spectrum,  were  established  also  in  the  spectra  of  other 
elements.  Thus,  an  analysis  of  the  optical  spectra  of  the  alkali 
metals  revealed  the  following  series: 


principal  series;  v 
diffuse  series:  v  = 
sharp  series;  v  = 


'(1  +s)>  (ni+i>y 
R  R 


,  m  =  2,  3 . 


(2  +  p)’  (in  +  iy 
R  R 


,  m  =  3,  4, 


(2  +  P)' 
fundamental  series:  v  = 


(111  -f  S)' 

R 


j  ,  m  =  2,  3 . 

R 


(3  +  d)« 


(m  +  !)■ 


m  =  4,  5, 


etc.  In  the  foregoing  series  formulas  the  quantities  s,  p,  d,  f 
are  proper  fractions  and  are  certain  parameters  which  have  a 
constant  vatiie  for  each  series,  i.e.,  for  definite  groups  of  levels 
of  the  given  element.  Depending  upon  which  of  these  parameters 
is  used  to  characterise  a  given  energy  level  or  term,  we  distin¬ 
guish  S-.  p-,  d-,  f-,  etc.,  terms.  On  the  basis  of  designations  of 
terms  used  in  spectroscopy,  according  to  which  the  s-terms,  or 
terms  expressed  by  the  formula  .  are  denoted  by  the 

P 

symbol  ins  or  mS,  p-tei  ms  expressed  by  the  formula  .  by 

the  symbol  mp  or  rnP,  etc.,  the  foregoing  series  formulas  may 
be  represented  in  the  form  v=lS  —  mP.  v  =  2P  —  niD,  v  =  2P  — 
—  niS  and  v  =  3D  —  mF. 

Designating  the  parameters  s,  p,  d.  f,  by  the  letter  a,  any 
term  of  an  alkaline  element  may  be  represented  by  the  general 
formula 


T  = 


R 

(m  -t-  a)' 


(21.7) 


which  is  called  the  Rydberg  formula.  In  view  of  the  correspond¬ 
ence  between  (21.7)  and  the  Balmer  formula  (21.5'),  which 
in  the  case  of  the  H  atom  takes  the  form 


T„  = 


£ 

n* 
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it  is  advisable  to  express  the  sum  m-|-a  as 

Ticii  —  ni  4-  a  =  n  4-  6.  (21.8) 

A  formula  of  the  form  (21.8)  with  6  independent  of  the  number 
n  was  proposed  by  Rydberg.  Later,  Ritz  derived  a  more  precise 
formula  in  which  6  is  expressed  by  the  series 

6  =  fi.+6.^+--  (21-9) 

From  experiment  it  follows  that  the  quantity  6,,  called  the 
Rydberg  correction,  is  negative  and  exceeds,  in  absolute  magni¬ 
tude.  ft,  {the  Ritz  correction)-,  here  we  have  6,^0.  The  quantity 
A  — |ft|  is  called  the  quantum  defect .  As  may  be  seen  from  (21.7), 
the  sequence  of  values  of  the  number  n:n.  n-)-l,  n-|-2.  ... 
is  determined  by  the  sequence  of  the  ordinal  number  m;m. 
Ill I .  m  +  2,  ...  Obviously,  when  a  and  6  are  small,  the 
numbers  m  and  n  coincide. 

The  values  of  n,ii  (known  as  )\\e  effective  quantum  number)  for 
the  lower  s-,  p-.  d-,  and  l-terins  of  the  alkaline  metals  are 
given  in  Table  8.  In  the  first  row  of  this  table  are  also  given 
the  values  of  the  number  n  for  the  H  atom.  We  see  that  in  a 
number  of  cases  (the  d-term  of  lithium  and  the  f-term  of  lithium 
and  sodium)  m  is  an  integer  that  coincides  with  the  corresponding 
number  n  for  the  hydrogen  atom. 

Table  8 


Effective  quantum  numbers  of  the  lower  s*.  p>.  d-,  and  f*terms  of  atoms  of 
the  alkali  metals 


■ — ^  Irrnii 

r  lent  Mil  '  ■ — — 

r 

d 

f 

1  H 

1.000 

2.000 

3.000 

4.000 

3  Li 

1.568 

1.959 

2.998 

4.000 

11  Na 

1.627 

2.117 

2.990 

3.999 

19  K 

1.770 

2.234 

2.654 

3.993 

37  Rb 

1.805 

2.289 

2.767 

3.988 

55  Cs 

1.869 

2.351 

2.552 

3.978 

From  the  toregoing  it  follows  that  the  degree  of  deviation 
of  the  energy  levels  of  the  atoms  of  the  alkaline  elements  from 
the  corresponding  levels  of  the  hydrogen  atom,  which  degree  is 
determined  by  the  magnitude  of  the  correction  6,  is  less  the 
higher  the  given  level,  that  is,  the  greater  the  number  n.  Designating 
the  hydrogen  atom  term  characterised  by  the  number  n  as  TH  =  R/n% 
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we  oblaiti,  on  the  basis  of  (21.7)  and  (21.8), 


in  other  words,  as  n  increases,  T  tends  to  Tn.  This  result  may 
be  interpreted  a.s  follows.  As  the  energy  of  the  atom  increases, 
the  mean  distance  of  an  electron  from  the  nucleus  increases 
and  the  field  acting  on  the  electron  approaches  ever  closei  to 
the  Coulomb  field  of  the  one-electron  atom  H.  For  this  reason, 
the  sysicm  but  sliphtly  dilTcrent,  in  energy,  from  the 

system  i\le*-)-e  (here.  Ate  deno(es  an  atom  of  an  alkaline  ele¬ 
ment). 

It  may  be  further  noted  that  for  the  enerev  levels  of  ions 
with  one  outer  electron,  i.e..  of  ions  Be'.  B'  ...  or 

Mg*.  Al'".  Si"'.  ...  we  obtain  the  following  e.xpression: 


hkZ’ 
"iiii  ’ 


(21.10) 


which  is  similar  to  the  e.xpression  (21.5).  Here,  Z.,  denotes  tlie 
charge  of  the  atomic  core  of  the  ion.  Everything  that  has  been 
said  above  concerning  the  correspondence  of  the  terms  of  atoms 
of  alkaline  elements  to  those  of  the  H  atom  obviously  also  refers 
to  the  correspondence  of  the  terms  of  these  ions  to  the  terms 
of  ions  with  one  electron  (He',  Li",  e(c.).  The  appropriate 
expression  for  the  term  is  of  the  form 

RZ- 

T  =  -r^'-  (21  10') 

".ti 


On  the  basis  of  the  foregoing  interpretation  of  the  difference 
in  the  terms  of  a  multi-electron  atom  or  ion  and  the  terms  of 
the  H  atom  or  of  a  hydrogen-like  ion  it  may  be  concluded  that 
the  energy  of  an  atom  (or  ion)  with  one  outer  electron  is  de¬ 
termined  by  the  character  of  the  electric  field  (acting  on  this 
electron)  of  the  remaining  portion  of  the  atom  (the  atomic  core). 
To  characterise  this  field  we  introduce  a  certain  elTective  charge 
eZ*=e  (Z — z),  where  Z  is  the  charge  of  the  nucleus  and  z  is  a 
constant  which  may  approximately  be  interpreted  as  a  quantity 
defining  the  degree  of  screening  of  the  nucleus  by  the  remaining 
electrons  (for  this  reason,  the  constant  z  is  called  the  screening 
constant).  Then  for  the  term  of  a  multi-electron  atom  or  ion  we 
may  write,  in  place  of  expression  (21.7).  an  equivalent  expres¬ 
sion: 


T  =  ^Z*'=R 


(Z  -  z)‘ 


(21.11) 
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Accordin^^  to  this  fonmila.  the  quantity  K  T,  R  for  various 
atoms  and  ions  with  one  outer  electron  must  be  a  linear  function 
of  the  nuclear  charge  Z: 

I  T7R  =  -^(Z-z)  .  (21.12) 

It  will  he  readily  seen  that  this  same  linear  function  of  Z  is 
satisfied  also  by  the  square  root  of  the  frequency  of  similar 
lines  (for  instance,  of  lines  that  are  the  first  members 
in  the  series,  etc.)-  Indeed,  considering  the  screening  constant 
7.  for  two  combining  levels  to  be  approximately  the  same,  we 
obtain,  on  the  basis  of  (21.11), 

(21 ->3) 

We  note  that  this  relationship  e.xpresses  the  so-called  Moseley  law, 

first  established  for  X-ray  spec¬ 
ks  tra  (see  below). 

1/2  /  Formulas  (21.12)  and  (21.13) 

*  have  been  shown  valid  by  nu- 

/ X  merous  e.xperimental  findings. 

//  The  regularity  e.xpressed  by 

jf/yS's  (21.12)  for  the  various  energy 

//  X  levels  (terms)  of  the  sodium 

/ / /  atom  and  the  ions  of  Mg'^, 

Al'^'^,  etc.,  is  shown  in  Fig.  32. 
/y/  X-ray  spectra.  Investigations 

y  of  X-rays  emitted  by  different 

elements  likewise  point  to  defi- 
,/// y'  nite  discrete  energy  levels  due  to 

'^Yy'  the  shell  structure  of  the  elec- 

•y  tronic  cloud  of  the  atom.  The 

.  _ . _ I _ z  presence  of  energetically  differ- 

No  M,’  Ai'"  Si’’  p"  s’"  ci‘"  ent  groups  of  electrons  in  the 

_  electronic  clouds  of  atoms  is 

rie.37.  l/.^  versus  Z  lor  the  lower  Pj-ominently  revealed  in  the 
r  ft  absorption  spectra  of  X-rays, 

terms  ol  Na.  Mg-r,  Al--.  etc.  (o  take  but  one  instance.  The 
.  continuous  nature  of  these  spec- 

tra  indicates  that  as  a  result  of  the  absorption  of  a  quantum  of 
X-rays  an  electron  is  ejected  from  the  atom  (photoelectric  effect). 
Indeed,  the  ionisation  of  various  substances  when  irradiated  with 
X-rays  Is  a  well-known  property  of  these  rays. 

The  absorption  coefficient  of  X-rays  p,  which  enters  into  the 
well-known  formula 


Ho  Mj*  Ar 


fiff.  32.  1/^ ~  versus  Z  for  the  lower 

terms  of  Na.  Atg+,  AI  +  +  .  etc. 


1  =  1 


<21.14) 
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(I„  and  I  are  the  intensifies  of  the  incident  and  transmitted 
rays.  /  is  the  thickness  of  the  absorbing!  layer),  exhibits  a  pe¬ 
culiar  variation  with  the  wavelength  A:  while  increasing  niono- 
tonically  with  the  wavelength,  p.  at  certain  values  characteristic 
of  each  substance  A  =  Ak.  A,. ,  A.m,  ...  (and  Ak  <  A,.  <  A.v,  <  . . .), 
diminishes  discontinuously  (Fig. 

33).  Since  atoms  have  discrete 
energy  groups  of  electrons,  this 
is  interpreted  very  simply  as 
follows. 

A  quantum  with  energy 
hv>hvK  is  capable  of  ejecting 
from  the  atom  any  of  its  elec¬ 
trons,  including  the  most  strong¬ 
ly  bound  ones  (K-electrons). 
the  binding  energy  of  which  is  -e^ 

equal  to  hvK.  Quanta  \yith  ener-  /r,^.  33,  Absorption  coofnciont  of 
gy  hvL<^hv<^hvK  eject  from  x-rays  (or  silver  as  a  [unction  oi 
the  atom  any  electron  with  the  wavelength 

exception  of  K-electrons.  This 

is  explained  by  the  sharp  drop  in  the  absorption  coefficient  ob¬ 
served  near  Ak  =  c,vk.  A  similar  jump  near  Ai  =c;vl  points  to 
the  existence  of  a  group  of  electrons  with  binding  energy  hvc. 
(L-electrons)  which  cannot  be  ejected  from  the  atom  when  the 
energy  of  the  quantum  hv  becomes  less  than  their  binding  ener¬ 
gy,  etc. 

The  frequencies  Ak,  Al,  Am,  ...  that  correspond  to  the  wavelengths 
vk,  vl  ,  VAi,  ...  coincide  with  the  limiting  frequencies  of  the 
appropriate  series  in  the  spectra  of  the  so-called  characteristic 
X-rays.  Like  optical  atomic  spectra,  the  latter  consist  of  separate 
lines  that  group  into  series  K-.  L-,  M-,  etc.  The  line  distribution 
in  each  of  these  series  is  the  same  as  in  optical  series  (for  in¬ 
stance,  in  the  Balmer  series.  Fig.  30):  with  increasing  frequency , 
the  distance  between  lines  diminishes  regularly  and  the  lines 
converge  to  a  certain  limit  (the  series  limit).  In  the  most  short¬ 
wave  region  of  the  spectrum  lies  the  K-series  with  a  threshold 
frequency  vr:  this  is  followed  by  the  L-  (threshold  frequency 
Vl).  M-  (threshold  frequency  v,m).  etc.,  series. 

An  analysis  of  the  characteristic  X-ray  spectra  shows  that  the 
threshold  frequencies  approximately  satisfy  the  following  relation¬ 
ship: 

vk:vl  :vm:  ...  =-|-  :  -J-  :  4"  - 

which,  on  the  basis  of  (21.2),  may  be  rewritten  in  the  form 
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whence  it  follows  that 


We  thus  obtain  a  scheme  of  energy  levels  that  resembles  the 
scheme  of  levels  of  the  hydrogen  atom  (see  Fig.  31).  According 
to  this  scheme,  excitation  and  the  series  structure  of  character¬ 
istic  .X-ray  spectra  are  explained  as  follows.  When  one  K-electron 
is  removed  from  an  atom  (this  requires  the  expenditure  of 
hvK  =  A  energy,  and  the  atom  passes  from  the  K  level  to  the 


level  shown  in  Fig.  34  by  the  dashed  line)  the  vacated  place  in 
the  K-group  is  taken  by  an  electron  from  the  L-,  M-,  or  any 
other  group.  If  the  transition  is  by  an  L-electron,  the  first  and 
longest-wave  line  in  the  K-series  is  emitted,  K,;  if  by  an  M- 
electron.  the  line  Kj.  etc.  Accordingly,  when  one  of  the  L-elec- 
trons  is  removed  from  the  atom,  we  have  the  tran.sitions  M — ►  L, 

N  — L . which  are  attended  by  the  emission  of  lines  L„ 

L,.  ...  (L-series),  etc.,  as  shown  in  Fig.  34. 

According  to  this  scheme,  the  frequency  of  the  K,  line  should 
be  expressed  by  the  formula 


v  = 


3  A 

2V  —  4  h"  • 


The  value  of  A  may  be  obtained  from  the  following  data. 
Moseley  (1913)  showed  that  there  is  a  linear  relationship  be¬ 
tween  the  square  root  of  the  frequency  of  definite  lines  of  the 
characteristic  X-ray  spectra  of  various  elements  (for  instance,  the 
lines  K,  or  L.,  etc.)  and  their  atomic  number  Z  (cf.  (21.13)). 


In  the  particular  case  of  K.  lines,  this  relation  is  yiven  by  the 
following  approximate  expression; 


where  R  is  a  quantity  that  coincides  with  the  Rydberg  constant. 
Comparing  these  latter  two  expressions,  we  find  A  =  hR(z — I)* 
and,  consequently. 


hR  (Z  — 1)» 


.  R  (Z  -  l)» 


n=l,  2.  (21.15) 


Equation  (21.15)  turns  out  to  be  identical  with  (21.11),  if  in 
the  latter  we  put  z=l.  On  the  basis  of  the  physical  meaning 
of  the  screening  constant  z  this  result  may  be  interpreted  as 
follows.  As  we  saw  when  considering  the  ionisation  potentials  of 
various  elements,  the  group  of  most  firmly  bound  electrons, 
which  we  should  obviously  identify  with  the  K-group.  contains 
te'O  electrons.  For  this  reason,  the  1,-electron  (the  transition  of 
which  to  the  K-level  is  associated  with  the  emission  of  the  K, 
line)  is  acted  upon  by  the  nuclear  charge  Ze  screened  by  only 
one  electron,  i.e..  the  charge  (Z — l)e;  this  finds  expression 
in  (21.15). 

From  the  foregoing  discussion  it  may  be  seen  that  atoms  of 
various  elements  are  built  up  on  the  same  principle.  Its  char¬ 
acteristic  features  are  as  follows.  .411  atomic  electrons  are  distrib¬ 
uted  into  discrete  energy  groups.  The  energy  of  the  electrons 
of  each  group  is  determined  by  the  number  n  which  represents 
the  number  of  the  group.  The  most  firmly  bound  electrons  and, 
consequently,  those  closest  to  the  nucleus  form  the  two-elec¬ 
tron  K-group  (n  =  1).  This  is  followed  by  the  L-group  (n  =  2), 
which  contains  a  maximum  of  eight  electrons,  the  M-group 
(n=3)  with  a  maximum  of  18  electrons,  etc.  The  groups  K,  I., 
and  M  are  gradually  filled  up  as  the  nuclear  charge  increases 
beginning  with  the  H  atom,  which  in  the  ground  state  has  one 
K-electron.  However,  as  has  already  been  pointed  out  (Sec.  20), 
there  are  a  number  of  places  in  the  Periodic  Table  where  the 
regularity  of  filling  of  electron  groups  breaks  down. 


22.  Mechanical  Model  of  the  Atom 

Bohr- Sommerf eld  theory.  The  facts  which  we  have  reviewed  above 
and  the  concepts  about  the  structure  of  the  electronic  cloud  of  the 
atom  that  follow  from  them  are  evidence  of  the  complexity  of  atoms. 
The  problem  of  atomic  structure  has  been  on  the  agenda  since  Mende- 
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leyev,  in  1869,  discovered  the  periodic  law  of  the  chemical  ele¬ 
ments.  Out  of  the  chaos  caused  by  the  indeterminateness  of  the 
number  of  diverse  and  independent  chemical  elements  there 
emerKed  an  orderly  system  of  elements  that  reflected  their  dia¬ 
lectical  unity,  the  underlying  factor  of  which  was  the  unified 
structure  of  the  atoms  of  all  elements  made  up  of  electrons  and 
nuclei.  The  progress  of  nuclear  physics  that  followed  the  discov¬ 
ery  of  radioactivity  (Becquerel,  1896)  yielded  irrefutable  evi¬ 
dence  of  the  interconvertibility  of  the  elements,  thus  establishing 
a  genetic  interconnection  of  the  elements  and  their  mutual  kinship. 

The  experiments  of  Rutherford  (1911)  on  the  scattering  of 
alpha  particles  by  a  variety  of  elements  that  led  to  the  discov¬ 
ery  of  the  atomic  nucleus  (see  Secs.  8  and  9)  served  as  the 
starting  point  for  the  construction  of  a  modern  theory  of  the 
atom.  Rutherford  arrived  at  a  planetary  model  of  the  atom,  in 
which  electrons  revolve  about  a  heavy  nucleus  like  planets  round 
the  sun.  The  planetary  model  of  the  atom  served  as  the  basis 
for  Bohr’s  theory  of  the  hydrogen  atom  (1913),  which  was  the 
first  quantitative  theory  of  the  atom. 

The  hydrogen  atom,  which  consists  of  a  nucleus  (proton)  and 
only  one  electron,  was  naturally  the  first  object  of  theoretical 
investigation.  Yet  even  here  the  theory  encountered  difficulties 
that  could  not  be  surmounted  by  classical  physics  alone.  One 
of  the  stumbling  blocks  was  that  an  electron  revolving  about  a 
nucleus  and.  consequently,  experiencing  acceleration  should,  on 
classical  electrodynamics,  be  continually  radiating  energy  and 
should  ultimately  and  inevitably  fall  onto  the  nucleus. 

The  only  way  to  surmount  this  difficulty  was  to  give  up  clas¬ 
sical  electrodynamics  and  consider  it  inapplicable  to  processes 
occurring  inside  the  atom.  Reasoning  from  this  fact,  Bohr  pos¬ 
tulated  the  existence  of  stable  electron  orbits  in  the  atom,  and 
suggested  that  orbital  motion  was  not  attended  by  the  radiation 
of  energy. 

From  the  viewpoint  of  the  planetary  model,  the  mechanical 
problem  of  the  motion  of  electrons  in  an  atom  is  identical  with 
that  of  the  motion  of  celestial  bodies  in  a  planetary  system. 
The  identity  of  these  two  problems  is  evident  from  the  fact 
that  both  in  atomic  physics  and  in  astronomy  one  deals  with 
central  forces  that  obey  the  inverse  square  law  (the  laws 
of  Coulomb  and  Newton).  And  so  the  entire  mathematical  appa¬ 
ratus  of  classical  mechanics  that  had  been  worked  out  in  con¬ 
nection  with  astronomical  problems  could  be  applied  directly  to 
solving  the  atomic  problem. 

The  latter  reduces  to  the  well-known  problem  of  celestial 
mechanics  concerning  the  motion  of  so-called  multiply  periodical 
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point  systems,  which  have  the  distinguishing  feature  that  their 
motion  may  be  decomposed  into  simple  periodical  components. 
Given  N  degrees  of  freedom,  the  state  of  motion  of  such  systems 
is  described  by  means  of  N  generalised  coordinates  qj  and  N 
generalised  momenta  p^  (i=l.  2,  3,  ....  N).  the  latter  being 
defined  as  partial  derivatives  of  the  kinetic  energy  of  the  system 
K  with  respect  to  the  corresponding  generali.sed  velocities 

p,  =  ^.  (22.1) 


The  total  energy  of  the  system  E,  which,  in  the  gener¬ 
al  case,  is  a  function  of  the  coordinates  and  the  momenta, 
H(q,  p)  =  E  (Hamiltonian  function),  satisfies  the  following  2N 
differential  equations; 

P>  = - 5^-  <22.2) 

The  characteristic  property  of  these  equations,  caMed  Hamilton¬ 
ian,  or  canonical,  is  their  invariance  to  any  transformation  of 
coordinates.  Integration  of  equations  (22.2)  yields  the  solution 
to  the  mechanical  problem. 

Proceeding  from  the  invariance  of  the  canonical  equations, 
it  is  frequently  possible  to  find  a  coordinate  system  in  which  the 
Hamiltonian  function  (the  energy  of  the  system)  is  independent 
of  the  coordinates  (or  of  part  of  the  coordinates).  Designating 
such  coordinates  (called  angular,  or  cyclical)  by  w,  and  their 
corresponding  momenta  by  Ij.  we  will  obviously  have  here,  in 
place  of  equations  (22.2),  equations  of  the  form 

w,  =  const  =(o,  andl|=0, 

from  which  we  straightway  find  the  integrals  of  motion 

w,  =  <i)|t 6|  and  l,  =  const.  (22.3) 

We  will  not  dwell  on  the  methods  of  obtaining  canonical 
equations  in  the  new  coordinate  system  (of  transformation  to 
cyclic  coordinates),  but  will  only  point  out  that  the  condition 
for  such  transformation  (from  coordinates  and  momenta  q,  p 
to  w,  I)  is  fulfilment  of  the  equalities 

l,  =  ^p,dq,  (22.4) 


where  the  integration  is  extended  to  the  entire  region  of  varia¬ 
tion  of  the  coordinate  q,. 
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Classical  mechanics  does  not  impose  any  special  conditions  on 
the  integrals  I,  (called  phase  integrals),  as  a  result  of  which  the 
problem  of  the  atom  as  considered  within  the  framework  of 
classical  theory  remains  indeterminate.  For  one  thing,  we  are 
not  able  to  calculate  the  energy  of  the  atom  in  its  various 
energy  states.  Bohr  eliminated  this  indeterminateness  by  sub¬ 
jecting  the  phase  integrals  to  definite  quantum  conditions  which 
rellcct  experimentally  known  (Sec.  21)  quantised  energy  states 
of  atoms.  According  to  Bohr,  these  quantum  conditions  are 
expressed  by  the  following  equalities: 

■.  =  ^Pidqi  =  n,h  (22.5) 


where  n,  are  integral  numbers,  so-called  quantum  numbers.* 
Atom  (ion)  with  one  electron.  Considering  an  atom  with  one 
electron  and  a  nuclear  charge  Ze  (besides  the  H  atom,  these 
include  the  ioiis  He’".  Li**,  Be***,  etc.),  we  have,  in  the 
simplest  case  of  circular  orbits. 


where  J  -  „  r*  is  the  moment  of  inertia  of  the  atom  (m  and 

M  are  the  mass  of  the  electron  and  the  nucleus,  respectively) 
and  <f  is  the  angular  velocity  of  rotation  of  the  electron  and 
the  nucleus  (separated  by  a  distance  r)  about  their  common 
centre  of  gravity.  Computing  the  momentum  p  =  .^5-  =  J(p,  we 
find  from  the  condition  (22.5)  ** 


or 


tn 

J  pdip  =  2n J<p  =  n,  h  =  nh 

p  =  J<p  =  hn,  =  hn.  (22.6) 


From  the  quantum  condition  (22.6)  and  the  condition  of  dy¬ 
namic  equilibrium  expressed  by  the  equality  of  centrifugal  force 
and  the  force  of  Coulomb  attraction  of  the  nucleus  and  the 
electron. 


Jy*  _ e;|Z 

r  r*  > 


(22.7) 


•  It  will  be  readily  seen  that  the  phase  integrals  I  have  the  same  dimen¬ 
sions  as  the  Planck  constant  h,  the  dimensions  of  action:  energy  multiplied 
by  time. 

••  It  wilt  be  noted  that  the  equality  J<p  =  const  expresses  the  Kepler  law 
of  areas. 
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we  obtain  two  equations  for  the  two  unknowns  r  and  (p.  The 
solution  of  these  equations  gives  e.xpressions  for  the  radius  of 
steady-state  orbits  and  for  the  linear  velocity  of  the  electron: 


and 


r 


h’  in  +  At  _l_  2 
4.1*0*  mM  Z  ^ 


(22.8) 


■rep 


410*  M  7  1 
h  Ill  -f-  M  11  • 


(22.9) 


Substituting  here  the  numerical  values,  we  get.  for  the  radius 
(minimum)  of  a  one-quantum  (n  =  l)  Bohr  orbit  of  the  H  atom 
(Z  =  1).  the  value 

r,  =  0.529  A, 


and  for  the  maximum  velocity  of  the  electron*  in  the  H  atom 
V,  =  2.I9X  10*  cm  sec. 

i»*7  V 

Further,  since  2K  =  —  V  =  —  (see  (22.7)),  we  obtain  E  = -^  = 
e*7 

=  —  ^  for  fho  total  energy  of  the  atom  E  =  K  +  V,  whence, 
on  the  basis  of  (22.8),  we  find 


where 


2i*e*  iiiM  ^  _  hRZ* 
h*  in  -f-  M  n*  n* 

_ 2n*e*  mM 

h’  in  4" M 


(22.10) 

(22.11) 


The  value  of  R  computed  from  (22.11)  coincides,  with  great 
accuracy,  with  the  experimentally  obtained  value  of  the  Ryd¬ 
berg  constant.  Thus,  the  theoretical  expression  for  the  energy 
of  an  atom  with  one  electron  (22.10.)  is  in  quantitative  agree¬ 
ment  with  experiment  (cf.  formulas  (21.3)  and  (21.5)).  It  may 
also  be  noted  that  (22.11)  precisely  conveys  the  experimentally 
observed  dependence  of  the  Rydberg  constant  on  the  mass  of  the 
nucleus  (see  p.  136). 

The  motion  of  electrons  in  circular  orbits  is  obviously  a  spe¬ 
cial  case  of  the  motion  of  a  particle  in  a  field  of  central  forces. 
The  general  solution  of  this  problem  leads  to  elliptical  orbits. 
As  applied  to  the  atom,  this  problem  was  solved  by  Sommerfeld 
(1916). 

Here,  the  system  (atom)  has  two  degrees  of  freedom  and  its 
kinetic  energy  is  a  function  of  9  =  ^  and  of  f  =  ^ .  According- 


*  The  angular  velocity  of  an  electron  in  the  ground  state  of  the  H  atom 
is  ii>,/2n  =  u),  =  6.6  X  lb"  revoiutions  per  second. 
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ly,  we  have  two  quantum  conditions  (22.5)  and  two  quantum 
numbers:  azimuthal,  n^,  and  radial,  n,.  The  number  n,  equal  to 
the  sum  n,. +  n,,  is  called  the  principal  quantum  number. 

The  eccentricity  of  the  electron  orbit  e  is  determined  by  the 
relationship  between  n^  and  n: 

e=  ]/ 1  — (22.12) 

Circular  orbits  are  obtained  in  the  special  case  n,  =  n,  i.  e., 
n,  =  0. 

The  atomic  energy  is  expressed  by  the  equation 


where  a  is  the  semi-major  axis  of  the  ellipse  equal  to 

a  =  -^4n’.  (22.13) 

me*  Z  '  ' 

Substituting  a  (22.13)  into  the  expression  lor  energy,  we  obtain 
the  same  equation  (22.10)  as  is  the  case  of  circular  orbits.  Con- 


A-  ^  />/  A' 


Fig,  35.  Bohr-Sotnmerfeld  orbits  of  hydrogen-like  atom 


sequently,  for  a  given  value  of  the  principal  quantum  number 
n  the  energy  of  an  atom  (ion)  is  independent  of  the  shape  of 
the  orbit. 

The  assemblage  of  orbits  of  a  hydrogen-like  atom  for  n  =  l. 
2.  3.  and  4  (states  K.  L,  M.  and  N)  is  given  in  Fig.  35.*  We 
see  that  when  n=l(K)  there  is  only  one  (circular)  orbit  in 
accordance  with  the  fact  that  the  condition  n— 1  is  fulfilled 
only  in  the  case  of  a  single  definite  value  of  each  of  the  quan¬ 
tum  numbers  n.,  and  n„  namely,  n,|,=  l  and  n,=0,  since  the 
value  n^  =  0  should  obviously  be  excluded  in  all  cases.  Indeed, 
when  n.,  =  0  we  obtain  from  (22.12)  an  eccentricity  of  the  orbit 
equal  to  1,  as  a  result  of  which  the  semi-minor  axis  tends  to 
zero.  When  n  =  2(L)  there  are  two  orbits,  circular  and  ellipti- 


♦  The  value  ol  a  in  this  figure  is  the  same  lor  all  orbits.  Actually,  accord¬ 
ing  to  (22.13),  a  increases  with  n  as  n*. 
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cal,  in  accordance  withtwopairsof  values  of  the  numbers  n.and  n,:2.0 
and  1,1.  etc.  In  the  general  case  the  given  value  of'  n  of  the 
principal  quantum  number  is  obtained  by  means  of  n  different 

combinations  of  numbers  n,  and  n,:n.=  l.  2.  3 . n  and 

n,  =  0.  1,  2 . (n — 1).  Thus,  for  eacli  given  value  of  n  we 

have  n  different  states  of  the  atom  with  identical  energy,  i.e., 
they  are  indistinguishable  with  respect  to  energy.  Such  states 
are  called  degenerate.  Let  it  be  noted  that  in  quantum  statistics 
an  elevated  statistical  weight*  is  attributed  to  degenerate  states. 

However,  investigation  of  the  structure  of  hydrogen  lines  by 
means  of  instruments  with  high  resolution  shows  that  in  reality 
there  is  a  slight  splitting  of  the  “degenerate”  levels.  Hence, 
degeneracy  of  the  levels  of  a  hydrogen  atom  (as  also  the  levels  of 
the  ions  He'^,  Li**,  etc.)  is  only  apparent  and  these  levels,  due 
to  the  slight  degree  of  their  splitting,  may  be  regarded  as  prac¬ 
tically  degenerate. 

The  feeble  level  splitting  (removal  of  degeneracy)  is  also  ob¬ 
tained  in  the  case  of  a  more  precise  solution  of  the  mechanical 
problem  of  the  atom  with  one  electron  if  we  take  into  account 
the  dependence  of  the  mass  of  the  electron  on  its  velocity 
(Sommerfeld,  1916).  In  this  case  (relativistic  problem),  in  place 
of  (22.10)  for  the  energy  of  the  atom  (ion)  we  obtain  the  follow¬ 
ing  approximate  expression; 


hR2* ha'RZ*  /  n _ S'! 

n'  n*  V  n,  A  ) 


(22.14) 


=  c  is  the  velocity  of  lightV  the  first  term  of  which 

coincides  with  (22.10),  and  the  second  gives  a  slight  correction. 
For  the  ground  level  of  the  H  atom  (n  =  n.j=  1).  this  correction 
amounts  to  about  0.001*/,  and  diminishes  rapidly  as  the  prin¬ 
cipal  quantum  number  increases.  Although  the  correction  is 
small  (because  the  speed  of  the  electron  in  the  atom  is  less 
than  1*/,  of  the  speed  of  light),  the  essential  thing  is  that  the 
energy  of  the  atom  is  now  a  function  not  only  of  the  number 
n,  but  also  of  the  number  n„.  Therefore,  states  with  the  same  n 
but  with  different  n^  will  diner  somewhat  in  energy,  which  is 
what  signifies  splitting  of  a  “degenerate”  level  (into  n  components). 

We  also  point  out  that  in  the  relativistic  theory  of  the  atom 
the  electronic  orbits  are  no  longer  closed,  but  take  the  shape 
of  a  rosette  (Fig.  36).  In  this  case,  the  motion  of  an  electron 
may  be  pictured  as  motion  in  a  closed  flat  orbit  that  processes 


•  The  statistical  weight  is  an  a  priori  probability  of  state.  The  same  sta¬ 
tistical  weight  of  various  states  indicates,  for  one  thing,  that  these  states  are 
encountered  with  the  same  frequency  under  identical  conditions. 
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with  a  certain  angular  velocity.  However,  since  the  angular 
velocity  of  precession  is  such  that  during  one  circuit  of  the  elec¬ 
tron  around  the  nucleus  the  orbital  a.xis  turns  through  an  angle 
A(r  (Fig.  36),  which  does  not  exceed  0.01,  the  electron  orbits 
of  the  hydrogen  atom  may  be  considered  closed  —  to  the  approx¬ 
imation  to  which  one  can  speak  of  n-degeneracy  of  the  energy 
levels  of  the  H  atom. 

Due  to  the  smallness  of  the  correction  term  in  (22.14),  the 
latter  may  be  rewritten  in  the  form 


In  this  form,  the  expression  for  the 
energy  of  an  atom  (or  ion)  with  one 
electron  is  somewhat  similar  to  the 


Fig.  36.  Orbital  preces-  Rydberg  formula  (21.10)  for  the  energy 
Sion  (Somnierfeld  rosette)  q(  atoms  of  the  alkaline  elements  or  of 


corresponding  ionswithone  extra  electron. 

Positronium.  Mesonic  atoms.  In  connection  with  an  atom  (ion) 
with  one  electron  we  shall  discuss  briefly  atoms  of  a  peculiar 
sort  discovered  in  nuclear  physics,  namely,  positronium  and 
mesonic  atoms.  Positronium  appears  when  positrons  are  slowed 
down  in  a  substance  by  interaction  with  electrons;  it  represents 
a  system  consisting  of  an  electron  and  a  positron  that  revolve 
about  a  common  centre  of  gravity,  and  is  very  similar  to  the 
hydrogen  atom.  Using  the  formulas  derived  above  for  the  H 
atom,  it  is  possible  to  calculate  the  various  constants  of  posi¬ 
tronium.  For  example,  in  view  of  the  equality  of  mass  of  the 
positron  and  electron,  from  equation  (22.8)  it  follows  that  the 
orbital  radii  of  positronium  should  exceed  by  a  factor  of  two 
the  corresponding  orbital  radii  of  the  H  atom.  For  instance,  in 
the  ground  state  of  positronium  (n=l)  the  orbital  radius  is 
approximately  I  A.  Accordingly,  the  energy  of  dissociation  of 
positronium  into  a  positron  and  an  electron  comes  out  to  one 
half  the  ionisation  potential  of  the  H  atom. 

Further,  depending  on  the  mutual  orientation  of  the  spins  of 
the  positron  and  the  electron  positronium  can  exist  in  two  states 
(Fig.  45.  p.  209):  orthopositronium,  in  which  the  spins  of  the 


See.  221 


MIXMANICAl  MODCI,  OF  ATOM 


13:) 


particles  are  parallel  and  which  has  a  mean  lifetime  t=1.IX 
X  10"’  sec.  converting  into  three  y-photons,*  and  parapositro- 
nium  with  antiparallel  spins  and  a  lifetime  of  1,25X  10‘'“sec,  con¬ 
verting  to  tiito  photons.  The  ground  level  of  orthopositronium 
{triplet  state)  lies  above  the  ground  level  of  parapositronium 
{iinfrlet  slate)  by  only  0.84X10“’  eV.  Since  for  a  number  of 
molecules  with  an  odd  number  of  electrons  (for  instance,  NO) 
the  distance  between  levels  with  different  orientation  of  spin  is 
small  (in  NO  this  distance  is  13.6  X  10“’ eV),  an  ortho — -para 
transition  (by  collision  of  positronium  with  such  molecules)  is 
already  possible  at  room  temperature: 

orthopositronium  -|-  NO  (’FI. ,)  =  parapositronium  -)-  NO  (MI  ,  ). 

Due  to  a  great  difference  in  the  lifetime  (which  is  inversely 
proportional  to  the  probability  of  annihilation)  of  the  ortho- and 
para.states  of  positronium,  the  ortho — -para  process  leads  to  an 
acceleration  of  annihilation.  Observation  of  this  effect  was  what 
led  to  the  experimental  discovery  of  positronium  (Deutsch,  1951). 

Another  special  type  of  atom  are  the  mesonic  atoms.  The  hy¬ 
pothesis  expressed  as  early  as  1940  (Tomonaga  and  Araki  that 
negative  mesons,  prior  to  their  capture  by  the  nucleus  or  prior 
to  their  spontaneous  decay,  can  continue  revolving  about  the 
nucleus  for  some  time  thus  forming  a  mesonic  atom,  was  subse¬ 
quently  corroborated  experimentally.  It  was  found  that  mesons 
interacting  with  a  substance  gave  rise  to  y-radiation  associated 
with  the  transition  2P — IS  in  the  mesonic  atom  and  with  energy 
of  the  order  of  several  MeV.  It  was  demonstrated  that  there  exist 
both  p-mesonic  atoms  (p"-meson  revolving  round  a  nucleus)  and 
n-mesonic  atoms  (jt“-meson)  with  different  lifetimes. 

In  contrast  to  positronium,  the  radii  of  the  meson  orbits  in 
mesonic  atoms  turn  out  considerably  less  than  the  radii  of  elec¬ 
tron  orbits.  Indeed,  due  to  the  fact  that  the  meson  mass  is 
200-300  times  (see  p.  83)  that  of  the  electron,  the  radii  of  the 
meson  orbits  must  be  the  same  number  of  times  less  than  the 
radii  of  the  electron  orbits,  as  follows  from  (22.8).  Therefore, 
electrons  in  orbits  far  from  the  nucleus  should  not  exert  a  per¬ 
ceptible  effect  on  the  mesons  in  mesonic  atoms. 

Computing,  from  (22.8),  the  radius  of  the  meson  orbit  closest 
to  the  nucleus,  i.e.,  the  quantity  r  =  -^r, (m,,  and  nij,  are 
the  masses  of  the  electron  and  meson,  respectively),  we  obtain 


•  Decay  into  three  photons  is  due  to  the  law  ot  conservation  ot  nioinen- 
tum  since  the  spin  of  the  photon  is  equal  to  h. 
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for  various  nuclei  (at  Z=l)  radii  equal  to  2.5X10'"  cm 
(ji-mesonic  atom)  and  2.0X10'"  cm  (n-mesonic  atom)*  and 
(at  Z  =  30)  8. .3  X  10'"  cm  and  6.5X10'"  cm,  respectively,  and 
(at  Z=100)  2.5X10'"  cm  and  2.0X10'"  cm.  respectively. 
Comparing  these  numbers  with  the  nuclear  radii  computed  from 
(9.5)  (p.  43):  2  X  10'"  cm  (or  Z=  1.  6.2X10"”  cm  for  Z  =  30, 
and  9.3  X  10'"  cm  (or  Z=  100.  we  see  that  the  meson  not  only 
revolves  at  close  distances  from  the  nucleus,  as  is  the  case  of 
light  nuclei,  but  already  in  the  case  of  nuclei  with  Z  =  30  (and 
more)  it  should  penetrate  the  nucleus. 

Due  to  the  closeness  of  the  meson  orbits  to  the  nucleus  (to 
say  nothing  of  penetration  into  the  nucleus)  the  dimensions  of 
the  nucleus  and  its  structure,  which  can  no  longer  be  regarded 
as  a  point  charge,  affect  the  mesonic  atom  levels.  As  a  result, 
there  are  changes  in  the  order  of  the  levels  of  the  mesonic  atom. 
For  instance,  unlike  the  H  atom,  the  2S-level  in  p-mesonic  anti¬ 
mony  (Z  =  51)  lies  above  the  2P-level,  while  the  3S-level  is 
above  3P  and  3D.  It  is  also  necessary  to  take  into  account  in¬ 
teraction  between  the  meson  and  the  nucleons  of  the  nucleus. 
From  what  has  been  said  it  is  clear  that  the  study  of  mesonic 
atoms  is  very  important  for  an  understanding  of  the  structure  of 
nuclei  and  particle  interaction  and  also  for  investigations  into 
the  mesons  themselves. 

Atoms  of  the  alkaline  elements.  As  has  already  been  pointed 
out  above  (p.  141),  the  experimentally  observed  close  or  complete 
coincidence  of  the  high  terms  of  atoms  of  alkaline  elements  with 
the  corresponding  hydrogen  terms  may  be  associated  with  the  fact 
that  in  the  former  the  electric  field  of  the  atomic  core  differs  but  slight¬ 
ly  from  the  field  of  a  point  charge.  In  this  case,  obviously, 
the  orbit  of  the  outer  electron  is  situated  entirely  outside  the 
atomic  core  (non-penetrating  orbits):  due  to  the  considerable  dis¬ 
tance  from  it  of  the  outer  electron,  interaction  of  the  latter  with 
the  inner  electrons  may  be  regarded  as  a  slight  perturbation 
superimposed  on  the  Coulomb  attraction  of  the  outer  electron  by 
the  atomic  core. 

This  perturbation  may  be  accounted  for  by  expanding  the  po¬ 
tential  energy  V  of  the  outer  electron  in  the  atom  of  an  alkaline 
element  in  a  power  series  of  the  small  quantity  r,/r,  where  r  is 
the  distance  of  the  outer  electron  from  the  nucleus,  while  r,  is 
the  radius  of  a  one-quantum  Bohr  orbit  of  the  H  atom: 

V(r)^-s:^[l+c.(il)  +  c.(;^y+c. 

•  These  Agures  are  obtained  for  the  following  values  of  meson  mass:  m„=» 
=  207  me  (n -meson)  and  me  =  273me(«-meson). 
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where  c,,  c,,  etc.,  are  constants  determined  by  the  nature  of  the 
distortion  (perturbation)  of  the  Coulomb  field  of  the  nucleus.  Here, 
for  generality,  we  have  introduced  the  charge  of  the  atomic  core 
Z,.  which  is  equal  to  I  in  the  case  of  alkaline  elements.  Sum¬ 
ming  V  (r)  and  the  kinetic  energy  of  the  electron 

K  =  f  (r'  +  r’ip’) 


^here.  p  = 
p,  =  pr  and 


reduced  mass^  .  which  energy,  due  to 
p..  =  pr'q)  =  p.  may  be  rewritten  in  the  form 

'<  =  2S-(PJ+^). 


we  obtain  the  total  energy 


where 


^v=^[c.(-f^)+c.ety+...]. 

From  the  expression  obtained  for  the  total  energy  E.  we  find  the 
radial  momentum 


p,=  ■/ 2p(e  +  '-^  +  AV)-^^  . 


and  further.  according  to  the  Bohr  quantum  condition 


^p,dr  =  n,h. 


f  Y 2p(E+^^-+-Av)-^dr  =  n,h  =  (n  — n,)h. 

From  this  integral  (omitting  all  intermediate  operations)  we  ob¬ 
tain  the  energy  of  the  atom  in  the  form  of  the  following  series: 


hRZl  _ 

hRZj  /  2Z,c, 

"cfl 

n*  V  nn^ 

^  nn;  ' 

(22.16) 


Disregarding  terms  containing  the  product  of  small  quantities 
c,.  from  expression  (22.16)  and  in  complete  agreement  with  the 
empirical  relationship  of  Ritz  (21.9).  we  find 
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'  Z.c,  i_  7*^  (  3  I _ I 

ncll— n  — —  —  +ZaC,|^  +  2n'n’. 

-n  +  6,+  ^^+.... 

where  the  Rydberf;  correction 

V  c  Z'.c.  ,  3Z’,c,  ,  \ 

;ind  the  Ritz  correction 

6,=-  —  +  . . . 

“  2n’.  ' 


(22.I7> 


(22.18) 


In  the^e  expressions,  for  the  corrections  6,  and  6,.  as  also  in 
the  expression  for  the  energy  of  an  atom  (22.16).  the  constants 
c  remain  indeterminate.  In  the  Born  and  Heisenberg  theory 
(1921).  this  indeterminateness  is  eliminated  in  the  following  man¬ 
ner.  The  motion  of  the  outer  electron  is  regarded  as  motion  of  an 
atomic  core  in  a  Coulomb  field  perturbed  by  the  field  of  a  dipole 
that  is  due  to  polarisation  of  the  atomic  core  (Me^  ion)  in  the 
field  of  the  outer  electron. 

Introducing  the  polarisation  coefficient  a,  defined  as  the  dipole 
moment  induced  by  a  field,  the  intensity  of  which  is  equal  to 

unity,  and  considering  the  field  of  the  electron  = -pi-  uniform 
throughout  the  extent  of  the  atomic  core,  we  obtain  x==ol£  =  ^ 
for  the  induced  dipole  moment  t.  This  dipole  acts  on  the  elec¬ 
tron  with  a  force  F  =  ^  — ,  whence  for  the  additional  poten¬ 
tial  energy  of  the  electron  we  find 


In  the  expression  for  the  additional  potential  energy  of  the 
electron  AV  we  can  therefore  disregard  all  terms,  with  the  ex¬ 
ception  of  the  term  with  the  coefficient  c,.  Comparing  this  term, 

equal  to  —  ^-p^  c,  with  the  expression  obtained  for  AV,  we 
find  c,  = .  Substituting  this  value  of  c,  (together  with 
c.  =c,  =  c,=  . . .  =0)  into  equations  (22.17)  and  (22.18),  we 
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obtain  the  following  expressions  for  the  corrections  6,  and  6,: 


and 


6  =^-L 

IrJ  n’ 

from  which  it  follows,  for  the  quantum  defect  A,  that 


(22.19) 

(22.20) 


A 


3  “2 
T 


s  I  - 


(22.21) 


It  should  be  noted  that  according  to  (22.19)  and  (22.20)  both 
corrections  have  different  signs,  and  in  accordance  with  e.xperi- 
ment  the  Ritz  correction  6,>0.  Further,  since  n.^n  it  follow.s 
from  these  equations  that 5=3,  i.e.,  that  a  greater  role  is 

played  by  the  Rydberg  correction  (again  in  agreement  with  e.\- 
periment). 

Calculations  of  the  quantum  defect  A,  on  the  basis  of  (22.21) 
and  also  by  means  of  the  more  precise  formula  (24.17)  obtained 
from  a  solution  of  the  quantum-mechanical  problem  of  an  atom 
with  one  outer  electron  (sec.  24),  reveal  (as  was  to  be  expected) 
satisfactory  agreement  with  experiment  only  in  the  case  of  cir¬ 
cular  orbits,  for  which  the  quantum  defect  is  small  (see  (22.21)) 
due  to  large  values  of  n..  =  n. 

The  reason  for  the  q'uantitative  nonagreement  of  theory  and 
experiment  in  the  case  of  elliptical  orbits  lies  in  the  penetration 
of  these  orbits  into  the  atomic  core  (pe/iWra//ng  ori>/7s),  as  a  result 
of  which  the  principal  premise  of  the  Born-Heisenberg  theory 
concerning  the  large  distance  of  the  outer  electron  from  the  other 
electrons  of  the  atom  no  fonger  holds.  By  way  of  illustration 
let  us  examine  the  orbit  of  a  sodium  atom  characterised  by  the 
quantum  numbers  n  =  3  andn^=l.*  Using  the  formulas  of  the 
one-electron  problem  and  evaluating,  lor  this  orbit,  the  rhinimum 
distance  of  the  electron  from  the  nucleus  r,„|„  =  a(l  —  e),  where 
a  is  the  semi-major  axis  of  the  ellipse  and  e  is  its  eccentricity, 
we  find  r„|„  =  0.27  A  due  to  the  fact  that  a  =  0. 53  X  3’ A  =4.75  A 
and  e  =  l/"8y3  =  0.943.  On  the  other  hand,  equating  the  radius 
of  the  sodium  atomic  core  to  the  radius  of  the  ion  Na^.  we  get 


•  As  we  shall  sec  below  (p.  183),  this  orbit  corresponds  to  the  lower  s-term 
of  the  Na  atom,  i.e.,  to  the  ground  state  of  the  atom. 
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r  =0.95  A.  We  thus  see  that  a  sodium  electron  moving  in  the 
orbit  under  consideration  must  penetrate  the  atomic  core  to  more 
than  2/3  of  its  radius. 

The  atomic  problem  that  takes  into  account  orbital  penetration 
of  the  outer  electron  into  the  atomic  core  is  solved  as  follows. 
The  orbit  is  taken  to  consist  of  two  parts  (outer  and  inner,  which 
is  situated  inside  the  atomic  core);  in  the  outer  portion  of  the  orbit 
the  electron  experiences  the  action  of  a  point  charge  eZ^  (in  the 

case  of  a  neutral  atom  Z,  =  l). 


in  the  inner  portion,  the  action 
of  a  certain  effective  (also  point) 
charge  eZ,,  which  may  be  suffi¬ 
ciently  large  due  to  a  reduction  in 
the  screening  effect  of  the  inner 
electrons  (Fig.  37). 

Underlying  quantitative  evalu¬ 
ations  of  atomic  terms  for  the 


Fig.  37.  Ponclraiing  orbit  case  of  penetrating  orbits  is  the 

following  model  of  the  atomic 
core  proposed  by  Schrodinger  (1921)  and  generalised  by  Wen- 
tzel  (1923).  According  to  the  latter,  the  atomic  core  is  a  series 
of  concentric  charged  spheres,  each  of  which  possesses  a  definite 
surface  charge.  The  charge  acting  on  the  electron  (Z,)  depends 
on  the  depth  of  penetration  of  the  orbit  into  the  atomic  core. 
The  simplest  solution  of  the  problem  is  for  the  case  of  the  so- 
called  completely  penetrating  orbits  (Fig.  37).  which  may  be 
regarded  as  consistin  of  two  ellipses  (dashed  line  in  Fig.  37): 
one  entirely  inside  the  atomic  core,  the  other,  the  outer  ellipse. 
For  each  ellipse  we  can  introduce  its  radial  quantum  numbers 
n,|  and  n„  and,  accordingly,  the  principal  quantum  numbers  n, 
and  n,.  which  are  equal  lon|  =  n,|  +  n.j  and  n,  =  n„-|-’’?  (since 
the  angular  momentum  p  is  conserved,  the  number  n^  is  the  same 
for  both  ellipses).  Further,  due  to  the  fact  that  the  inner  ellipse 
is  totally  inside  the  atomic  core,  the  energy  of  the  outer  electron 
will  be  equal  to  its  energy  in  the  outer  orbit,  i.e.,  to  the 
quantity 


(22.22) 


Summing  the  numbers  nj  and  n^  and  noting  that  the  true  prin¬ 
cipal  quantum  number  of  the  penetrating  orbit  n  =  n,-(-n  = 
=  we  obtain  ncii  =  na==n-4-n,  —  n,.  i.e.,  ’ 

A  =  n  — nei(  =  n,  — n,. 


(22.23) 
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Denoting  the  semi-major  axis  of  the  inner  ellipse  by  a.  we  have 


and.  further,  due  to  the  fact  that  the  maximum  distance  of  the 
electron  from  the  nucleus  in  the  inner  ellipse  should  equal  the 
radius  of  the  atomic  core  r^,  we  have 

a  (1  4-s)  =r,. 

Eliminating  from  the  two  latter  equalities  the  quantity  a  and 
recalling  that 


we  obtain  the  following  approximate  equation  for  the  quantum 
defect  A  =  |6| 


A  = 


(22.24) 


It  will  readily  be  seen  that  expression  (22.24).  like  (22.21), 
decreases  with  increasing  n  .  Indeed,  having  in  view  the  terms 
that  are  characterised  by  the  values  n^=l  and  2,  and  noting 
that  the  quantity  Z,,  like  r„/r,  is  noticeably  greater  than  unity, 
we  can  expand  in  a  series  the  radical  in  (22.24)  and,  differ¬ 
entiating  with  respect  to  n^.  we  find  that  ■g^<C0- 

The  values  A  for  the  s-terms  as  computed  fr’bm  the  rather 
more  precise  formula  (24.19)  derived  from  (22.24),  are  found  to 
be  in  good  agreement  with  experiment  (see  p.  184).  From  this  it 
follows  that  we  are  here  dealing  with  practically  .completely 
penetrating  orbits.  Worse  agreement,  with  experiment,  of  the 
computed  values  of  the  quantum  defect  for  the  p-terms  may  be 
regarded  as  an  indication  that  in  this  case  the  electron  orbits 
are  no  longer  completely  penetrating. 

As  was  pointed  out  above  (p.  151),  feeble  splitting  of  the 
hydrogen  terms  is  in  agreement  with  the  fact  that  the  electron 
orbits  of  the  H  atom  are  practically  closed.  For  this  reason, 
it  is  natural  to  expect  that  in  the  atoms  of  the  alkaline  ele¬ 
ments,  where  splitting  is  great,  the  electrons  will  be  revolving 
about  the  nucleus  in  orbits  of  clearcut  rosette-like  shape.  This 
conclusion  is  confirmed  by  calculation  of  the  angular  velocity 
of  precession  of  the  orbits.  This  caiculation  may  be  carried  out 


160 


tLECTRONIC  STRUCIUHC  OF  ATOMS 


|Ch  3 


on  the  basis  of  the  approximate  theory  of  Born  and  Heisenberg. 
I.et  us  find  the  equation  of  the  electron  orbit  (equation  of  the 
trajectory)  in  an  atom  of  an  alkaline  element.  Computing  the 
azimuthal  momentum  and  radial  momentum  from  formula  (22.1). 


and.  further. 


p.  =  p  =  mr*(p  and  p,  =  mr 


Pf 

p 


I  dr 
r*  dq» 


ds 

d<p 


where  s  =  — .  we  rewrite  the  expression  for  energy  E  in  the  form 


DiHerenliatin^!  the  latter  expression  with  respect  to  q),  we  find 
d*s  nic*2j  f  .  ?me*a 

d(f'  —  ^  r  p‘ 


(22.25) 


This  equation,  which  is  the  sought-for  equation  of  the  trajec¬ 
tory  of  the  electron,  is  not  integrated  in  final  form.  However, 
taking  into  account  the  approximate  nature  of  the  initial 
expression  tor  E,  it  is  possible  to  simplify  equation  (22.25)  by 
replacing  the  quantity  s’  in  the  brackets  with  its  mean  value, 
which  may  be  obtained  from 


dt. 


On  the  basis  of  the  Kepler  law  of  areas  .lr’-^  =  -2^  and.  con¬ 
sequently, -i- -jLdt  so  that 


(22.26) 


Substituting  s’  into  equation  (22.25)  in  place  of  s',  we  get 
<t‘s  nie'Z^  /,  2me’o'\, 

)’  I  *  abp'  ,/ 


d9' 


(22.27) 


The  solution  to  this  simplified  equation  is  the  function 

s  =  A -[- B  cos  yqi  (22.28) 


where 


(=  ]/i 


2me*a 

abp* 


(22.29) 
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and 

_ me^Zj  2 

~  P* 

Evaluating  r,„|„=.^  =  T4rB 
find,  from  the  well-known  relation 


we 


g _ rmjx  ^tnin 

I’miii  “I" 

that  e  =  B,A  and,  hence, 

s=-l-  =  A(l +ecosY'P).  (22.30) 

This  equation  differs  from  the  equation  of  an  unperturbed 
ellipse  by  the  factor  y  with  which  orbital  precession  is  associated. 
Indeed,  since  y==1,  an  electron  at  perihelion  lor  cp  =  0  comes 
to  perihelion  once  more  not  at  (p  =  2nbut  at  Y<p  =  2n.  i.e.,  when 
<p  =  2jt/Y>2n.  Consequently,  during  the  time  of  a  complete 
revolution  of  an  electron  in  its  orbit  the  major  axis  of  the 
ellipse  turns  through  the  angle 

A(p  =  -^  — 2n  =  l.^  2n  (22.31) 

(see  Fig.  36).  Accordingly,  the  angular  velocity  of  precession 
will  be 


Dividing  Q  by  the  angular  velocity  of  the  electron  in  the  orbit 


we  obtain 


Q  _  A<t>  _ I  —  Y 

w  2n  Y 


(22.32) 


Evaluating  the  ratio  Q/w,  we  see  that  Q  and  (o  are  close  as  to 
order  of  magnitude.  Indeed,  transforming  expression  (22.29)  to 
the  form 


2a 


13.5  X10>'a 


(here  we  note  that  b  =  a  (n.j/n),  a  =  r,n'.  p  =  hn.  and  r,  =  h7e’m  = 
=  0.529  A)  and  substitutirig  into  it  the  values 'of  the  polarisation 
coefficients  of  the  ions  of  alkaline  elements  (see  p.  183)  from 
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formula  (22.32),  we  obtain,  for  the  s-terms  (n^=  1),  A(p=  10°-40°, 
Comparing  this  result  with  the  angular  velocity  of  precession 
of  hydrogen  orbits,  the  precession  being  characterised  by  the 
quantity  A<f  that  does  not  exceed  0.01°  (see  p.  152),  we  see  that 
as  was  to  be  expected  the  rosette-like  character  of  the  orbits 
in  the  atoms  of  the  alkaline  elements  is  very  pronounced. 

It  should  be  pointed  out  that  precession  also  occurs  in  the 
case  of  penetrating  orbits  (Fig.  37);  due  to  the  strong  attraction 
experienced  by  the  electron  inside  the  atomic  core,  the  angular 
velocity  of  precession  in  this  case  should  be  greater  than  in  the 
case  of  non-penetrating  orbits.  It  may  be  demonstrated  that  the 
angular  velocity  of  precession  Q  varies  in  the  same  sense  as  1 6 1. 
For  this  reason,  one  should  expect  that  in  the  case  of  penetrat¬ 
ing  orbits,  Q  and  u  should  be  close  in  value. 

Magnetic  properties  of  the  atom  in  the  Bohr-Sommerfeld  theory. 
In  the  Bohr-Sommerfeld  theory  the  magnetic  properties  of  atoms 
receive  the  following  pictorial  interpretation.  An  electron  revolv¬ 
ing  about  a  nucleus  may  be  regarded  as  a  certain  closed  electric 
current  i=eT  (t  is  the  orbital  period  of  the  electron*).  To  this 
current  there  corresponds  a  definite  magnetic  moment  p=iS. 
where  S  =  nab  is  the  area  of  the  orbit  (a  and  b  are  the  semi¬ 
major  and  semi-minor  axes  of  the  ellipse),  whence  it  follows 
that  n  =  nabe,T  Since  nab, t  =  7,  (r’qF)  =  P;'2m  (cf.  p.  160),  we  have 


Substituting  p  =  hnj  into  (22.33),  for  the  magnetic  moment  of 
an  electron  orbit  we  get 

P  =  -^ -^n,  =  pBn,.  (22.34) 

whence  it  follows  that  the  magnetic  moment  of  the  atom,  like 
its  angular  momentum  p,  is  a  quantised  quantity  representing 
a  multiple  of  a  certain  elementary  magnetic  moment 

Mb  =  4-^.  (22.35) 

The  latter  quantity  is  numerically  equal  to  9.271X10"” 
erg-oersted"'  and  is  called  the  Bohr  magneton. 

Since  for  the  ground  state  of  the  hydrogen  atom  n,  =  n  =  l, 
we  must  conclude  that  the  magnetic  moment  of  the  H  atom  is 
equal  to  one  Bohr  magneton.  Also  equal  to  this  quantity  should 


•  The  idea  that  magnetism  is  due  to  certain  (hypothetical)  molecular 
currents  was  expressed  by  Ampere  in  1822. 
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be  the  magnetic  moments  of  the  atoms  of  the  alkali  metals, 
and  the  atoms  of  copper,  silver,  and  gold,  the  ground  state  of 
which  is  the  s  state  characterised  by  the  azimuthal  quantum 
number  n.  =  1.* 

The  first  direct  measurements  of  the  magnetic  moment,  or. 
more  precisely,  the  projections  of  the  magnetic  moment  of  atoms 
on  the  direction  of  the  magnetic  field  were  carried  out  by  Stern 
and  Gerlach  in  1921  with  atoms  of  silver.  By  passing  a  beam 
of  silver  atoms  through  an  inhomogeneous  magnetic  field,  they 
found  that  the  original  beam  is  split  into  two  beams  of  the  same 
intensity.  Subsequently,  this  phenomenon  became  known  as  the 
Stern-Gerlach  effect.  Phipps,  Taylor,  and  Wrede  likewise  observed 
the  splitting  of  a  beam  of  hydrogen  atoms  into  t\A’0  beams. 
A  similar  effect  was  noted  in  the  case  of  the  atoms  of  sodium, 
potassium,  copper,  iron;  in  the  case  of  nickel  atoms  there  are 
three  beams,  while  diamagnetic  zinc,  cadmium,  mercury,  and 
also  helium  do  not  exhibit  any  splitting  at  all. 

The  only  way  to  understand  splitting  of  a  beam  of  identical 
atoms  in  a  magnetic  field  is  to  assume  that  the  atoms  are 
specifically  and  differently  orientated  with  respect  to  the  field 

direction.  Indeed,  denoting  the  field  gradient  by  and  assum¬ 
ing  the  magnetic  moment  of  the  atom  equal  to  p  =  m/,  where 
m  is  the  “magnetic  mass"  and  I  is  the  length  of  the  elementary 
magnet,  we  obtain  the  following  expression  for  the  force  acting 
on  the  magnetic  moment: 

r  =  m  H  -j-  /  cos  a  j  —  mti  =  mf  cos  a  =  p  cos  a  . 

From  this  expression  it  is  seen  that  the  force  acting  on  the 
atoms  in  an  inhomogeneous  magnetic  field  is  proportional  to 
the  projection  of  the  magnetic  moment  of  the  atom  on  the  field 
direction  p'  =  pcosa.  Thus,  from  the  fact  of  splitting  of  the 
beam  there  inevitably  follows  different  and  also  discrete  (in  the 
sense  of  specific  values  of  the  angle  a  =  (ii,  H),  orientation  of 
atoms  in  the  magnetic  field. 

The  beam  splitting  of  hydrogen  atoms,  like  the  other  atoms 
of  the  first  group,  is  such  that  half  the  atoms  are  deflected  from 
the  original  direction  to  one  side  and  half,  the  same  distance 
to  the  other  side.  Whence  it  follows  that  in  the  case  of  these 
atoms  cos  a  takes  on  two  values  that  are  equal  in  absolute 
magnitude  but  opposite  in  sign.  It  is  impossible  from  the  Stern- 


•  Due  to  mutual  compensation  of  the  moments  ol  separate  electrons,  the 
magnetic  moment  ol  the  atomic  cores  ol  the  alkaline  elements  is  zero. 
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Gerlach  experiments  (and  from  any  experiments  for  that  matter) 
to  determine  separately  the  maf;nitiide  of  the  magnetic  moment 
of  an  atom  and  cos  a.  since  all  manifestations  of  interaction  of 
the  atom  with  the  maimetic  field  are  determined  by  the  quantity 
H'  =  pcosc(;  lor  this  reason,  the  values  of  p  and  cosa  remain 
indeterminate.  And  only  very  arbitrarily,  by  considering  one 
of  the  orientations  of  these  atoms  parallel  (coso  =  -l-l)  and  the 
other  antiparallel  (cosa  =  —  1)  to  the  field,  is  it  possible  to 
identify  the  absolute  value  of  the  projection  of  the  moment  p’ 
w  ith  the  moment  p  itself  and  thus  determine  the  latter  from  the 
magnitude  of  splitting  of  the  atomic  beam.  The  magnetic  moments 
thus  measured  of  the  atoms  of  the  first  group  turned  out  exactly 
equal  to  one  Bohr  magfieUm  (pn). 

Also  pointing  to  different  orientation  of  atoms  in  a  magnetic 
field  {space  quant isat ion)  is  the  study  of  the  effect  of  the  latter 
on  atomic  spectra.  Since  the  energy  of  an  atom  in  a  magnetic 
field  varies  by  the  magnitude 

AE  =  pHcos(p,  H),  (22.36) 

in  the  absence  of  ‘  quantisation"  of  angles  a  =  (p.  H)  one  should 
expect  a  certain  diffuseness  of  the  spectral  lines  as  compared 
with  the  lines  emitted  or  absorbed  by  the  atom  in  the  absence 
of  a  field.  Yet  experiment  shows  that  in  a  magnetic  field  we 
have  splitting  of  spectral  lines  into  a  definite  number  of  com¬ 
ponents  {Zeeman  effect,  see  Sec.  .30).  which  indicates  that  AE 
and,  consequently,  the  projection  of  the  magnetic  moment 
p  =pcos'a  take  on  definite  discrete  values  in  a  magnetic  field. 

The  space  quantisation  of  atomic  elementary  magnets  in  a 
magnetic  field,  which  is  so  clearcut  in  the  Stern-Gerlach  effect 
and  in  the  Zeeman  effect,  was  established  also  theoretically  in 
1916  by  Debye  and  Sommerfeld.  Considering  the  motion  of  an 
electron  about  a  nucleus  in  three-dimensional  space,  that  is,  in 
the  coordinates  r.  ft.  (0  is  the  angle  between  the  normal  to 
the  plane  of  the  electron  orbit  and  the  polar  axis.  tJj  is  the 
angle  reckoned  on  the  equatorial  plane  from  its  line  of  inter¬ 
section  with  the  plane  of  the  orbit),  it  is  possible  to  obtain 
further  generalisation  of  the  mechanical  problem  of  the  atom, 
the  solution  of  w'hich  yields  (for  the  energy  of  the  atom)  an 
earlier  obtained  expression  (22.10).  The  essentially  new  result 
of  the  more  general  solution  of  the  problem  consists  in  the  fact 
that  the  projection  of  the  orbital  angular  momentum  p  on  the 
direction  of  the  polar  axis  turns  out  to  be  a  quantised  quantity: 

p'  =  pcos0  =  m,h  (22.37) 

where  m,  is  an  integer.  Substituting  into  (22.37)  p  =  n,h  (22.6) 


See.  1!21 
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we  find 

cosO  — (22.38) 

Thus,  cos  0  can  assume  only  definite  discrete  values,  i.e.,  the 
electron  orbit  is  definitely  and  discretely  oriented  in  space 
(space  quantisation).  From  formula  (22.38)  it  follows  that  the 
ma.ximum  and  minimum  values  of  the  quantum  number  m.  must 
be  equal  to  n.^  and  — n  ,  respectively.  Hence,  due  to  the*  inte¬ 


gral  ity  of  iiK,  it  may  be  equal  to 

nn  =  ±n;,  ±(n,. —  1),  ±(n^  —  2) .  ±1,  0, 

i.e.,  it  may  assume  2n  1  different  values. 

From  equalities  (22.'37)  and  (22.33)  it  follows  that 

p'  =  p  cosO  =  m.  =  pi)m ..  (22. .39) 


Thus,  also  the  projection  of  the  magnetic  monient  of  the  atoni 
is  quantised.  Given  an  outer  magnetic  (or  electric)  field,  the 
direction  of  the  polar  axis  becomes  fixed  in  space.  Assuming 
>'l-^(p,  H)  =  ct,  we  obtain  the  following  expression  for  the 
projection  of  the  niagnetic  moment  on  the  direction  of  the 
magnetic  field: 

p' =  p  cos  a=!pBm..  (22.30) 

Since  the  quantum  number  m.  determines  the  magnitude  of  the 
projections  of  the  magnetic  moment,  it  niay  be  called  the 
magnetic  quantum  (orbital)  number. 

Intrinsic  contradictions  of  the  Bohr  theory.  The  postulate 
underlying  the  Bohr  theory  concerning  the  quantisation  of 
momentum,  which  is  expressed  by  the  quantum  conditions  (22.5), 
follows  from  the  empirical  expression  for  the  energy  of  the 
atom  (21.5).  For  this  reason,  coincidence  with  experinient  of 
the  atom-energy  values  calculated  on  the  basis  of  this  postulate 
cannot  be  regarded  as  experimental  confirmation  of  the  Bohr 
theory.  The  experimental  verification  of  the  Bohr  theory  must 
consist  in  a  correlation  of  experimentel  data  of  such  properties 
of  the  atom  as  were  not  used  in  constructing  the  theory.  Among 
others,  they  are  the  magnetic  properties  of  the  atom.  As  we 
have  already  seen,  the  results  of  theory,  both  as  regards  the 
magnitude  of  the  magnetic  moment  of  atoms  and  the  phenomenon 
of  space  quantisation,  are  in  close  agreement  with  experiment. 
However,  a  more  detailed  examination  of  the  magnetic  properties 
of  atoms  shows  that  this  correspondence  is  only  qualitative  and. 
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actually,  apparent.  Consequently,  these  results  of  theory  do  not 
coincide  with  experimental  findings,  they  contradict  them. 

Indeed,  since  the  principal  term  of  hydrogen  (this  goes  for 
all  the  other  atoms  of  the  first  group  also)  is  the  S-term.  to 
this  term  is  assigned  the  azimuthal  quantum  number  n,=  l. 
whence,  on  the  basis  of  formula  (22.38),  we  get  the  following 
three  values  of  cosa:  +1.  0. —  1.  Thus,  one  should  expect  that 
a  beam  of  atoms  of  any  element  of  the  first  group  in  an  inhomo¬ 
geneous  magnetic  field  will  be  split  into  three  beams,  whereas 
in  reality  we  observe  a  splitting  into  two  beams  (p.  164).  Another 
fact  that  refers  to  the  Stern-Gerlach  effect  and  also  contradicts 
the  conclusions  of  theory  is  splitting  into  two  beams  in  the  case 
of  thallium,  the  magnetic  moment  of  which  (calculated  on  the 
assumption  of  cosa=  ±1)  turns  out.  however,  to  be  equal  to 
13  Pb  in  place  of  an  integral  multiple  of  Pb- 

This  divergence  from  experiment  points  to  profound  internal 
contradictions  in  the  Bohr  theory,  which  are  particularly  promi¬ 
nent  when  investigating  the  so-called  fine  structure  of  atomic 
terms.  A  detailed  study  of  the  structure  of  the  spectra  of  various 
elements  shows  that  the  greater  part  of  their  spectral  lines  has 
a  rnultiplet.  or  fine,  structure  and  consists  of  several  components. 
For  example,  all  the  lines  of  the  principal  and  sharp  series  of 
the  alkaline  elements  are  doublets  (recall  the  well-known  D-line 
of  sodium  —  the  first  member  in  the  principal  series  —  which  is 
a  doublet  with  components  D,  and  D,).  while  the  lines  of  the 
diffuse  series  and  the  Bergmann  series  are  triplets.  The  fine  struc¬ 
ture  of  spectral  lines  is  an  indication  of  the  multiplicity  of  atomic 
terms.  To  account  for  the  latter,  Uhlenbeck  and  Goudsmit  (1925) 
expressed  the  view,  later  confirmed  by  vast  experimental  material, 
that  the  electron  possesses  spin,  the  interaction  of  which  with 
the  orbital  angular  momentum  is  what  leads  to  splitting  of  the  term. 

However,  within  the  framework  of  the  Bohr  theory,  attempts 
at  a  consistent  quantitative  interpretation  of  the  rnultiplet  struc¬ 
ture  of  atomic  terms  on  the  basis  of  this  assumption  encounter 
difficulties  of  a  fundamental  nature.  In  particular,  from  the  doublet 
structure  of  the  P-,  D-.  etc.,  terms  of  an  atom  with  one  outer 
electron  it  may  be  concluded  that  space  quantisation  of  spin  in 
the  field  of  the  orbital  angular  momentum  of  the  electron  leads 
to  two  different  orientations  of  spin.  However,  unlike  all  the 
other  terms,  the  S-terms  are  simple,  which  indicates  an  absence 
of  interaction  of  spin  and  orbital  angular  momentum  in  this  case. 
And  the  latter  is  possible  only  in  the  absence  of  an  intra-atomic 
magnetic  field,  i.e.,  when  the  orbital  angular  momentum  of  the 
atom  is  equal  to  zero,  which,  if  we  take  into  account  (22.34), 
leads  to  n,  =  n  =  0.  Thus,  calculating  the  energy  of  the  S-states 
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of  an  atom  with  one  electron,  for  instance,  the  ground  state  of 
the  H  atom,  we  must  put  n  =  n.=  l,  whereas  when  calculating 
the  orbital  angular  momentum  in  the  same  state  of  the  atom  one 
has  to  put  n  =  n.j  =  0  (which  leads  to  |E|  =  oc). 

This  intrinsic  contradiction  of  the  Bohr  theory  was  only  one 
of  the  signs  that  it  was  untenable.  The  Bohr  theory  was  likewise 
incapable  of  solving  the  mechanical  problem  of  the  helium  atom; 
all  attempts  at  calculating  the  energy  and  the  magnetic  moment 
of  the  He  atom  encountered  the  same  difficulties  as  in  the  simple 
case  of  the  H  atom.  The  contradictory  nature  of  the  Bohr  theory 
also  became  evident  in  attempts  to  evaluate  the  intensities  of 
spectral  lines:  an  approximate  (asymptotic)  solution  of  this  prob¬ 
lem  was  given  by  Bohr  by  means  of  introducing  the  so-called 
correspondence  principle',  but  this  principle  is  based  on  the  laws 
of  classical  electrodynamics,  the  inapplicability  of  which  to 
intra-atomic  processes  was  postulated  by  Bohr  as  one  of  the 
basic  principles  of  his  theory. 

An  experimental  verification  of  the  Bohr  theory  thus  shows 
that  it  is  capable  of  giving  a  satisfactory  and  semi-quantative 
explanation  only  of  an  extremely  limited  number  of  experimental 
facts.  The  subsequent  development  of  physics  showed  that  this 
limitedness  of  the  Bohr  theory  (the  theory  proceeds  from  the 
concepts  of  classical  physics  into  which  Bohr  artificially  intro¬ 
duced  quantum  laws  alien  to  it)  is  rooted  in  the  limitedness  of 
classical  concepts  concerning  microparticles. 


CHAPTER  4 

THE  QUANTUM-MECHANICAL  THEORY  OF  THE  ATOM 
23.  Wave  Equation 


Amplitude  equation.  The  problem  of  the  atom,  which  could 
not  be  adequately  solved  by  the  intrinsically  contradictory  and, 
essentially,  seini-empirical  theory  of  Bohr,  was  completely  solved 
by  quantum  or  taave,  mechanics  constructed  on  a  wider  basis 
than  the  old  theory.  Quantum  mechanics  is  based  on  the  the  con¬ 
cept  of  the  wave-like  properties  of  particles,  and  first  of  all  on  the 
wave-like  properties  of  the  electron  (Sec.  7). 

The  creators  of  quantum  mechanics.  Born,  Heisenberg  and 
Jordan  (1925),  and  Schrodinger  (1926),  used  different  mathe¬ 
matical  tools.  Whereas  Born,  Heisenberg  and  Jordan  reduced 
the  mathematical  apparatus  of  the  new  theory  to  matrix  calculus, 
which  operates  with  an  assembly  of  coordinates  of  a  system  of 
oscillators  representing  each  real  atom,  the  mathematical  inter¬ 
pretation  of  Schrodinger  is  based  on  replacing  the  equations  of 
motion  of  classical  mechanics  with  a  wave  equation,  which  de¬ 
scribes  a  certain  wave  process  in  accordance  with  the  wave  prop¬ 
erties  of  matter  in  the  sense  of  the  de  Broglie  theory.  Schro¬ 
dinger  (1926)  demonstrated  the  identity  of  both  forms  of  quan¬ 
tum  mechanics.  Henceforward  we  shall  confine  ourselves  to  the 
Schrodinger  form,  in  which  the  wave  properties  of  particles  are 
reflected  bv  a  wave  function  (<p)  obtained  from  solution  of  the 
wave  equation. 

In  wave  optics,  the  propagation  of  a  certain  physical  quan¬ 
tity  q)  with  a  velocity  u  is  described  by  the  equation 


u«  dt*  ■ 


In  this  equation,  called  the  wave  equation,  Aq  is  the  Laplacian 
operator  of  the  function  q; 
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In  the  case  of  harmonic  oscillations  with  a  frequency  v,  we  may 
put 

<P  =  q)e”^'"  (23.1) 

where  3|)(a,  y.  z)  is  the  amplitude  of  oscillations  of  the  quantity  cp. 
It  will  be  noted  that  on  the  basis  of  the  relation  E  =  hv  which 
is  one  of  the  expressions  of  wave-particle  duality  (see  p.  32),  the 
frequency  v  may  be  replaced  by  the  energy  E,  whence  it  follows 
that 

<f=tl)e  "  .  (23.2) 

Calculating  ^  =  — 4n’v‘<p  and  substituting  this  quantity  into 
the  initial  wave  equation,  we  obtain 

A(p  +  4n‘^<p=0 

or,  since  X  =  —  . 

V 

A(p  +  ^<f=0 

where  X=?./2n.  Omitting  the  temporal  factor  e"'”',  we  get  the 
following  equation  for  the  function  \p  (amplitude  equation): 

A't>  + j^'tJ  =  0.  (23.3) 

In  the  wave  equation  of  quantum  mechanics,  which  has  the 
form  of  equation  (23.3),  the  quantity  X  is  the  de  Broglie 

wavelength  ^  =  y  mind 

the  problem  of  the  motion  of  an  electron  and  expressing  its 
momentum  g  in  terms  of  the  kinetic  energy  K,  g  =  K2mK.  we 
get  =  Substituting  this  expression  for  into  the  wave 

equation  (23.3),  we  reduce  it  to  the  form 

+  ^  K')>  =  0.  (23.4) 

As  already  pointed  out  (p.  31).  the  wave  properties  of  light  are 
most  evident  when  the  dimensions  of  the  spatial  region  in 
which  the  light  waves  are  propagated  are  commensurable  with 
their  wavelength.  The  same  should  occur  also  in  the  case  of 
electrons.  Calculating  the  de  Broglie  wavelength  (7.2)  for  an 
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atom  (ion)  with  one  electron  and  comparing  it  to  the  radius 
of  a  Bohr  orbit,  we  readily  see  the  commensurability  of  both 
quantities.  Indeed,  from  (22.10)  and  (22.11)  for  the  kinetic 
^  e*Z*  mAf 

energy  K  =  — E„  we  find  K  =  -2(^i  ■  whence  it  follows 

that  g=  K  =  Substituting  this  quantity 

into  lornnila  ^  =  (7.2),  we  get 


X 


h*  m  M 
e*2  “mM“ 


(23.5) 


For  the  radius  of  the  Bohr  orbit  we  have  (see  (22.8)) 


r 


h*  m  -i-  M  _  t 
?Z  niM  " 


Correlating  r  with  (23.5)  we  get 

r  =  Xn,  (23.6) 

which  is  the  commensurability  of  r  and  X  at  least  for  not  too 
great  n.  Whence  it  follows  that  the  laws  of  classical  mechanics 
cannot  be  used  to  describe  the  motion  of  an  electron  in  an 
atom,  and  the  problem  must  be  solved  on  the  basis  of  the  wave 
equation  of  quantum  mechanics. 

Physical  meaning  of  the  wave  function.  Before  passing  over  to 
a  quantum-mechanical  solution  of  the  problem  of  the  atom,  let 
us  clarify  the  physical  meaning  of  the  wave  function  xf.  K  is 
easy  to  establish  a  mutual  correspondence  between  wave  and 
corpuscular  concepts.  Indeed,  considering,  for  instance,  the  inten¬ 
sity  of  an  electron  beam,  we  determine  it,  from  the  corpuscu¬ 
lar  viewpoint,  as  a  quantity  proportional  to  the  density  of  the 
beam,  i.e.,  to  the  number  of  electrons  per  cubic  centimeter. 
But  on  the  wave  concept,  since  the  wave  intensity  is  propor¬ 
tional  to  the  square  of  its  amplitude,  the  intensity  of  the  elec¬ 
tron  beam  should  be  set  proportional  to  the  quantity  x))*  or, 
more  precisely  (since  the  wave  function  in  the  general  case  may 
be  a  complex  quantity),  to  the  square  of  its  modulus  |x))|*  =  x|ix|)* 
(x(i  and  xp*  are  complex  conjugate  quantities).  Thus,  Ixpl*  acquires 
the  meaning  of  density.  Proceeding  from  this  interpretation 
of  the  function  |x|)|*  and  multiplying  it  by  the  electron  charge 
and  the  element  of  volume  dV,  we  obtain  a  quantity  which, 
obviously,  will  have  the  meaning  of  the  charge  of  this  element 
integrating  over  the  whole  volume,  we  get 
the  charge  of  this  volume.  The  wave  function  is  ordinarily  nor¬ 
malised  so  that  the  magnitude  of  this  charge  is  assumed  equal 
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to  the  electron  charge,  whence  it  follows  that 

J|tl)|*dV=l.  (23.7) 

This  interpretation  of  |<|!|’  is  arrived  at  also  by  the  follow¬ 
ing  reasoning.  Since  the  wave  equation  (23.3)  is  identical 
with  the  equation  that  describes  elastic  vibrations  of  a  liquid 
sphere,  it  may  be  taken  that  the  vibrational  process  in  the 
atom  described  by  this  equation  is  analogous  to  the  above-men¬ 
tioned  vibrations  of  the  sphere,  ft  is  precisely  this  analogy 
that  underlies  the  concept,  introduced  by  Schrodinger.  of  the 
electron  in  the  atom  as  a  negatively  charged  cloud.  Since  the 
energy  of  vibrations  of  a  liquid  sphere  is  proportional  to  the 
quantity  |q)|*  (and  in  the  case  of  the  atom  we  deal  with  the 
vibrations  of  an  electric  charge)  it  is  in  this  case  natural  to 
assume  lipl’  proportional  to  the  density  of  the  charge.  If  we 
normalise  the  function  subjecting  it  to  the  condition 

eJ|<|)|*dV  =  e  or  5|q)|'dV=l 

(dV  is  an  element  of  intra-atomic  volume),  which  condition 
expresses  the  fact  that  the  total  charge  of  the  electron  cloud 
is  equal  to  e,  then  e|»|)|*  may  be  considered  the  charge  density. 

However,  the  function  ip  allows  for  a  different  interpretation, 
too-,  which  is  more  consonant  with  the  spirit  of  quantum  me¬ 
chanics  with  its  statistical,  probabilistic  interpretation  of  physical 
processes.  Namely,  according  to  Born,  the  quantity  |ip|'dV  is 
the  probability  of  finding  an  electron  in  a  given  element  of  vol¬ 
ume  dV.  From  this  point  of  view  the  quantity  |  ip  |' is  frequently 
called  the  probability  density,  while  the  function  ip  itself  is  the 
amplitude  of  probability.  In  this  case,  the  normalising  condition 
(23.7)  indicates  that  the  probability  of  finding  an  electron  any¬ 
where  inside  the  atom  is  unity. 

From  the  probabilistic  interpretation  of  the  wave  function 
it  follows  that  the  position  (trajectory)  of  a  moving  electron 
cannot  be  determined  to  any  desired  degree  of  accuracy,  as  is 
the  case  in  classical  mechanics.  Calculating  the  quantity  |ip|* 
from  the  wave  equation,  we  can  determine  only  the  probability 
of  finding  an  electron  at  a  given  point  of  space.  This  peculi¬ 
arity  of  quantum  mechanics  is  expressed,  in  the  most  general 
form,  by  Heisenberg’s  uncertainly  principle.  One  of  the  mathemat¬ 
ical  formulations  of  this  principle  states  that 

AxXAp  =  h.  (23.8) 

Here  Ax  is  the  measure  of  uncertainly  of  the  geometric  position 
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of  all  electron  and  Ap  is  a  measure  of  the  uncertainty  of  its 
nioinentuin  (p  =  inv).  Whence  it  follows  that  the  more  precisely 
we  (lelermine  the  momentum  or  the  energy  of  the  particle 
(electron),  the  less  precisely  we  can  determine  its  position.  In 
particular,  from  the  fact  that  the  energy  of  an  electron  in  the 
steady  state  of  an  atom  is  strictly  fixed,  it  follows  that  it  is 
iiiipossihle  to  define  its  orbit.  The  uncertainty  principle  arises 
froiii  the  necessity  of  taking  simultaneous  account  of  two  aspects 
of  the  elementary  particle  (electron):  corpuscular  and  wave. 

Incorrect  interpretations  of  the  corollaries  that  follow  from 
the  uncertainty  principle  have  given  rise  to  a  series  of  idealistic 
philosophical  distortions.  Particularly  great  were  the  distor¬ 
tions  in  connection  with  the  causality  principle.  Thus.  Heisen¬ 
berg.  already  in  1927.  in  the  paper  in  which  he  enunciated  the 
principle,  wrote:  ".  .  .quantum  mechanics  has  definitely  established 
that  the  law  of  causality  is  untenable".  Yet  negation  of  the 
causility  principle  leads  to  fideism.  Thus.  Eddington,  in  his 
book  The  Nature  of  the  Physical  Wurld  states  that  it  may  be 
that  the  reasoning  of  modern  science  permits  of  the  conclusion 
that  religion  has  become  acceptable  to  a  common  sense  scientific 
mind  beginning  with  1927. 

These  and  similar  idealistic  “conclusions"  drawn  by  certain 
scientists  in  connection  with  the  uncertainty  principle  are  based 
on  a  certain  misunderstanding  associated  mainly  with  imper¬ 
missible  attempts  to  describe  the  motion  of  a  microparticle  by 
means  of  the  concepts  of  classical  mechanics,  while  ignoring 
its  wave  properties.  The  fallacy  in  this  approach  to  the  problem 
was  most  clearly  stated  by  Langevin,  who  said  the  following 
with  regard  to  the  uncertainty  principle:  "Experience  tells  us 
that  it  is  impossible  to  define  exactly,  at  one  and  the  same 
instant,  the  position  and  velocity  of  a  particle.  We  immediately 
draw  the  conclusion  that  uncertainty  underlies  the  laws  of  na¬ 
ture.  However,  why  should  we  not  assume  that  our  corpuscular 
concept  is  inadequate,  that  it  is  impossible  to  represent  the 
intra-atomic  world  by  extrapolating  to  the  limit  our  macroscopic 
conception  of  a  moving  body.  From  the  fact  that  nature  does 
not  give  an  exact  answer  to  the  question  concerning  particle 
motion  it  would  be  too  pretentious  on  our  part  to  conclude  that 
there  is  no  determinism  in  nature.  It  is  much  simpler  to  say: 
the  problem  has  been  badly  posed  —  in  nature  there  is  no  cor¬ 
puscular  microparticle.  .  .". 

Free-particle  motion.  Returning  to  the  wave  equation  (23.4), 
let  us  solve ^  it  first  for  a  free  electron,  i.e.,  for  an  electron 
moving  outside  a  field  of  force.  It  may  readily  be  shown  that 
in  this  case,  by  separating  the  variables,  equation  (23.4)  reduces 
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to  three  identical  equations  corresponditi}'  to  motion  alonq  llie 
axes  X.  y.  and  z.  In  other  words,  a  three-dimensional  problem 
is  reduced  to  a  one-dimensional  one.  Indeed,  putting 

tK.x,  y,  z)  =  X(x)  Y(y)Z{z),  K  =  K,  +  K,+  K, 

and  computing  the  Laplacian  Av|’.  from  (23. -t)  we  get  the 
equation 

^  +  |y-K..\=0  (23.9) 


and  two  analogous  equations  for  Y  and  Z. 

The  solution  of  equation  (23.9)  has  the  form 

X  =  .'\,  sin(B.^x-t-C,)  (23.10) 


and  exists  for  any  energy  values  of  the  electron  K,,  if  the  space 
in  which  the  electron  moves  is  boundless  ( — oo^x<c3o|. 

The  situation  is  different  when  a  particle  (electron)  moves  in 
a  confined  volume.  Thus,  if  the  motion  along  the  x  axis  is  limit¬ 
ed  to  the  region  O^x^a,  the  boundary  conditions  take  on 
great  significance  in  the  solution  of  the  problem.  They  may  be 
formulated  as  follows.  Since  the  electron  cannot  get  outside  the 
indicated  region,  the  probability  that  the  electron  will  find 
itself  on  the  boundaries  of  this  region,  i.e.,  at  x=0  and 
at  x  =  a,,  must  be  zero.  .4nd  since  this  probability  is  determined 
by  the  quantity  )  X  |’  (see  p.  171),  we  get  the  following  bound¬ 
ary  conditions:  X  =  0  when  x  =  0  and  when  x  =  a„.  The  first 
yields  sin  C,  =0.  i.e.,  C,  =  0,  the  second,  sin  (B,a, -[-Cj  =  0, 
i.e.,  B,  =  ^^,  where  n,  is  an  integer.  Thus,  the  solution  to 
equation  (23.9)  has  the  form 

X  =  A,  sin  X. 
d*X 

Computing  and  substituting  this  quantity  together  with  X 
into  equation  (23.9),  we  obtain 


_ li» 


(23.11) 


Analogous  expressions  are  obtained  for  the  components  of  the 
kinetic  energy  of  the  electron  along  the  y  and  z  axes.  For  the 
total  kinetic  energy  we  have 


K  — -!?!- 
^  2m 


(23. 12) 
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From  this  result  it  follows  that  the  kinetic  energy  of  a  free 
electron  moving  in  a  limited  volume  is  a  quantised  quantity. 
True,  it  must  be  said  that  due  to  the  smallness  of  h‘/2m  (of 
the  order  of  10'’*CGS)  this  property  of  the  kinetic  energy  of 
the  electron  is  significant  only  in  sufficiently  small  volumes 
confining  its  free  motion.  For  this  reason,  in  most  practical 
cases  the  energy  of  a  free  electron  may  be  considered  (to  a 
high  degree  of  accuracy)  as  a  continuous  arbitrary  quantity.  In 
such  cases,  the  motion  of  a  free  electron  may  be  evaluated, 
without  any  essential  error,  on  the  basis  of  classical  mechanics. 

Schrodinger  equation.  The  essential  difference  in  the  motion 
of  a  bound  electron  (for  example,  in  the  atom)  and  a  free 
electron  consists  in  the  fact  that  whereas  the  potential  energy 
of  the  latter  is  zero,  the  bound  electron  moving  in  a  field  of 
force  has  potential  energy  in  addition  to  kinetic  energy.  Substi¬ 
tuting  into  equation  (23.3)  the  quantity  ^  ^  m 

(see  p.  169)  and  replacing  the  kinetic  energy  by  the  difference  in 
the  total  and  potential  energies.  K=E  —  V.  we  transform  this 
equation  to  the  form 

Equation  (23.13).  which  was  first  derived  by  Schrodinger  (1926) 
is  called  the  Schrodinger  equation.  It  underlies  the  solution  of 
many  problems  of  atomic  physics. 

Before  going  over  to  a  consideration  of  specific  problems, 
let  us  note  the  following  peculiarity  of  the  quantum-mechanical 
approach  to  the  solution  of  these  problems  on  the  basis  of 
Schrodinger’s  wave  equation.  From  the  theory  of  differential 
equations  it  is  known  that  the  solution  of  any  equation  that 
satisfies  the  physical  conditions  of  the  given  problem  is  possible 
only  for  definite  values  of  the  parameters  that  enter  into  the 
equation.  These  parameter  \i\oes  are  caWed  characteristic  numbers, 
or  eigenvatues  of  the  given  problem,  to  which  there  correspond 
solutions  called  eigenfunctions. 

In  the  Schrodinger  equation,  the  total  energy  of  the  system 
is  the  constant  parameter.  For  this  reason,  the  assembly  of  eigen¬ 
values  E„  in  any  concrete  case  of  the  solution  of  this  equation, 
represents  the  entire  totality  of  energy  levels  of  the  given  system. 
Thus,  in  quantum  mechanics  the  physical  problem  of  quantisation' 
reduces  to  a  mathematical  problem  of  the  solution  of  the  wave 
equation. 
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24.  Atom  (Ion)  with  One  Electron 


Solution  of  the  Schrodinger  equation.  The  problem  of  a  hy¬ 
drogen-like  atom,  i.e..  an  atom  or  ion  consisting  of  a  nucleus 
and  one  electron,  is  a  problem  of  the  motion  of  an  electron  in 
the  Coulomb  field  of  the  nucleus  (the  one-electron  problem). 
Assuming  the  nuclear  charge  equal  to  Ze  and  introducing  the 

expression  for  the  potential  energy  of  the  atom  V  =  —  ^  into 
equation  (23.12),  we  obtain 

=  (2^') 

In  spherical  coordinates,  r,  0,  (p,  associated  with  Cartesian  coor¬ 
dinates  X,  y,  z  by  the  relations 

X  =  r  sin  S  sin  q>,  y  =  r  sin  0  cos  <ji,  z  =  rcosd, 

equation  (24.1)  assumes  the  form 

_L  ^  \  I  I  ^  I  1  A  f  sin  9  4- 

r*  dr  \  dr  /  '  r*  sin*  •&  dtp*  '  r*  sin*  d  dd  \  dd  /  ' 

I  2  mM  /c  I  Ze*\ 

which  permits  separation  of  the  variables.  Introducing  the  func¬ 
tions  R.  0,  <1>: 

4|)(r,  9.  q))  =  R  (r)0(9)<I)((p)=R  (r)S(9,  ip),  (24.2) 


we  transform  this  equation  to  the  form 

_j_  .  dR  \  ,  2  mM 

R  dr  \  dr  / 


1 


d*S 


Ssm*dd9*~  Ssiii 


h*  m  H-  M 

i—±( 

ill  ^  dd  \ 


)=o. 


sin  9 


A' 

d9  , 


The  latter  equation  is  thus  separated  into  the  two  following 
equations; 

(24.3) 

and 

Ssln’dd^+  Ssln959(®'"^  (24.4) 

where  X  is  a  certain  constant.  Further,  substituting  into  the  lat¬ 
ter  equation  S(9,  q>)  =  0  (9)  <I>  (cp),  it  may,  in  turn  be  separat- 
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eil  into  the  following  two  equations,  setting 


I  d  /  .  a  dH\  I  / 

Sind  ddy't'i 


^  +  m;o=o. 

(l<f*  *  ' 


(24.5) 

(24.6) 


The  solution  of  the  latter  equation,  to  the  accuracy  of  a  cer¬ 
tain  constant  factor,  has  the  form 

(D  =  e±'in,,  I-.  (24,7) 

or.  a.s.surning  negative  values  of  the  number  m,  along  with  posi¬ 
tive  values, 

(P_eim,  =,  (24.8) 

The  unambiguity  of  the  solution  demands  that  m,  be  an  integer.  * 
As  for  the  equation  for  by  introducing  a  new  variable 

X  =  cos  0  and  by  putting  0(d)  =  (l  —  x’) '  i'*v  (x),  we  first 
transform  this  equation  to 

(1  —  x’)  v"  —  2  (1 10,1+  1)  xv'  -f-fX  —  I  mj  —  m’)  v  =  0 

where  v'  and  v"  denote  the  first  and  second  derivatives  of  the 
function  v  (x)  with  respect  to  x.  respectively.  To  find  the  solution 
to  the  latter  equation  we  put  y  =  (x* —  1)'  where  /  is  an  integral 
positive  number.  Taking  logarithms  and  then  differentiating  y 
with  respect  to  x.  we  get 

(1  —  x’)y'  +2/xy  =  0. 

From  this  equation,  after  differentiating  it  k+1  times  with 
respect  to  x  and  denoting 

d^y  „  d^ix’-  !)■ 
dx"  dx" 

we  get  the  equation 

(1  — x’fz'  — 2(k  — /  +  1)  xz'  +  (2/  — k)(k+l)z  =  0, 

which  turns  out  identical  to  the  equation  for  the  function  v(x) 
on  the  condition  that 

v  =  cz.|m,|+l  =  k  — /+1  and  (2Z  —  k) (k  +  l)=  X  — | m, |  —  mj, 
where  c  is  some  constant. 


In  this  case,  the  condition  of  uniqueness  may  be  written  in  the  iorm 
=  e  ‘  ^  .  whence  there  follows  the  integrality  of  m,. 


From  the  latter  equalities  we  find  k  =  /-|-|m,  |  and 

>.  =  /(/+ 1).  (24.9) 

And  the  equality  v  =  cz  gives  the  solution  to  the  equation  lor 
the  function  v  in  the  form 


v(x)  =  c 


d'  +  lm,! 
dx'  +  l  '",1 


(x’-l)'  . 


from  which  we  find 

jl  + 1  m,  I 

0((t)  =  c(l I  (x^-  I)'  .  x  =  cos.').  (24.10) 


This  expression  is  the  solution  to  the  initiaT  equation  for  the 
function  0  for  any  integral  values  of  the  number  m,  contained 
between  and  — /.  But  as  will  be  seen  from  (24.10),  for  the 
values  lm,|>/.  0  converts  to  zero.  Thus  for  a  given  /  (the  phys- 
cal  meaning  of  this  number  will  be  clarified  later)  we  have 
2/ + 1  solutions  of  (4  that  correspond  to  the  following  2/ -j- 1 
values  assumed  by  the  number  m,: 

m,  =  ±/,  ±{l—\).  ±(/  — 2) . ±1,0.  (24.11) 


All  these  solutions  are  finite  in  the  entire  space  of  the  coordinate 
0,  which  is  essential  in  connection  with  the  above  established 
physical  meaning  of  the  function  4’. 

Now  turning  to  the  solution  of  the  equation  for  the  radial 
function  R  (24.3),  we  rewrite  it  (taking  into  account  (24.9))  in 
the  form 


where 


mM 


h*  m  -h  A\ 


E  and  B : 


1 


mM 


■  h*  m  +  M 


e*Z. 


Let  us  first  find  the  asymptotic  solution  of  this  equation, 
which  holds  for  large  r.  We  rewrite  the  preceding  equation  for 
this  case  in  the  form 

^  +  AR  =  0 

Its  solution  has  the  form 


R  =  C,e*^^'  +  C.e- 


We  can  obviously  satisfy  the  necessary  demand  for  the  finite¬ 
ness  of  the  function  R  for  all  values  of  coordinate  r  (also  for 


7— 3U3« 
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the  case  when  r  =  oo)  by  putting  C,  =  0.  "Thus,  the  asymptotic 
solution  to  equation  (24.3)  will  have  the  form  (C=C,): 

R  (r)=Ce-*'~'. 

We  obtain  the  general  solution  to  this  equation  (which  solution 
holds  for  any  r)  by  considering  C  a  function  of  r.  Introducing 
the  new  variable  q  =  2V  —  Ar,  we  transform  equation  (24.3)  to 

The  solution  to  the  latter  equation  is 

«  =  k 

c=  2  a,e’’+' 

.=  0 


which  is  confirmed  by  simple  substitution. 

Substituting  the  quantities  C,  C' =  2  3.,  (v -t-/)e’+' and 
C"  =  2  a,  ('’ +  0  X  (v +  / — I)  Q’'+' -■  into  the  equation  for  C  and 
equating  to  zero  the  sum  of  the  coefficients  in  the  term  contain¬ 
ing  Q  in  any  degree,  we  obtain  the  following  recurrent  formula: 

[(v  +  /+l)(v  +  /)  +  2(v  +  /  +  l)-/(/-f  l))a.,,= 

=  (v  +  /+l-^)  a.. 

which  connects  the  coefficients  of  the  polynomial  C  and  permits 
expressing  all  coefficients  in  terms  of  one  (for  instance,  in  terms 
ofaj.  Thus,  to  the  accuracy  of  a  constant  factor,  the  function 
R  may  be  represented  in  the  following  general  form: 

vsk 

R  (r)  =  e”'''*  2  3,6’+ ,  e  =  2|/  — Ar.  (24.12) 


By  virtue  of  the  necessarily  finiteness  of  the  function  t|),  the 
polynomial  C  must  likewise  be  finite,  which  is  accounted  for  by 
its  breaking  off  at  the  *th  term.  In  such  a  case,  the  coefficients 
of  the  polynomial  a,  +  ,,  a^,.,,  ...,  must  obviously  be  zero,  and 
from  the  recurrent  formula  for  the  coefficients  a,  we  obtain  (putting 
v  =  k) 


=  k  +  /+l=/i. 


Substituting  the  foregoing  values  of  A  and  B,  we  find  (taking 
into  account  (22.11)); 

2n*e»  mM  2*  hR2* 


E  =  E, 


h*  m-l-M  n' 


D*  ' 


(24.13) 
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This  expression  coincides  exactly  with  the  expression  for 
the  energy  of  a  hydrogen- 1  ike  atom  (22.10)  in  the  Bohr  theory, 
which  is  characterised  by  the  principal  quantum  number  n.  Con¬ 
sequently.  the  number 

n  =  k-l-/+l  (24.14) 

turns  out  identical  to  the  principal  quantum  number  of  Bohr’s 
atomic  theory.  The  quantum  number  n.  according  to  (24.14),  is 
compased  of  the  numbers  k  and  /.  which  can  take  on  positive 
integral  values  beginning  with  zero.  Obviously,  the  maximal 
values  of  these  numbers  for  a  given  n  are  equal  to  n —  1. 

Correlating  (24.14)  with  the  formula  n  =  n,  +  n.  (p.  150)  ob¬ 
tained  from  the  Bohr  theory,  we  see  that  the  numbers'  k  and  I  must 
be  in  a  certain  correspondence  with  the  numbers  n,  and  n,.  To 
establish  this  correspondence  we  do  as  follows.  Calculating  the 
mean  radius  of  the  elliptical  Bohr  orbit  of  the  hydrogen  atom, 
we  find* 


On  the  other  hand,  a  quantum-mechanical  calculation  of  the  mean 
di.stance  of  the  electron  from  the  nucleus  in  the  H  atom  yields: 

'^  =  J'l>„M-n)dv  =  r,n' [l -^--i^l  — . 

Identifying  both  values  of  r,  we  obtain 

nJ  =  /(/-4-l).  (24.15) 

Atoms  of  alkaline  elements  and  the  quantum  characteristic  of 
spectral  terms.  An  approximate  solution  to  the  Schrddinger  equa¬ 
tion  (23.13)  may  readily  be  obtained  also  for  atoms  or  ions  with 
one  outer  electron  on  the  assumption  that  this  electron  is  at  a 
sufficiently  large  distance  from  the  nucleus,  as  a  result  of  which 
its  interaction  with  the  remaining  electrons  in  the  atom  may  be 
regarded  as  a  slight  perturbation  superimposed  on  the  Coulomb 
attraction  of  the  atomic  core.  As  we  have  seen  above  (Sec.  22), 
such  an  approximation  is  taken  in  the  Born-Heisenberg  theory 
for  electron  orbits  that  do  not  penetrate  into  the  atomic  core. 

Solving  the  problem  to  this  approximation,  we  put.  in  the 
Schrddinger  equation 

A’i>  +  ^5rFM(E-V))|)  =  0. 


*  In  the  integration,  use  is  made  of  the  equation  of  the  ellipse  and  the 
relation  derived  from  Kepler's  law  of  areas  rdt/t  =  r*d9/2nab. 

7* 
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(he  potential  energy  V  equal  to 


V 


+  AV 


where  the  energy  of  perturbation  AV  is  small  compared  with  the 
energy  of  Coulomb  interaction  between  the  electron  and  the  atomic 
core.  Taking  advantage  of  the  expression  given  on  p.  156  for  the 
quantity  AV, 


AV=AE  =  — 


oc* 

w  ’ 


and  replacing  l,r*  by  its  mean  value 


-F  =  ]'')>„/Tr’)>;,dv  =  |if(n.  /) 


where 


we  obtain 


,  1(1  +  1) 

■/.)  I  (f  +  ■/.)  (/  +  1)  (t  4-  •/.) ' 


XB  3  ae'Zl  ,  ,  ,, 

AE  =  — -j- — ^  f  (n.  /). 


When  AV=AE  =  const,  the  Schrodinger  equation  differs  from 
(he  equation  of  the  one-electron  problem  (24.1)  in  only  one 
respect:  in  place  of  the  eigenvalue  E  we  have  to  substitute 
E  —  AE.  For  (his  reason,  solution  ol  the  Schrodinger  equation 
in  this  case,  instead  of  (24.13).  will  have  the  form 


or 


E  —  AE  =  — 


hRZ,* 


=  Eh. 


E  =  E„ 


Computing  the  ratio  AE/Eh  on  the  basis  of  the  expressions 
for  AE  and  Eh  found  above,  we  obtain,  after  a  few  transforma¬ 
tions. 


otZ* 

-rn'f(n.  0- 


Substituting  this  quantity  into  the  expression  for  the  energy  of 
the  atom  E,  we  represent  this  expression  in  the  form  of  the  Ryd- 
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berg  formula,  due  to  the  smallness  of  AE  En: 

hRZ.;  IiRZ^ 


E„.  I 


where  the  quantum  defect 
A  =  -6, 


J_  .  3  qZ  ; 

n’  A  (/ 


(n  -  A 

3n' 


(2-4. 16) 


(24.17) 


From  this  formula  it  will  be  seen  that  for  a  Hiveii  ii.  tlie  quantuin 
defect  sharply  diminishes  with  increase  in  the  quantum  number  /. 
(Comparing  (24.17)  with  the  earlier  derived  (on  the  l)asis  of  tne 
Bohr  theory)  and  less  accurate  formula  (22.21),  it  is  evident  tliat 
they  are  in  fair  agreement  it  we  take  n!  =  /(/-|-l)  (see  (24.l.'>). 

From  (24.16)  we  obtain,  for  the  terms  of  alkaline  elements 
or  the  corresponding  ions. 


T, 


RZ’ 

'~(n  -  A)'  • 


(24.18) 


A  correlation  of  the  theoretical  expressions  for  the  terms  of 
alkaline  elements  (24.18)  with  the  empirical  formula  (21.7)  per¬ 
mits  attributing  to  the  terms  of  these  elements  definite  values  of 
the  quantum  numbers  n  and  /;  this  is  of  great  importance  for  the 
systematics  of  atomic  states.  _ 

Substituting  A  (24.17)  into  the  expression  for  we  find 


p  =  2n’A. 

t-ll 


Since  by  the  conditions  of  the  problem  AE;Eh<1,  from  the 
obtained  relation  it  follows  that  A<^l/2n‘,  i.e.,  A  <^1,8, 

W18.  1/32,  ....  respectively  for  n  =  2.  3,  4,  ...  Referring  to 
Table  8  (p.  140),  we  see  that  tor  all  the  f-terms  given  and  also 
lor  the  d-terms  of  lithium  and  sodium  and  the  p-term  of  lithium, 
the  effective  quantum  number  iiou  differs  from  the  closest  integer 
by  not  more  than  0.04  (in  the  case  of  the  p-term  of  lithium), 
which  is  in  agreement  with  the  foregoing  values  of  the  upper 
limit  of  A.  For  this  reason,  we  may  conclude,  with  a  fair  meas¬ 
ure  of  probability,  that  the  ncti  numbers  (rounded  off  to  integers) 
for  these  terms  must  be  equal  to  the  principal  quantum  numbers 
to  which  they  correspond.  Consequently,  to  the  lower  f-terms  of 
all  five  elements  characterised  by  the  ncii  numbers  4.000,  3.999, 
3.993,  3.988,  and  3.978  (see  Table  8)  we  assign  the  principal 
quantum  number  n  =  4;  to  the  d-terms  of  lithium  and  sodium 
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(ncii  — 2.998  and  2.990)  n  =  3,  and  to  the  p-term  of  lithium 
(n, ri  —  1 .9.59)  n— -2. 

As  for  the  remaining  terms  given  in  Table  8,  additional  data 
arc  needed  to  find  the  principal  quantum  numbers  that  correspond 
to  them.  For  instance,  on  the  basis  of  ne(i  =  2.1l7  we  exclude 
n 2  for  the  lower  p-term  of  sodium  and  we  can  take  n  =  3  as  a 
probable  value.  The  confirmation  is  as  follows.  Since,  when 
n--3,  the  quantum  number  /  as,sumes  three  values.  /  =  2,  I,  and  0, 
one  of  which  corresponds  to  term  3d.  it  is  natural  to  assign  the 
two  others  to  the  lower  p-  and  s-terms.  i.e.,  to  identify  them 
with  the  terms  3p  and  3s.  We  thus  obtain  the  terms  4f,  3d.  3p, 
and  3s  as  the  lower  terms  of  sodium. 

Having  identified  the  lower  p-term  of  lithium  with  the  term  2p. 
due  to  the  fact  that  when  n  =  2  the  number  /  takes  on  two 
values  (I  and  0),  it  is  natural  to  assign  them  to  the  terms  p 
and  s.  Consequently,  as  lower  terms  of  lithium  we  will  have  4f. 
3d.  2p  and  2s. 

Similarly,  we  get  the  terms  4s,  4p,  3d  and  4f.  etc.,  for  the 
lower  terms  of  potassium.  A  very  important  result  here  is  that 
the  values  of  the  principal  quantum  number  of  the  basic  terms 
of  alkaline  elements,  that  is.  the  lower  s-terms.  coincide  with 
the  numbers  of  periods  in  the  Periodic  Table,  the  first  elements 
of  which  are  the  alkaline  elements  2  (Li),  3  (Na),  4  (K),  5  (Rb), 
G  (Cs).  On  the  other  hand,  n=l  corresponds  to  the  ground  state 
of  the  hydrogen  atom  that  opens  up  the  first  period.  From  this 
we  conclude  that  the  electrons  of  the  outer  electron  group  must 
have  the  same  value  of  the  principal  quantum  number  as  the  first 
clement  that  opens  up  the  given  period.  To  illustrate.  n=l  for  both 
electrons  of  helium  also  follows  from  the  fact  that  the  solution 
of  the  problem  of  the  He*  ion  yields  n=l  for  one  electron  and 
that  both  electrons  in  He  are  equally  firmly  bound  to  the  nucleus 
(equivalent  electrons).  Further,  to  the  electrons  of  the  outer 
electron  group  of  elements  of  the  second  period  (from  Li  to  Ne) 
we  must  assign  n  =  2.  This  conclusion  likewise  stems  from  the 
approximate  equivalence  of  these  electrons.  The  outer  electrons 
of  the  third  period  have  n  =  3.  etc.  This  result  receives  theoreti¬ 
cal  substantiation  from  the  viewpoint  of  the  general  principles  of 
quantum  theory  (see  Sec.  26). 

The  quantum  defect  A  is  very  weakly  dependent  on  the  prin¬ 
cipal  quantum  number  but  strongly  dependent  on  the  quantum 
number  /.  This  makes  it  easy  to  find  the  values  of  the  latter  for 
various  terms.  Table  9  gives  the  calculated  and  measured  values 
of  A  for  the  lower  terms  of  the  alkaline  elements.  Due  to  the 
fact  that  the  quantum  defect  diminishes  radically  with  increasing 
quantum  number  /(seep.  181),  the  underlying  computational  assump- 
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tion  is  made  that  to  the  least  values  of  A  there  corresponds  the 
greatest  /  (possible  for  a  given  n).  Whence,  for  all  f-terins 
(n  =  4)  we  obtain  l  —  'i,  for  the  d-terms  of  lithium  and  sodium 
1  =  2  (since  n==3),  (or  the  p-terms  of  lithium  /=  I  (since  n  — 2); 
1  =  0  must  correspond  to  the  s-terms.  Thus,  from  an  analysis  of 
the  e.xperimental  values  of  A  on  the  basis  of  equation  (24.17;, 
we  obtain  the  following  relation  of  atomic  terms  and  the  quantum 
numbers  /  that  describe  them; 

Term  s  p  d  f  .  .  , 

I  0123... 

The  foregoing  theory  of  atoms  (or  ions)  with  one  outer  electron, 
assuming  sufficient  distance  of  the  latter  from  (he  atomic  core, 
may  be  considered  sufficiently  accurate  only  for  small  A.  The 
limited  applicability  of  the  theory  is  most  prominent  when 
e.xamining  A  tor  the  various  elements  and  various  terms  given  in 
Table  9:  it  is  seen  that  both  in  the  horizontal  rows  and  in  the 
vertical  columns  there  is  a  sharp  discontinuity  of  A,  which  is 
out  of  all  proportion  to  the  variation  of  A  in  accordance  with 
(he  formula  (24.17).  For  example,  when  passing  from  the  sodium 
term  3p  to  the  3d-term,  A  should  diminish  by  a  factor  of  roughly 
25.  whereas  in  reality  it  decreases  nearly  100  times;  in  the  case 
of  potassium,  when  passing  from  the  3d-term  to  4f,  A  diminishes 
30  times  instead  of  7;  when  passing  from  the  potassium  term 
3d  to  the  sodium  term  3d,  A  diminishes  20  times  instead  of  5. 


Table  9 

Theoretical  and  experimental  values  of  the  quantum  detect  A=n  —  n,.|| 
for  the  lower  terms  of  alkaline  elements" 


Term 

Elcmen  t 

$ 

d 

1 

Li 

0.412 

0.041 

0.002 

0  000 

— 

(0.034) 

(0.002) 

(0.000) 

Na 

1.373 

0.883 

0.010 

0.001 

— 

(0.237) 

(O.OlO) 

(0.001) 

K 

2.230 

1.776 

0.146 

0.007 

— 

(1.150) 

(0.045) 

(0.007) 

Rb 

3. 195 

2.711 

1.233 

0.012 

— 

(1 .970) 

(0.084) 

(0.012) 

Cs 

4.131 

3.649 

2.448 

0.022 

— 

(3.440) 

(0.153) 

(0.023) 

*  The  brackets  indicate  Athetr;  in  calculating  them,  the  following  values  of 

polarisation  coefficients  of  the  Ions  of  alkaline  metals  a  are  taken  (in  units  of 

10**  cm*):  0.03  (Li  +  );  0.19  (Na 

+  );  0.89  (K  +  );  1.50  (Rb  +  );  2.60  (Cs  +  ). 
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From  Table  9  it  will  be  seen  that  the  calculated  and  measured 
values  of  A  practically  coincide  only  for  terms  separated  by  the 
step-wise  line  from  lower  terms,  which,  as  a  rule,  correspond  to 
the  elliptical  Bohr  orbits. 

As  already  slated  (p.  157),  the  inapplicability  of  equation  (24.17) 
in  the  case  of  large  A  is  due  to  the  existence  of  electron  orbits 
that  penetrate  into  the  atomic  core.  Substituting  n’  =  /(/-l-I)  and 

n,  +  ^  into  (22.24),  which  was  derived  on  the  basis  of  Bohr’s 
theory  and  which  takes  into  account  the  penetration  of  the  outer 
electron  into  the  atomic  core,  we  get 


/(/+!) 


(24.19) 


Evijliiations  of  the  terms  of  sodium  and  also  of  the  ions  Mg'^ 
and  from  equation  (24.19),  under  certain  assumptions  con- 
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Fig-  38>  Optical  terms  of  H.  Li,  and  Na 

cerning  the  structure  of  (he  intra-atomic  electric  field,  which 
determines  the  magnitude  of  the  effective  charge  Zj,  yielded  satis¬ 
factory  agreement  with  experiment,  particularly  in  the  case  of  the 
s-terms.  For  the  lower  s-term  of  sodium  (3s),  A=l.36.  whereas 
measurements  yield  A  =1.37. 

From  (24.17)  and  (24.19)  it  follows  that  due  to  n  «<^n  the 
hydrogen  terms  must  lie  above  the  terms  of  the  alkaline  elements 
tliat  are  characterised  by  the  same  values  of  the  principal  quantum 
number.  From  these  formulas  it  likewise  follows  that  due  to  the 
decrease  of  A  with  increasing  /  for  a  given  value  of  the  number 
n,  the  s-term  must  lie  below  the  p-term,  the  p-term  below  the 
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d-term,  etc.  What  is  more,  the  distances  between  the  s-,  p-.  d-,  ... 
terms  must  be  less  the  greater  n  and  the  smaller  a,  i.e.,  the 
lighter  the  element.  All  these  regularities  are  seen  in  Fig.  .38, 
where  the  experimentally  obtained  terms  of  the  light  alkaline 
elements  lithium  and  sodium  are  correlated  with  corresponding 
terms  of  hydrogen;  the  ground  levels  of  the  ions  Li*.  Na*.  and 
H*  are  made  to  coincide.  We  note  that  the  lithium  term  Is  and 
the  sodium  terms  Is.  2s,  and  2p,  which  are  not  given  in  Fig.  38. 
refer  to  terms  exhibited  in  the  -X-ray  spectra  of  these  elements. 

The  extremely  weak  splitting  of  the  terms  of  the  H  atom,  due 
to  the  fact  that  in  this  case  n.„  dilTers  very  slightly  from  the 
principal  quantum  number  n  (cf.  p.  152).  could  not  be  given  in 
Fig.  38  on  the  required  scale. 

Orbital  and  spin  angular  momenta.  Due  to  the  correspondence 
between  the  new  azimuthal  quantum  number  /  and  Bohr's  azimuthal 
quantum  number  n,  (24.15),  which  determines  the  momoituin 
(and  also  the  magnetic  moment)  of  a  Bohr  electron  orbit 

p  =  hn,, 

one  should  expect  that  the  orbital  angular  momentum  of  the 
electron  in  the  atom  will  be  characterised  by  the  number  1. 
Substituting  into  the  previous  formula  ]'  /(/+!)  in  place  of  n.. 
we  get 

p  =  hl// (/+!).  (24.20) 

An  exact  quantum-mechanical  calculation  also  leads  to  this  for¬ 
mula.  Without  carrying  out  the  computations,  we  shall  show  that 
(24.20)  is  valid  in  the  following  special  case  of  the  solution  of 
the  Schrodinger  equation;  this  case  will  be  of  interest  later  on 
(in  connection  with  the  rotational  energy  of  diatomic  molecules). 

Considering  a  system  of  two  opposite  point  charges  revolving 
in  circular  orbits  about  a  common  centre  of  gravity,  we  must 

(due  to  the  constancy  of  r)  put  ^  and  equal  to  zero  in  the 
equation  for  the  function  R,  whence  it  follows  that 

A  +  24-^I^  =  0. 


Substituting  into  this  equation  A  and  B  (p.  177), 
the  form 


we  rewrite  it  in 


where  J  =  r*  is  the  moment  of  inertia  of  the  system.  Com- 

rn  M 

paring  this  expression  with  the  expression  E  =  K  +  V  and  noting 
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tliat  V  =  — c*Z  r.  for  the  kinetic  energy  we  get 
K  =  -g-/(/+l). 
Subslitutint;  K  in  the  form 


and  comparing  this  expression  with  the  one  derived  above,  we 
find 

p  =  h  V'/  (/+  1). 

i.e..  an  expression  that  coincides  with  (24.20). 

Forinnia  (24.20)  for  the  orbital  ant;ular  niomentiim  is  substan¬ 
tially  dilTcrent  from  the  Bohr  expression  (22.6).  approaching  the 
latter  only  (or  large  values  of  /(/^l).  when  the  numbers  I  and 
n  practically  coincide.  But  in  the  case  of  small  values  of  /.  the 
expressions  (24.20)  and  (22  6)  yield  sharply  divergent  values  of 
angular  momenta  p.  To  illustrate,  when  1  —  0,  and.  hence,  when 
n.  =  1  (sorbit).  we  obtain  p  =  0  for  the  quantum-mechanical 
atom  and  p  =  h  for  the  Bohr  atom. 

The  orbital  magnetic  moments  computed  (or  the  Bohr  and 
v.avc  atoms  differ  just  as  significantly,  because  due  to  the  propor¬ 
tionality  between  the  magnetic  moment  and  the  angular  momentum 
of  the  orbit,  the  orbital  magnetic  moment  j>f  the  wave  atom  turns 
out  proportional  to  the  quantity  V  /(/-|-l)  and 

p  =V^'/(/+  l)pn.  (24.21) 

whereas,  according  to  (22.34)  in  the  Bohr  theory  p  =  n..pB. 

As  to  the  question  of  space  quantisation  of  electron  orbits,  it 
is  to  be  expected,  proceeding  from  the  fact  that  the  number  of 
m,  may  assume  the  values  (see  (24.11)) 

ni/  =  HF  /.  (/  —  I  ).  ....  -f—  1 .0 

like  the  number  m  in  Bohr’s  theory  that  takes  on  the  values 
(see  p.  165) 

•Ti,  =  rlr  n,.  ±  (n.  —  1).  ....±1.0. 

and  from  the  correspondence  between  the  numbers  I  and  n  .  that 
space  quantisation  of  orbital  angular  momentum  in  quantum 
mechanics  will  be  determined  by  the  number  m,.  Indeed,  the 
quantum-mechanical  calculation  of  the  energy  of  an  atom  in  a 
magnetic  field  leads  to  the  expression 

AE  =  y  ^  Hm,  =  pBHm„ 


(24.22) 
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from  which,  representing  AE  in  the  form  pH  cos  (|i,  H),  we  finci, 
for  the  projection  of  the  magnetic  moment  on  the  field  direction. 

p'=pcos(p,  H)=pBm,  (24.23) 

like  a  similar  expression  in  the  Bohr  theory  (22.l0)i 
p'  —  pnin.. 

We  further  indicate  that  the  number  in,  also  determines  the 
projection  of  the  angular  momentum  of  the  orbit,  i.e., 

p;  =  hin,  (24.21) 

(cf.  p'  =  hm.  in  the  Bohr  theory). 

We  thus  see  that  the  projections  of  orbital  angular  momenta  p 
and  p  in  quantum  mechanics  are.  like  in  the  Bohr  theory,  inte¬ 
gral  multiples  of  h  and  Pb  .  respectively,  whereas  the  dependence 
of  the  angular  momenta  on  the  quantum  number  is  more  complex 
than  in  the  Bohr  theory. 

It  will  readily  be  seen  that  the  quantum-mechanical  theory  of 
the  atom  is  devoid  of  those  inner  contradictions  that  emerged 
when  considering  the  multiplet  structure  of  atomic  terms  on  the 
basis  of  the  Bohr  theory.  Indeed,  as  follows  from  (24.21),  the 
intra-atomic  magnetic  field  (due  to  the  motion  of  the  electron)  is 
present  in  all  states  of  the  atom,  with  the  exception  of  the 
s-states.  in  which  case  the  magnetic  field  is  absent  due  to  /-=0. 
For  this  reason,  in  all  states  of  the  atom,  excepting  the  s-states, 
we  find  space  quantisation  of  spin  in  the  intra-atomic  magnetic 
field  that  leads  to  multiplet  (doublet)  splitting  of  terms  (see  below, 
p.  207).  In  the  s-states.  space  quantisation  is  naturally  absent,  and 
the  s-terms  are  simple  (single). 

In  contrast  to  the  Bohr  theory,  quantum  mechanics  also  gives 
a  correct  quantitative  interpretation  of  the  behaviour  of  atoms  in 
an  external  magnetic  field;  this  behaviour  is  seen  in  the  Stern- 
Gerlach  and  Zeeman  effects,  and  also  in  the  behaviour  of  atoms 
in  an  electric  field  (Stark  effect),  where  space  quantisation  is  par¬ 
ticularly  prominent.  We  have  already  pointed  out  (p.  164)  that  in 
an  inhomogeneous  magnetic  field  a  beam  of  hydrogen  atoms,  and 
also  of  atoms  of  the  other  elements  of  this  group,  is  split  into 
two  symmetrical  beams  of  the  same  intensity  (Stern-Gerlach 
effect).  Gjmparing  this  picture  of  splitting  with  the  formula 
p'=pcosa  it  should  be  concluded  that  in  the  case  of  elements 
of  the  first  group,  i.e.,  of  elements  whose  atoms  have  one  outer 
electron  and  are  in  the  s-state,  p'  takes  on  two  values  that  are 
equal  in  absolute  magnitude.  From  the  viewpoint  of  space  quan¬ 
tisation  of  spin,  this  result  is  interpreted  as  follows. 
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Since  the  orbital  magnetic  moment  of  a  normal  hydrogen  atom 
is  equal  to  zero,  the  magnetic  moment  manifested  in  the  Stern- 
Gerlach  elTect  must  be  attributed  to  the  electron.  Whence  it 
follows  that  two  possible  orientations  of  the  H  atom  in  an 
external  magnetic  field  are  due  to  space  quantisation  of  spin. 
Introducing  the  quantum  number  s  to  characterise  the  angular 
momentum  and  magnetic  moment  of  the  electron  (by  analogy 
with  the  number  1)  and  the  number  m.  to  characterise  the  various 
orientations  of  the  latter  in  a  magnetic  field  (similar  to  the 
number  m,)  on  the  assumption  that  between  the  numbers  m,  and 
s  \\c  have  the  same  relation  as  between  the  numbers  m,  and  I 
(see  (24.11)),  we  get 

nis^rfcs,  4^(8 — I).  •••. 

i.e.,  2s-t-l  values  of  the  quantum  number  m..  and,  consequently, 
2s 1  orientations  of  spin  in  a  magnetic  field.  Since  experiment 
gives  only  fico  orientations,  it  is  obvious  that  2s -j- 1  =2.  whence 
it  follows  that  s  — and  m,  =  ^.i. 

Representing  the  intrinsic  angular  momentum  of  the  electron 
(spin)  as  p,  and  its  projection  as  pj  by  means  of  formulas  anal¬ 
ogous  to  (24.20)  and  (24.24),  we  find 

p,  =  h  f/s(s+l),  s  =  -i,  (24.25) 

p;=hm^,  m,  =  ±.1.  (24.26) 

Further,  as  has  already  been  pointed  out  (p.  164),  measuring  the 
magnitudes  of  magnetic  splitting  of  the  beam  of  hydrogen  atoms 
in  the  Stern-Gerlach  experiment  leads  to  the  value  of  magnetic 
moment  of  the  H  atom.  i.  e.,  to  a  value  of  the  moment  of  the 
electron  equal  to  one  Bohr  magneton.  However,  since  these  meas¬ 
urements  do  not  yield  the  moment  itself  but  its  projection  on 
the  field  direction,  i.e.,  the  quantity  p',  it  is  obvious  that  we 
must  put 

t<;  =  ±F8=±-|  (24.27) 

Comparing  the  expressions  for  (24.27)  and  p^  (24,26)  and  re¬ 
placing  the  ratio  p^/p^  by  the  ratio  pjp,  (due  to  both  the  angu¬ 
lar  momentum  and  magnetic  moment  being  parallel),  we  find 

Ml _ e 

Pi  m  • 


(24.28) 
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We  see  that  for  an  electron,  unlike  the  electron  cloud  (orbit), 
the  ratio  of  magnetic  moment  to  angular  momentum  has  an 
anomalous  value:  whereas  for  the  orbit  this  ratio  is 
)■;  I  e 

p,  2  in  ■ 

for  the  electron  it  is  expressed  by  a  quantity  lu'ice  as  great. 

Thus,  the  introduction  of  spin  yields  a  fourth  independent 
quantum  number  in,  (in  addition  to  the  numbers  n,  /,  and  m,), 
which  is  necessary  for  a  description  of  the  optical  and  magnetic 
properties  of  atoms.  The  twofold  orientation  of  spin  observed 
in  an  external  magnetic  field  and  corresponding  to  two  possible 
values  of  the  quantum  number  m,.  which  may  be  called  the 
magnelic  spin  number,  also  occurs  in  the  internal  magnetic 
field  of  the  atom  (due  to  the  magnetic  moment  of  the  elec¬ 
tron  cloud).  Because  of  interaction  of  the  latter  with  the 
spin,  the  atom  obtains  a  certain  additional  energy  (see  Sec.  26) 
that  differs  for  different  orientations  of  spin.  As  a  result, 
each  state  of  the  atom  characterised  by  the  value  t  ^0  is  split 
into  two  states  (doublets).  Such  is  the  origin  of  the  doublet 
structure  of  atomic  terms,  in  particular  the  terms  of  the  alkaline 
elements. 

Wave  model  of  the  atom.  As  has  already  been  pointed  out 
(p.  171),  quantum  mechanics  does  not  enable  one  lo  determine  the 
position  of  an  electron  in  an  atom,  i.e.,  to  indicate  the  shape 
of  an  electron  orbit,  the  very  concept  of  which  in  quantum 
mechanics  is  merely  conventional.  However,  we  can  compute  to 
any  degree  of  accuracy,  the  probability  of  finding  an  electron  at 
a  given  point  in  the  atomic  space,  which  permits  constructing 
some  sort  of  a  physical  model  of  a  quantum-mechanical  atom. 

Let  us  consider  some  quantum  states  of  a  hydrogen-like  atom. 
The  ground  state  of  the  atom  in  this  case  is  the  state  correspond¬ 
ing  to  n=l.  and,  hence,  /  =  m,  =  0.  .An  electron  in  this  state 
belongs  to  the  K-group  {n  =  l)  and  is  an  s-electron  (/  =  0),  For 
n  =  2  we  obtain  the  following  four  states:  1)  ;  =  m,  =  0,  the 
corresponding  term  is  the  2s-term  (L-group,  L,);  2)  /=!,  in  the 
absence  of  an  outer  magnetic  (or  electric)  field,  a  triply  degener¬ 
ate  2p-term  (L-group,  Lu  and  Lm)  in  accordance  with  three 
possible  values  of  the  magnetic  quantum  number  m,  =  0.  ±1. 
We  will  confine  ourselves  to  these  few  states  and  omit  computa¬ 
tional  details  of  the  respective  wave  functions,  giving  only  the 
results  (Table  10). 

In  Table  10,  s  =  (n/2)Q  =  Z  r/r,,  where  r,  =  h’/me*  is  the 
radius  of  a  one-quantum  Bohr  orbit  of  the  H  atom.  The  follow¬ 
ing  is  to  be  noted  in  connection  with  normalisation  of  the 
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Table  10 


The  function  if  (normalised)  for  one-  and  two-quantuin  states 
of  a  hydrogen-tike  atom 


■■ 

1 

m, 

term. 

group 

R  (?» 

■  normal  \  ^  / 

' 

0 

0 

Is.  K 

1 

e- 

e-» 

2 

0 

0 

2s.  L, 

' 

2  (p  -  2) 

— !^(2-s)e-»'* 
4/2 

2 

I 

0 

2|>.  L|, 

COS  d 

epe- 

— se“  *  *  cos  0 
4/2 

2 

I 

1 

2|i.  L,ii 

sin  0 

6^6“ 

se“*'-  sin  Oe* 

function  if.  Earlier,  when  solving  the  Schrodinger  equation  for 
a  hydrogen-like  atom,  we  determined  the  functions  R.  fl,  <P 
with  an  accuracy  only  to  a  certain  constant  factor.  For  this 
reason,  the  function  t);  likewise  was  computed  with  art  accuracy 
to  this  factor,  which,  however,  may  be  unambiguously  determined 
from  the  normalisation  condition  (23.7).  It  was  in  this  way 
that  the  normalising  factor  (I  (Z  r,)’>  in  Table  10  was 

obtained. 

A  consideration  of  the  wave  function  as  dependent  on  the 
coordinates  of  the  electron  gives  some  idea  of  the  distribution 
of  the  probability  of  finding  an  electron  at  a  certain  point  of 
intra-atomic  space.  Thus,  given  a  certain  arbitrary  direction 
that  corresponds  to  definite  values  of  the  angles  0  and  ip,  we 
can  study  the  distribution  of  probability  along  a  radius  vector 
drawn  from  the  centre  of  the  atom  (nucleus);  here,  this  proba¬ 
bility  will  depend  only  on  the  factor  |  R  |*  (|«|'==const  and 
‘I’'  =  const).  The  appropriate  probability  distribution  is  depicted 
in  Fig.  39.  where  the  dimensions  of  the  corresponding  Bohr  orbits 
are  also  indicated.  For  the  unit  of  distance  we  take  the  radius 
of  a  one-quantum  Bohr  orbit  r,  (in  the  drawing,  a,=r,).  The 
shaded  areas  correspond  to  the  quantity  D  =  4nr*|RI’,  which 
determines  the  probability  of  Finding  an  electron  in  the  spherical 
layer  djrr'dr.  equal  to  Ddr.  We  note  that  D  is  maximum  at 
a  distance  equal  to  the  mean  radius  of  a  Bohr  orbit  if  in  the 
expression  for  r  (p.  179)  n*  is  replaced  by  /(/-|-l). 

This  fact  indicates  a  certain  similarity  between  the  Bohr 
model  of  the  atom  with  its  discrete  electron  orbits  and  the  wave 
model  However,  the  curves  in  Fig.  39  rather  illustrate  features 
ol  radical  difference  than  features  of  similarity  between  the  two 
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models.  For  one  thing,  these  curves  show  that  unlike  an  electron 
of  the  Bohr  atom,  an  electron  of  the  wave  theory  can  be  located 
at  any  point  in  intra-atomic  space  with  a  finile  probability 
that  becomes  zero  only  at  an  infinitely  large  distance  from  tlie 


Fig.  39.  Probabilities  of  finding  an  electron  in  a  qiiantuiii-incchanical 
atom  (at  a  distance  r  from  the  nucleus) 


nucleus.  Averaging,  in  time,  of  the  position  of  an  electron  with 
respect  to  the  nucleus  in  a  single  atom,  or  averaging  the  electron 
positions  at  a  given  instant  of  time  in  a  large  number  of  iden¬ 
tical  atoms  is  what  leads  to  the  concept  of  the  electron  cloud. 
This  concept  yields  a  more  correct  picture  of  distribution  of 
the  electron  charge  in  an  atom  than  does  the  Bohr  model. 

Of  special  interest  is  the  study  of  probability  distribution 
over  angles  0  and  <p.  ft  is  readily  seen  that  the  probability  is 
not  dependent  on  the  angle  <p:  indeed,  |  <1>  p  =  <l'<I**=e'"'>  'e“ I . 
Whence  it  follows  that  an  electron  cloud  possesses  axial 
symmetry. 

As  for  the  distribution  of  probability  over  angle  0,  by  spec¬ 
ifying  a  definite  distance  from  the  nucleus  r  ( |  R  |‘ =const)  we 
can  find  this  distribution  by  computing  the  values  |6|’  for 
different  #.  The  result  of  such  computation  is  graphically  depicted 
in  Fig.  40.  where  we  also  have  the  corresponding  orientation 
of  the  Bohr  orbit  under  each  drawing.  These  drawings  were 
made  according  to  the  rules  of  constructing  ordinary  vector 
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diagrams:  on  the  radius  vectors  drawn  from  the  origin  (nucleus) 
at  appropriate  angles  O  are  plotted  lengths  proportional  to  the 
values  of  quantity  |e|’.  and  the  ends  of  Uiese  lengths  are  con¬ 
nected  by  a  continuous  curve  (circles  and  ngure*8’s). 


Ftf^.  40.  Quantum-mechanical  models  of  H  atom  in  different  quantum 
states 


From  Fig.  40  it  will  be  seen  that  to  the  s-terms  (/  =  0) 
there  corresponds  a  ipherical  symmetry  of  the  electron  cloud. 
It  may  be  shown  by  simple  calculations  that  superposition  of 
probability  distributions  for  all  possible  values  of  the  magnetic 
number  m,  for  constant  values  of  the  numbers  /  and  n  (equiva¬ 
lent  electrons)  leads  to  a  total  probability  that  is  independent 
of  the  angle  0: 

ni,  =  -I-/ 

2  =const.  (24.29) 

111^  =  —  / 

i.e..  also  to  spherical  symmetry  of  the  corresponding  electron 
cloud  (similar  to  the  symmetry  of  the  cloud  of  an  s-electron). 

Let  us  demonstrate  this  for  the  particular  case  /=!  (equiva¬ 
lent  2p-electrons),  for  which  we  already  have  the  calculated 
values  of  the  function  (Table  10).  We  shall  find  the  follow¬ 

ing  expressions  for  the  quantity  | I'  (we  omit  the  factor 
(IjVH)  (^/r,)*)! 

^s’e~»  cos’ 0  (m,  =  0)  and  ^  s'e~’ sin’ 0  (m,  =  ±1); 


</•  >P 
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Fig.  41.  Tlie  electron  cloud  of  nn  atom  (ion)  with  one  electron  in 
different  (luantum  states  of  tlic  atom  (after  While) 

by  summing  we  obtain  the  quantity  :^s'e-=  whicli  is  inde¬ 
pendent  of  the  angle  0. 

Comparing  tlie  probability  distribution  in  the  case  of  p- 
and  d-electrons  with  orientation  of  the  appropriate  Bohr  orbits 


101 


Ol  ANTl'M  MFCMAMCAL  TIIHORA'  OF  ATOM 


rch.  t 


(Fiy.  10).  \vc  see  that  the  latter  correspond  only  to  maximum 
probability.  Thus,  in  the  case  of  p-electrons  with  m,  =  +l, 
maximum  probability  is  found  for  the  plane  0  =  n  2  (perpen¬ 
dicular  to  the  z  axis),  i.e..  for  a  plane  in  which  the  appro¬ 
priate  Bohr  orbits  are  located.  However,  as  is  seen  from  the 
tiyure.  the  electron  probability  has  finite  (different  from  zero) 
values  also  in  the  other  planes.  This  circumstance  alone  shows 
how  complicated  is  the  motion  of  an  electron  (considered  as 
a  particle)  in  an  atom  and  the  inadequacy  that  follows  therefrom 
of  the  classical  concepts  of  coordinates  and  momenta  for  the 
description  of  this  motion.  However,  by  virtue  of  a  certain 
correspondence  between  the  quantum-mechanical  and  the  Bohr 
models  of  the  atom,  which  emeryes  from  Fig.  39  and  Fig.  40, 
present-day  atomic  theory  makes  successful  use  of  these  concepts 
and  also  of  the  Bohr  theory  as  a  whole,  which  has  the  advan¬ 
tage  of  pictorialness. 

The  pictures  of  the  electron  cloud  shown  in  Fig.  41  in 
dilTercnt  slates  of  the  hydrogen  atom  are  an  attempt  to  give 
a  pictorial  model  of  the  wave  atom.  These  pictures  were  obtained 
by  Wbile  by  photographing  special  rotating  mechanical  models 
performing  motion  in  space  in  accordance  with  the  distribution 
law  of  Itl’. 


25.  Two-Electron  Atom  (Ion) 

Solution  of  the  problem  of  an  atom  (ion)  with  two  electrons 
by  perturbation  theory.  The  wave  equation  for  an  atom  with 
many  electrons  may  be  written  in  the  form 


Here.  N  is  the  number  of  electrons  in  the  atom.  E  is  the  total 
energy  of  the  atom,  r,,  is  the  distance  of  the  Ath  electron  from 
the  nucleus  and 


isN 

ts:i 

where  r,.,  is  the  distance  between  the  Ath  and  rth  electrons. 

IV  j  many-body  problem  in  classical  mechanics,  equation 
(25.1)  does  not  admit  of  an  exact  solution.  Therefore,  various 
kinds  of  approximate  methods  have  to  be  used. 

One  of  the  most  fruitful  and  widely  used  approximate  meth¬ 
ods  IS  the  method  of  perturbation  theory.  It  is  applied  both  in 
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classical  (celestial,  for  instance)  mechanics  and  in  quantum 
mechanics.  The  principal  difficulty  in  solving  the  many-body 
problem  of  classical  mechanics  (for  example,  the  problem  of 
a  planetary  system)  and  also  the  many-electron  problem  of 
quantum  mechanics  consists  in  the  nece.ssity  to  account  for  the 
interaction  of  the  electrons  (planets).  In  perturbation  theory, 
this  interaction  is  accounted  for  in  successive  approximations. 
Disregarding  this  interaction  completely  we  get  a  solution  to 
a  zero  approximation.  In  solving  the  problem  to  a  lirst  approx¬ 
imation  it  is  assumed  that  this  interaction  is  slight  and  intro¬ 
duces  only  a  small  distortion  (perturbation)  into  the  result 
obtained  for  the  zero  approximation,  and  it  is  taUen  that  the 
energy  of  perturbed  motion,  to  this  approximation,  is  equal  to 
the  sum  of  the  energy  of  the  unperturbed  motion  (zero  approx¬ 
imation)  and  the  mean  energy  of  interaction  (aveiaged  over 
the  unperturbed  motion,  see  below). 

The  simplest  case  of  a  many-electron  system  is  the  helium 
atom,  the  problem  of  which  was  a  stumbling  block  lor  the 
classical  (Bohr)  theory  of  the  atom.  In  quantum  mechanics,  this 
problem  received  an  exhaustive  solution  by  the  method  of 
perturbation  theory  (Heisenberg,  1926). 

The  wave  equation  for  the  helium  atom  or  for  an  ion  with 
two  electrons  (Li*,  Be**,  B***.  C**.  etc.)  has  the  form 


obtained  from  (25.1)  when  N  =  2.  Disregarding,  in  the  zero 
approximation,  the  energy  of  mutual  repufsion  of  the  electrons 
e’/r,,,  we  obtain  a  solution  to  equation  (25.2)  in  the  form  of 
a  product  of  two  functions  \1)„,  (x,,  y,.  z,)  and  'f>„,  (x,,  y,,  z,): 

2|)(x,.  y,.  z,,  x„  y,.  z,)  =  'l>„,(x,,  y,,  z,)<t)„,(x„  y,.  z.) 
each  of  which  is  a  solution  of  one  of  the  equations  of  the  form 

obtained  by  separation  of  the  initial  wave  equation.  Thus,  to 
a  zero  approximation,  the  problem  of  the  two-electron  atom 
reduces  to  the  problem  of  an  atom  with  one  electron,  the  solu¬ 
tion  of  which  leads  to  eigenfunctions  determined  by  (24.2), 
(24.8),  (24.10).  and  (24.12),  and  to  the  characteristic  numbers 
E„  =  —  2n'me*Z'/h*n*  that  express  the  energy  of  an  atom  in  an 
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appropriate  quantum  state.  The  total  energy  of  a  two-electron 
atom  (ion),  to  a  zero  approximation,  is  obviously  equal  to  the  sum 

E  =  E„,  +  E„.. 

Passing  to  the  first  approximation,  we  first  solve  the  problem 
of  the  (ground  state  of  the  helium  atom  and  the  corresponding 
ions.  .According  to  perturbation  theory,  the  mean  energy  of 
perturbation  (the  energy  of  the  mutual  repulsion  of  the  electrons) 
is  expressed  by  the  integral 

Tu  p  il  dv 

AE  =  i;: - - .  dv  =  dv,  dv„  (25.3) 

5  UP  dv 

which,  upon  normalisation  of  the  function  \|>.  passes  into  the 
integral 

AE=('|>l)|’;^dv.  (25.3a) 

J  r|j 

The  integral  (25.3a)  is  taken  over  all  possible  positions  of  the 
electrons.  Th,‘  function  ip  is  the  product  of  the  wave  func¬ 
tions  for  the  ground  state  of  a  hydrogen-like  atom  ip,  = 
=  (unperturbed  motion),  i.e.. 


In  the  variables  o^  =  (^^r|..  for  an  element  of  volume  of  six¬ 
dimensional  space  in  polar  coordinates  we  obtain  the  expression 

dv  =  (|i)  etdc),  sin  d,d»,d<p,o|dQ, sin  d.dO.dtp,. 

Substituting  the  latter,  together  with  the  wave  function  ip.  into 
the  expression  for  the  energy  of  perturbation  AE,  we  get 

ce  r.  tK  ‘jC  tt  tn 

J  J  J  J  J  J  5^Q!de,sin»,dO,d(p,Q5de,sin»,dO,d(p,. 

where  =  Evaluation  of  the  integral  in  this  expression 

yields  20n'.  whence  it  follows  that  AE  =  20n*  (Ze*/2‘n*a,)  = 

=  5/4  (Ze'/2a,)  =  5/4(2n'me*Z/h*)  =  — 5;4(ZEh), 

where  Eh  is  the  energy  of  a  normal  H  atom;  in  absolute  magni- 
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tude  it  is  equal  to  the  encrj»y  of  ionisation  (13.60  cV).  Thus,  to 
a  first  approximation,  for  the  total  energy  of  a  two-electron  system 
we  have 


2n*nie*Z® 


2n’‘iuc*Z‘  .  5  2n*nu‘ 

^  T 


22* 


|-Z)En.  (25.4) 


The  energy  values  of  total  ionisation  of  a  helium  atom  and 
of  ions  with  two  electrons  calculated  from  this  formula  are  given 
in  Table  11  (third  column).  The  second  column  gives  the  zero- 
approximation  evaluation  (E~22*nii)  and  llie  fourth  column, 
the  measured  values  of  ionisation  energy. 

T  a  l)  I  0  II 

Calculated  (to  a  zero  approximation.  — E,>.  to  a  first  approxinjation.  — E,) 
and  measured  ( — Emc^s)  values  of  ionisation  energy  of  the  helium  atom  atul 
of  Ions  with  two  electrons  (in  e\'). 


•v.  lonU.tlion 

ciicrcv 

Elrtncnli 

-  i:.> 

—  E, 

mm 

r,  ~  E 

He 

108.76 

71.78 

78.98 

5.3 

Li  + 

2.11.71 

193.73 

198.04 

Be*-  + 

435.04 

367.06 

37! .51 

679.75 

594.78 

599.43 

a* 

978.84 

876 . 88 

881.83 

From  the  table  it  is  seen  that  already  in  the  first  approximation 
the  theory  gives  satisfactory  agreement  with  experiment.  By 
improving  the  methods  of  calculation  it  is  possible  to  increase 
their  accuracy  appreciably.  Thus,  Hylleraas  developed  a  varia¬ 
tional  method  of  approximate  solution  of  the  Schrodinger  equation 
and  obtained  practically  total  agreement  of  calculated  values  of 
the  first  ionisation  potential  of  helium  and  of  ions  with  two 
electrons  and  the  measured  values  of  this  quantity,  as  may  be 
seen  from  the  following:* 


*  In  Hylleraas*  calculations,  as  also  in  a  spectroscopic  determination  of 
the  measured  values  of  Ionisation  potentials  (imcjs).  such  values  of  the 
Rydberg  constant  are  taken  that  differ  from  the  presently  accepted  and  more 
precise  values.  For  this  reason,  and  Imeas*  ^s  given  here,  differ  from  the 
more  precise  values  of  ionisation  potential:  24.386  (He).  75.62  (Li*'’).  153.85 
(Be  +  '*'),  259.30  (B*'*’),  391.99  V  (C*+).  We  note  that  on  the  calculations  of 
Kinosita,  the  ionisation  potential  of  helium  is  24.586  V.  which  coincides 
exactly  with  the  measured  value  24.5860  :±: 0  0001  V. 
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He 

Li*- 

Be*--*- 

B** 

24.46 

7.S.26 

153.13 

258.09 

390.12 

24.47 

75.28 

153. 10 

258. 1  =0.2 

389.9  =  0.4 

It  may  be  added  that  Hylleraas  subsequently  also  calculated 
(by  his  method)  the  energy  of  the  ions  H'  and  H,*.  The  values, 
obtained  from  his  evaluations,  of  the  electron  affinity  of  the  H 
atom  (0.7 leV)  and  the  heat  of  dissociation  of  the  molecular  ion 
(2.72  eV)  are  in  good  agreement  with  the  findings  of  other 
methods. 

Exchange  degeneracy.  Up  till  now  we  have  considered  cases 
when,  to  a  zero  approximation,  the  problem  reduces  to  the 
solution  of  wave  equations  for  a  hydrogen-like  atom  in  the  ground 
state,  i.e.,  cases  of  the  ground  state  of  a  system  with  two 
electrons.  Let  us  now  solve  the  general  problem  when  any  states 
of  the  hydrogen-like  atom  are  possible,  so  that  the  wave  function 
of  the  unperturbed  problem  (zero  approximation)  must  be  taken 
in  the  form  given  on  p.  196.  Denoting  in  abbreviated  form  all  the 
coordinates  of  the  first  electron  (x,,  y,.  z,)  by  the  number  I, 
and  the  coordinates  of  the  second  electron  (x,,  y,,  z,)  by  2.  we 
rewrite  the  function  tf-  in  the  form 

'l>  =  't>n,  (l)«|>„,(2). 

However,  this  solution  is  not  the  only  one  that  corresponds  to  the 
given  values  of  the  principal  quantum  number  n,  and  n,  and, 
consequently,  to  the  given  value  of  energy  of  the  atom  (to  the 
zero  approximation  under  consideration).  Indeed,  in  view  of  the 
fact  that  the  electrons  are  indisli nguifihable,  a  solution  is  also 
po.ssible  when  the  first  electron  is  in  state  n,  and  the  second  in 
state  n,,  i.  e..  a  solution  of  the  form 

=  (2)  tn.(l). 

We  thus  have  two  states  of  the  system  r)’n,  (I)  <|>ii,  (2)  and  (2)  <|)n.  (1) 
with  the  same  energy  (a  doubly  degenerate  stale).  This  degenera’cy, 
which  is  due  to  the  indistinguishability  of  the  electrons  and  to 
their  interchangeability  that  follows  therefrom  (or  the  possibility 
of  their  exchange)  is  called  e.xchange  degeneracy. 

Due  to  exchange  degeneracy,  a  more  general  solution  of  the 
problem  is  given  by  linear  combinations  of  both  preceding  par¬ 
ticular  solutions:  either 

'I’s  =  <|)m,  (1)  <|)n.  (2)  + 1|,,„  (2)  ipn,  (1)  (25,5) 

or 

'l>A  =  Ij)„,  (1)  (pn.  (2)  —  4|)„,  (2)  (1).  (25.6) 
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The  first  of  these  solutions,  ijs ,  which  does  not  change  throujih 
an  interchange  .of  electrons  (interchange  of  the  numbers  I  and  2). 
is  symmetrical,  while  the  second.  i)a  .  which  reverses  its  sign  if 
the  electrons  are  interchanged,  is  called  ainisymmelrical. 

When  we  take  account  of  perturbation,  i.e..  the  mutual 
repulsion  of  the  electrons  e*  r,,.  exchange  degeneracy  disappears 
and  to  the  eigenfunctions  there  now  correspond  tliff-reni  energy 
values  Es  and  Ea  into  which  the  initial  doubly  degenerate  level 
splits. 

Combining  (25.5)  and  (25.6)  and  taking  the  square  of  the 
modulus  of  the  combined  function,  we  have 


I  >l'  I’  =  il'n.  ( I )  >1^..  ( I )  il’n,  (2)  If',',,  (2)  + 


-f  If-...  (2)  1)'*.,  (2)  <l'n.  (I)  if'M.  (1)  3-  2ii„.  (I)  If-:.  (2)  (I)  Tn,  (2).  (25.7) 


Substituting  (25.7)  into  the  expression  (or  the  mean  energy 
of  perturbation  (25.3)  and  noting  that  by  virtue  of  the  symmetry 
of  the  perturbing  term  e'  r,,  relative  to  both  electrons  (I  and  2) 
the  first  two  terms  (25.7)  yield  the  same  result,  we  obtain 


1  (On  >|i,.,(2)l'  ±  <('»,  (/)  (7)  I’,.,  ('I  (7»[  df,dr, 

- .'.j - 

J  ^  { I  >l  „.  ( ')  1  ’  I  M’,..  (2)  I  ’  i  M  ( /)  I-;,  (7)  ( /)  I) q2)  I  dv.du. 


(25.8) 

Expression  (25.8)  contains  four  integrals:  two  in  the  numera¬ 
tor  and  two  in  (he  denominator.  Let  us  first  consider  the  integrals 
in  the  numerator.  The  first  one.  which  we  shall  designate  by  C.  is 


C  =  Ji  tf'„,  (1)  I'  ll'..,  (2)  I’  dv,  dv.  (25.9) 

and  has  the  following  physical  meaning.  Since  the  quantity  e  |  <|)„,  (I)  |* 
represents  the  charge  density  of  the  first  electron  (this  quantity 
has  the  more  exact  meaning  of  "probability  density”),  while  the 
quantity  e  |  (2)|’  is  the  charge  density  of  the  second  electron, 

the  integral  C  obviously  expresses  the  energy  of  Coulomb  inter¬ 
action  of  the  electrons  (on  the  condition  that  they  are  distin¬ 
guishable).  For  this  reason,  the  integral  C  is  called  the  Coulortib 
integral  (usually  when  it  is  divided  by  e’). 

As  to  the  second  integral  in  the  numerator  (25.8),  which  we 
designate  by  A, 

A  =  f 'I’n,  (>) ’)’*.  (2)  (2)  ipr,.  (I)dv,dv„  (25.10) 

it  does  not  have  such  a  simple  physical  meaning.  As  follows 
from  the  foregoing,  it  arises  from  exchange  degeneracy  caused 
by  the  indistinguishability  of  the  electrons,  and  cannot  be 
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interpreted  within  the  framework  of  classical  theory.  This  inte¬ 
gral  is  called  an  exchange  integral  (also  when  it  is  divided  by  e*). 

However,  it  must  be  stres.sed  that  neither'  is  the  above 
‘  interpretation’  of  the  C  integral  consistent  or.  for  this  reason, 
exact.  Indeed,  as  has  already  been  pointed  out,  this  integral  may 
be  regarded  as  expressing  the  energy  of  Coulomb  repulsion  of 
electrons  only  on  the  assumption  of  indistinguishability  of  the 
electrons,  and  this  contradicts  experiment.  Whence  it  follows  that 
the  division  into  Coulomb  (C)  and  exchange  (A)  atomic  energy 
is  arbitrary  and  is  the  result  of  an  inexact  interpretation  of  the 
physical  meaning  of  the  C  integral.  It  may  be  added  that  the 
appearance  of  two  integrals  (C  and  A)  in  the  expression  for  the 
mean  perturbation  energy  of  (25.3)  is  due  to  particularities  in  the 
method  of  perturbation  theory  applied  to  solving  the  two-electron 
problem.  An  exact  physical  meaning  is  retained  only  in  the  sum 
of  integrals  C-»-A,  which,  according  to  (25.3),  is  equal  to  the 
mean  value  of  Coulomb  potential  energy  of  mutual  electron 
repulsion,  since  the  denominator  of  expression  (25.8)  is  equal  to 
unity  on  the  condition  that  the  (unctions  and  ip,,,  are  normal¬ 
ised.  Indeed,  the  first  term  of  the  denominator  in  this 
expression  ^  |  il',,,  ( I )  |' |  if-,,,  (2)  |‘ dv,dv,  in  accordance  with  the 
normalisation  condition  of  wave  functions  J I  ij)„,  (1)  |*  dv,  = 
=  J I  I)’,,,  (2)  |’dv,=  l  equals  1,  the  second  term, 
J  ')>n,  (')  'I’o,  (2)  (I)  >!>*.  (2)dv,dv,,  by  virtue  of  the  orthogonality 

of  the  wave  functions  expressed  by  the  equalities  (1)  '))n.  (1)  dv,  = 
=  5 'f'li,  (2)  >f'n,  (2)  dv,  =  0.  is  zero.  Thus,  for  the  perturbation 
energy  we  get 

AE  =  CiA.  (25,11) 

Due  to  indistinguishability  of  (he  electrons,  the  quantity  |<|)|* 
(25.7),  which  determines  the  electron  probability  (or  density  of 
(he  electron  cloud),  must  be  symmetric  with  respect  to  transposi¬ 
tion  of  electrons,  i.  e..  it  must  not  change  sign  in  the  process: 
liKl.  2)|’  =  |q)(2,  1)1’.  Whence  it  follows  that  the  wave  function 
itself  may  be  both  symmetric  and  antisymmetric:  4|)(1.  2)  = 
=  ±'l’(2.  1);  this  property  is  indeed  satisfied  by  the  wave  func¬ 
tions  (25.5)  and  (25.6). 

Spin  function.  Pauli  principle.  The  function  ij).  which  is 
a  solution  to  the  Schrodinger  equation,  is.  however,  insufficient 
for  a  complete  characteristic  of  the  appropriate  quantum  state  of 
the  atom,  since  this  requires  that  the  electron  spin  also  be  taken 
into  account.  Introducing  “spin  coordinates”  of  the  electrons  in 
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aiJdition  to  the  coordinates  .x.  y,  z  and  assuming  at  least  approx¬ 
imate  separation  of  the  variables  in  the  total  wave  equation, 
which  includes  spin  coordinates  as  well,  we  can  represent  the 
total  wave  function  in  the  form 

'F=<1)S  (25.12) 

where  S  is  the  function  of  spin  coordinates  (spin  fundion). 

Like  the  function  >)',  the  .spin  function  possesses  definite  prop¬ 
erties  of  symmetry.  Introducing  the  spin  function  a  to  describe 
the  state  of  an  electron  corresponding  to  a  positive  value  of  spin 

projection  (*'1,=  +  -^^  and  the  spin  function  p  to  describe  a  state 

with  negative  value  of  projection  (10^  =  —  ,  we  can  represent 

the  general  solution  of  the  spin  part  of  the  wave  equation  in 
the  form  of  the  following  lour  functions: 

S  =  a  (1 1  a  (2), 

S  =  P(l)p(2). 

S  =  o(l)P(2)+a(2)P(l), 

S  =  a(l)P(2)— o(2)P(l). 

The  first  three  functions  are.  obviously,  symmetric  with  respect 
to  a  transposition  of  electrons,  the  latter  is  antisymmetric.  Let 
us  designate  the  symmetric  and  antisymmetric  spin  functions  by 
the  symbols  Ss  and  S.\,  respectively.  To  the  first  three  functions 
there  correspond  values  of  total  projection  01,  =  nij, -j- m,  = -1- I 
and  0;  to  the  last,  the  value  0.  Whence  it  may  be  concluded 
that  the  first  three  functions  refer  to  a  triply  degenerate  stale 
of  an  atom  characterised  by  total  spin  S=l,  the  latter,  to 
a  state  with  total  spin  S  =  0. 

In  accordance  with  the  symmetry  of  the  functions  q;  and  S, 
the  total  wave  function  V  may  be  symmetric  or  antisymmetric. 
The  functions  'Fs  =  \|)sSs  and  'Ts=q’AS,\  are  obviously  sym¬ 
metric,  and  the  functions  H'a  ='I>sSa  and  Va  ='|>aSs  are  antisym¬ 
metric.  However,  not  all  of  them  correspond  to  real  states  of  the 
atom;  this  is  connected  with  the  so-called  Pauli  principle  (1925), 
which  is  one  of  the  general  principles  underlying  modern  quantum 
statistics.  According  to  the  Pauli  principle,  an  atom  cannot  have 
two  or  more  electrons  characterised  by  the  same  values  of  the 
four  independent  quantum  numbers,  tor  example,  n.  /,  m,,  and  m,,. 
It  will  readily  be  seen  that  only  antisymmetric  wave  functions 
satisfy  this  principle.  Indeed,  assuming  two  electrons  with  quantum 
numbers  identical,  transposition  of  these  electrons  will  yield 
a  state  identical  with  the  initial  state,  and,  consequently, 
=  For  the  antisymmetric  function  we  have:  'F,,  =  —  'F,,. 
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Obviously,  both  these  conditions  are  satisfied  only  by  a  function 
that  is  identically  equal  to  zero,  which  signifies  the  impossibility 
of  this  state  (in  which  all  quantum  numbers  of  the  two  electrons 
are  the  same).  Hence,  the  condition  for  satisfying  the  Pauli 
principle  is  the  condition  of  antisymmetry  of  the  total  wave  func¬ 
tion.  Such  is  the  quantum-mechanical  formulation  of  the  Pauli 
principle. 

When  this  principle  is  taken  into  account  by  total  wave 
functions  that  correspond  to  actual  states  of  a  two-electron  system 
(for  example,  a  helium  atom),  there  can  only  be  total  wave 
functions  'f'A='t>sSA  and  Va  =  iIiaSs  .  In  the  case  of 

{/noerturded  PerCurded 

Singlet 


Triplet 


Ftp,  42.  Lower  terms  of  He  atom 

equivalent  electrons,  that  is.  electrons  characterised  by  the  same 
values  of  the  quantum  numbers  n  and  /  and  with  identical  m,  as 
well,  the  Pauli  principle,  in  addition,  excludes  the  state  character¬ 
ised  by  the  function  'KA=')fASs.  since  in  this  case  m,_  =  m^, 
which  contradicts  the  principle.  An  obvious  instance  of  identical 
n.  /.  and  m,  of  both  electrons  is.  for  example,  the  ground  state 
of  the  helium  atom,  to  which  there  correspond  minimum  possible 
values  of  quantum  numbers,  i.e.,  n,  =  n,=  l.  /,  =  /,  =  0 
and  m,.  =  m,.  =  0.  Since  the  orbital  angular  momenta  of  both 
electrons  and  the  total  spin  angular  momentum  of  the  normal 
helium  atom  are  zero,  its  total  angular  momentum  is  also  zero 
and.  hence,  the  statistical  weight  is  unity.  Let  us  also  consider 
the  case  of  n,=  I  and  n,  =  2.  In  this  case,  both  antisymmetric  states 
are  possible:  Va  ='i)sSA  and  H'A  =  ’i>ASs.  The  first  one  is  a  singlet 
(S  =  0)  and  has  statistical  weight  1.  the  second  is  a  triplet  (S=  I) 
and  has  statistical  weight  3.  Since  to  a  singlet  state  there  corre¬ 
sponds  perturbation  energy  AE=C-|-A.  and  to  a  triplet,  per¬ 
turbation  energy  AE=C — A.  the  triplet  level  will  be  situated 
below  the  singlet.  From  the  foregoing  we  get  a  picture  of  the 
lower  energy  levels  of  the  He  atom  as  shown  in  Fig.  42.  From 
this  figure  it  follows  that  the  ground  level  of  the  helium  atom 
must  be  a  singlet  and  the  first  excited  level  a  triplet.  Thisconclu- 
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sion  has  been  experimentally  corroborated  not  only  in  the  case 
of  the  helium  atom  and  the  ions  Li'^,  Be^'^,  etc.,  but  also 

in  the  case  of  many-electron  atoms  or  ions  with  two  outer 
electrons  (for  instance.  Mg,  Zn.  Cd.  Hg.  or  Al^,  Tl*.  etc.).  For 
one  thing,  all  the  foregoing  atoms  or  ions  are  diamagnetic  in  the 
ground  state,  thus  indicating  that  these  states  are  singlet.*  It  may 
be  added  that  the  energy  levels  of  the  helium  atom,  caiculated 
to  a  first  approximation,  coincide  with  the  observed  vaiues 
to  within  20-30% .  For  a  first  approximation,  this  agreement 
between  calculated  and  measured  energy  values  of  the  He  atom 
should  be  considered  quite  .satisfactory. 

Atom  (ion)  with  large  number  of  electrons.  The  method  of 
perturbation  theory,  like  the  variational  method  of  Hylleraas, 
which  is  successfully  applied  in  the  solution  of  the  problem  of  an 
atom  with  a  small  number  of  electrons  such  as  the  helium  atom 
and  also  certain  other  problems,  encounters  great  difficulties  when 
applied  to  many-electron  systems,  where  it  is  very  difficult  to 
account  lor  the  perturbation  energy.  For  this  reason,  other  meth¬ 
ods  of  calculation  must  be  resorted  to  when  dealing  with  such 
systems.  Here,  statistical  methods  have  proved  particularly 
fruitful. 

One  of  these  methods — the  Thomas  (l92C)-Fcrmi  (1928) 
method — proceeds  from  a  statistical  atomic  model  that  presumes 
a  continuous  distribution  of  electron  density  (in  the  atom),  which 
is  connected  with  the  intra-atomic  electric  field  by  the  Poisson 
equation.  Substituting,  intothe  latter,  theelectron  density  calculated 
on  the  basis  of  quantum  statistics  and  the  Pauli  principle,  we 
obtain  the  following  differential  equation  for  the  field  potential 
(Thomas-Fernti  equation): 


d*<p _ <p*  * 


(25.13) 


where 


=  —  x=-|^ 


(r  is  the  distance  from  the  nucleus,  p  is  a  quantity  proportional 
to  the  radius  of  a  one-quantum  Bohr  orbit  r,,  x 's  the  field  potential 
at  the  distance  r  and  Xa  'he  potential  in  outer  space,  equal 
to  Ze/r,  where  Z  is  the  charge  of  the  ion;  in  the  case  of  a  neutral 
atom  Xa  =  0).  Integration  of  this  equation  under  specific  boundary 
conditions  that  correspond  to  the  given  problem  is  what  under- 


*  Accordingly,  the  magnetic  moment  of  the  He  atom  in  the  ground  state 
is  zero,  unlike  the  magnetic  moment  of  the  triplet  state,  for  which  measure* 
ments  yield  2|jiq. 
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lies  the  solution  o(  problems  of  atomic  physics  by  the  Thomas- 
Fermi  statistical  method. 

By  way  of  illustration,  it  may  be  noted  that  on  the  basis 
of  the  statistical  model  of  the  atom,  Fermi  considered  the  ques¬ 
tion:  beKinniiiK  with  what  value  of  Z  do  the  s-,  p-,  d-,  etc., 
orbits  in  the  yround  state  first  make  their  appearance  in  the 
Periodic  Table?  In  this  case,  the  problem  reduces  to  finding 
(by  integration  of  the  appropriate  dilTerential  equation  with  the 
use  of  the  function  <p,  which  is  obtained  by  .solving  the  Thomas- 
-Fermi  equation)  the  values  of  the  atomic  number  Z  at  which 
the  number  of  electrons  characteri.sed  by  a  given  value  of  the 
qu.intum  number  I  becomes  equal  to  1.  In  this  way,  in  accordance 
with  e.xpcrimcnt,  Fermi  found  that  the  value  /=!  (p-electrons) 
first  appears  at  Z  =  5  (boron),  /  =  2  (d-electrons),  at  Z  =  21 
(scandium),  and  not  atZ=19,  i.e.,  immediately  following  argon, 
as  might  be  expected  in  regular  filling  of  the  quantum  states. 
In  the  same  way.  Fermi  found  that  the  f-orbits  (1  =  3)  first 
appear  not  in  silver  (Z  =  47),  as  should  be  expected  in  the  case 
of  uniform  filling  of  the  orbits,  but  much  later,  at  Z  =  55 
(caesium),  whereas  the  true  value  is  Z  =  58  (cerium). 

Of  the  other  applications  of  the  Thomas-Fermi  method,  we 
note  the  calculation  of  the  Rydberg  corrections  for  s-terms  carried 
out  by  Fermi  and  Amaldi  on  the  basis  of  this  method,  calcula¬ 
tion  of  X-ray  M-levcIs  (Rasetti),  etc.  It  should  be  noted  that  the 
Thomas-Fermi  statistical  model  proved  exceedingly  convenient 
for  describing  the  internal  properties  of  electron  clouds  of  atoms 
and  quite  unsuitable  for  describing  the  external  properties,  such 
as  the  diamagnetism  of  atoms. 

Whereas  the  Thomas-Fermi  method  does  not  require  solution 
of  the  Schrodinger  equation,  the  Hartree  (1927)-Fok  (1930)  method 
(another  statistical  method)  is  based  on  this  equation.  In  the 
latter  method,  the  electric  field  of  all  electrons,  except  the  field 
created  by  the  selected  electron,  is  replaced  by  a  certain  average 
time-constant  field  *  which  Flartree  called  a  “self-consistent  field". 
To  surmount  the  chief  difficulty  of  the  method  (this  has  to  do 
with  isolating  the  field  of  the  chosen  electron),  Fok**  developed 
a  very  effective  procedure  based  on  the  exchange  effect.  Intro¬ 
duction  of  a  “self-consistent  field"  permits  solving  the  approximate 
Schrodinger  equation  for  this  electron.  One  of  the  results  of  the  solu¬ 
tion  of  the  problem  is  the  possibility  of  assigning  to  each  selected 
electron  definite  quantum  numbers  n.  /,  and  m,.  In  this  way  it  is 

•  We  liave  already  encountered  substitution  of  an  electron  field  by 
a  certain  average  field  in  the  problem  of  atoms  of  alkaline  elements  by  the 
Born-Heisenberg  method  (see  p.  156). 

Later.  Slater  succeeded  in  greatly  simplifying  Fok's  equations. 
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possible  to  find  the  qiiantiiin  numbers  for  all  electrons  of  a  complex 
atom,  which  is  of  great  fundamental  importance,  for  it  permits 
extending  the  results  of  systematics  of  electron  states  established  for 
a  one-electron  atom  to  an  atom  with  any  number  of  electrons. 

Using  this  method.  Hartree  calculated  a  large  number  of 
atoms  and  ions:  Rb'^.  Cl",  Cu’^.  He,  O,  K,  Cs,  Be.  Ca,  F".  Hg. 
In  Sommerfeld's  words:  "Thanks  to  the  many  years  of  purposeful, 
intensive  work  of  Hartree.  the  problem  of  integration  of  Schrod- 
inger’s  equation  is  practically  solved  even  for  heavy  atoms  (Hg!)”. 

The  Hartree-Fok  method  was  also  used  to  calculate  the 
diamagnetic  susceptibility  for  Ar  and  K’  (the  results  clo.scly 
coincided  with  experiment),  for  which  purpose  the  Thomas-Fcrmi 
method,  as  we  pointed  out  above,  proved  un.suitable.  The 
Hartree-Fok  method  was  likewise  successfully  applied  in  calculat¬ 
ing  the  probabilities  of  quantum  transitions  in  atoms  (see  Sec.  28). 
It  may  be  added  that  of  late,  due  to  improvements  in  computational 
methods,  the  number  of  calculated  atoms  and  ions  has  increased 
considerably. 


CHAPTER  5 

THE  SPECTROSCOPY  OF  ATOMS 
26.  Systematics  of  Atomic  States 

Multiplet  (fine)  structure  of  atomic  terms.  Atom  (ion)  with  one 
outer  electron.  The  principal  factor  determining  the  atomic  prop¬ 
erties  which  depend  on  the  electronic  structure  of  the  atom  is 
the  electron  configuration  of  the  atom  in  the  given  state.  By 
electron  configuration  is  understood  the  distribution  of  electrons 
in  quantum  states  characterised  by  the  quantum  numbers  n  and 
/.  Due  to  the  fact  that  for  a  given  value  of  the  principal  quan¬ 
tum  number  n  the  number  /  can  assume  n  values  0.  1,  2 . 

n — I.  we  have  the  following  double  diversity  of  electron  states 
(terms): 

Is  2s  3s  4s  5s  ... 

2p  3p  4p  5p  ... 

3d  4d  5d  ... 

4f  5f  ... 

5g  ... 

To  every  state  there  corresponds  a  definite  electron  subgroup 
with  a  maximum  number  of  electrons  equal  to  2(2/-|-l).  This 
number  is  determined  by  the  possible  values  (for  a  given  /)  of 
the  quantum  number  m,  and  by  the  two  values  of  the  number 
ni„  with  account  taken  of  the  limitations  imposed  by  the  Pauli 
principle. 

A  definite  contribution  to  the  energy  of  the  atomic  state  is 
made  by  the  magnetic  interaction  of  the  orbital  angular  mo¬ 
menta  and  the  intrinsic  angular  momenta  of  the  electrons  (spins). 
In  an  atom  (or  ion)  with  one  electron,  one  has  to  take  into 
account  the  interaction  of  orbital  angular  momentum  and  the 
spin  of  this  single  electron.  Above  (p.  187)  it  is  interpreted,  for 
the  sake  of  clarity,  as  spare  quantisation  of  spin  in  an  intra- 
atomic  magnetic  field.  A  more  correct  picture  of  the  interaction 
of  spin  and  orbital  angular  momentum  is  given  in  Fig.  43;  ac¬ 
cording  to  this  picture,  the  interaction  consists  in  space  quan- 
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tisation  of  both  angular  momenta 
the  direction  of  the  resultant  ai 
Calculation  of  the  absolute  magn 
the  expression 

p  =  h)/(/±s)(/±s-t-l).  (26.1) 

By  introducing  the  quantum  num¬ 
ber  j  (the  lolal  angular-momenliim 
quantum  number)  to  characterise 
the  resultant  angular  momentum, 
we  can  represent  expression  (26.1) 
also  in  the  form  (cf.  (24.20)  and 
(24.25)) 

P  =  t>Vi  (j+1).  (26.2) 

From  (26.1)  and  (26.2),  it  follows 
that 


(vectors  (  and  s)  relative  to 
igular  momentum  (vector  j) 
tude  of  the  latter  leads  to 


F’q,  43.  Interaction  ot  tnoilal  an¬ 
gular  inonientuin  /  anti  spin  $ 


j  —  f  dr  ^  ^  ^'2  ' 


(26.3) 


Thus,  for  each  stale  corresponding  to  a  definite  value  of  the 
quantum  number  I  (with  the  exception  ot  the  state  /=0),  we 
obtain  two  values  of  the  total  angular- 
momentum  quantum  number,  j=/ -|-  1  2 
and  j  =  / — 12,  which  may  be  used  to 
describe  the  components  of  doublet 
splitting  that  arises  from  the  interac 
tion  ot  the  vectors  I  and  s. 

Table  12  gives  the  values,  obtained 
from  (26.3),  of  the  total  angular-mo¬ 
mentum  quantum  number  for  various 
terms  (states)  of  a  hydrogen-like  atom 
or  ion  and  also  for  the  terms  of  an 
atom  or  ion  with  one  outer  electron 
and  with  an  atomic  core  having  the 
structure  of  a  noble  gas.*  Since,  by 
virtue  of/  =  0,  there  is  no  interaction 
of  the  vectors  /  and  s  in  the  case  of  s-states  of  the  atom  (ion), 
for  these  states  we  have  j  =  s,  i.e.,  one  value  of  the  number 
jfsimple  terms).  In  contrast,  to  all  other  terms  in  Table  12 
there  correspond  two  values  of  the  quantum  number  j. 


Table  12 
Terms  of  atoms  and  ions 
with  one  outer  electron 
described  by  means  of  total 
angular>momentum  quantum 
number  (j) 


Terms 

1 

S 

0 

1/2 

P 

I 

l/23'2 

d 

2 

3;2  5/2 

f 

3 

5  2  7/2 

*  In  all  these  cases  the  concepts  ot  atomic  and  electron  terms  are  iden¬ 
tical. 
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Representing  the  orbital  and  spin  angular  momenta,  and  also 
the  resultant  angular  momentum  of  the  atom  in  the  form  of 
vectors  (see  Fig.  43).  it  is  possible  to  conceive  the  atom  in  any 
(|uantuin  state  as  a  certain  vector  model  built  up  from  the  vec¬ 
tors  I,  s  and  the  vector 

j  =  /  +  s.  (26.4) 

In  view  of  (26.3),  to  the  geometric  addition  of  vectors  (26.4) 
there  corresponds  an  algebraic  addition  of  appropriate  quaiitum 
miinhers.  This  greatly  simplifies  the  classification  of  atomic 
stales  by  reducing  it  to  a  simple  combinatorial  analysis  of  num¬ 
bers.  Since  the  problem  of  this  classification  is  not  to  deter¬ 
mine  the  absolute  values  of  the  terms  but  to  find  the  number 
of  possible  terms  and  to  describe  their  properties,  we  can,  by 
replacing  the  addition  of  vectors  with  the  addition  of  corre¬ 
sponding  (piantum  numbers,  greatly  simplify  and  render  more 
vivid  the  vector  model  itself.  Thus,  considering  conditionally 
that  the  vectors  t  and  s  are  parallel  and  replacing  the  precise 
expressions  of  angular  momenta 

p,s==hl  /  (/+  I).  p,  =  h) 's(s-l- I)  and  p  =  h  V  j(j  +  I) 
by  their  appro.xiniate  expressions 

p,  =  h/,  p,  =  lis  and  p  =  hj 

(i.e.,  attributing  to  the  vectors  the  maximum  values  of  their 
projections),  we  may  write  the  resultant  angular  momentum  as 
an  algebraic  sum  of  angular  momenta  p,  and  p,.  i.e.,  p=hj  = 
~  I’/ ±  Ps  =  (/ ±  *)•  The  significant  point  here  is  that  we  thus 

obtain  a  correct  relationship  of  quantum  numbers  j,  /,  and  s; 
this  is  readily  seen  if  in  the  preceding  equality  we  cancel  h. 

Wo  may  add  that,  like  the  projections  of  the  orbital  angular 
momentum  (24.24)  and  the  spin  (24.26),  the  projection  of  the 
resultant  angular  momentum  of  the  atom  (on  a  certain  direction 
7.)  is  expressed  by  the  formula 

p’  =  hm  (26.5) 

where  the  magnetic  quantum  number  m,  having  the  same  mean¬ 
ing  as  the  earlier  introduced  magnetic  orbital  quantum  number 
(m,)  and  magnetic  spin  quantum  number  (mj,  in  this  case  takes 
on  the  following  values: 

ni  =  j.  j— I,  j  — 2 . _(j_2),  _(j_l),  _j,  (26.6) 

i.e.,  2j-(-  1  values. 

Fine  structure  of  the  terms  of  an  atom  (ion)  with  two  outer 
electrons.  In  passing  to  an  atom  with  two  outer  electrons,  we 
must  take  into  account  the  interaction  of  four  angular  momen- 
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ta — two  orbital.  /,  and  and  two  spin,  s,  and  s,.  It  will  be 
found  convenient  to  consider  the  following  two  cases;  I)  when 
the  predominant  interaction  is  between  vectors  f,.  and  t,  and 
vectors  s,  and  s,.  and  2)  when  the  predominant  interaction  is 
between  vectors  and  (i  =  l.  2).  In  the  first  of  these  cases, 
called  Rtissell-Saunders  coupling,  the  vector  of  the  resultant  or¬ 
bital  angular  momentum  appears  as  a  result  of  the  Interaction  of 
vectors  /,  and 

L  =  /.4-Z. 

and  the  vector  of  resultant  spin  as  a  result  of  the  interaction  of 
spins  s,  and  s,; 

S  =  s,  +s,. 

From  the  vector  model  (see  above)  we  obtain  the  following  val¬ 
ues  of  the  appropriate  quantum  numbers: 

L  =  Z.  +  Z..  /.  +  /.-1.  +  . l/.-M  (26,7) 

(maximum  value  of  L  =  /,  +  /«  corresponds  to  parallel  orienta¬ 
tion  of  the  vectors  /,  and 
I,  in  the  vector  model; 
minimum  L  =  |/ , — /,|. 
to  their  antiparallel  ori¬ 
entation)  and 
S='',±'/,.  i.e.. 

S  =  I  and  0.  (26.8) 
The  mutual  orientation 
of  vectors  t,  and  I,  (for 
/,  =  2  and  /,=3)  and 


-I  c  I'  I- 

Fig.  44.  A\utual  orientation  of  orbital  angular  Fig.  45,  Mutual  orienta* 
momenta  in  the  vector  model  of  an  atom  with  tion  spins  in  the  vector 
two  outer  electrons  model  of  an  atom  with 

two  outer  electrons 

spins  in  the  vector  model  of  an  atom  with  two  outer  electrons 
is  given  in  Figs.  44  and  45,  respectively. 


1-3  i-3 


OS' 


L‘5  L  =  i 
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As  a  result  of  the  interaction  of  vectors  L  and  S  (this  inter¬ 
action  is  weaker  than  that  of  t,  and  s,,  s,),  a  vector  of  to¬ 
tal  annular  momentum  of  the  atom  appears: 

J  =  L-1-S;  (26.9) 

this  vector  is  described  by  the  quantum  number  J.  By  virtue 
of  various  possible  mutual  orientation  of  the  vectors  L  and  S. 
this  number  takes  on  the  following  values: 

J  =  L  +  S.  L-fS~l,  L-fS  — 2 . |L— S|.  (26.10) 

As  will  be  readily  seen,  the  number  of  different  values  of  J 
when  LSsS  is  2S4"I  snd  when  L  <  S.  is  2L-|-I. 

Taking  into  consideration  the  foregoing,  we  obtain  a  set  of 
terms  of  an  atom  with  two  electrons  as  shown  in  Tables  13  and 
14.  Since,  in  the  case  under  consideration,  the  number  S  takes 
on  two  values,  I  and  0.  we  get  two  systems  of  terms  here:  a 
system  of  singlets  (S  =  0,  J  =  L)  ant  a  system  of  trrp/efs  (S=  1, 
J  =  L-(-l,  L,  L  —  I).  The  quantum  numbers  that  correspond  to 
the  terms  of  both  systems  are  given  in  Tables  13  and  14. 


Table  13 

Singlet  terms  of  an  atom 
with  two  electrons 


Table  14 

Triplet  terms  of  an  atom 
with  two  electrons 


Term 

L 

J 

Term 

«- 

J 

•s 

0 

0 

m 

i 

I 

•p 

1 

1 

■a 

0  1  2 

'o 

2 

2 

■a 

1  2  3 

■f 

3 

3 

H 

2  3  4 

Here,  the  term  designations  are  different  from  those  earlier 
used.  The  symbols  s.  p.  d.  ...  .  are  used  to  denote  the  terms 
of  individual  electrons-,  these  terms  are  characterised  by  definite 
values  of  the  azimuthal  quantum  number  1.  In  our  case  we  have 
to  do  with  the  terms  of  an  atom  that  are  characterised  by  the 
quantum  number  L.  To  designate  them  we  introduce  the  capital 

letters  S.  P,  D . Let  it  be  noted  that  in  the  case  of  atoms 

orT  ions  with  one  outer  electron,  the  numbers  L  and  I  have  the 
same  meaning:  the  symbols  S,  P,  D,  ...  and  the  symbols  s,  p. 
d.  ...  i  obviously,  also  djnote  one  and  the  same  thing — terms 
of  the  outer  electron,  which  are  at  the  same  time  also  terms 
of  the  atom  (ion).  Naturally,  the  introduction  of  new  symbols 
does  not  exclude  the  earlier  symbols  because  when  dealing  with 
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an  atomic  term  we  often  have  to  take  into  account  the  states 
of  the  individual  electrons;  these  states  give  an  indication  of 
the  origin  of  the  term.  Thus,  the  D-term  (L  =  2)  of  an  atom 
with  two  electrons  may  be  constructed  from  one  s-  (/,  =0)  and 
one  d-electron  term  (/,  =  2).  However,  a  D-term  (naturally,  a 
diHerent  one)  may  be  obtained  also  from  two  p-electron  terms 
(/,  =/,=  !). 

From  this  example  it  is  clear  that  a  fuller  characterisation 
of  a  term  requires  the  use  of  both  symbols  (upper-case  and  lower¬ 
case).  Thus,  designating  the  above-mentioned  D-terms  by  the 
symbols  sdD  and  ppD,  or  p’D,  where  the  lower-case  symbols 
indicate  the  corresponding  electronic  terms,  we  define  more  pre¬ 
cisely  the  origin  of  the  atomic  term.  The  only  thing  to  add  is 
that  usually  when  designating  terms  in  this  way.  we  also  indi¬ 
cate  the  values  of  the  principal  quantum  numbers  of  the  elec¬ 
trons.  for  instance  ls3dD,  3s3dD.  2p3pD  or  (3p)’D. 

To  distinguish  atomic  terms  belonging  to  different  multiplet 
systems,  a  left-hand  superscript  (see  Tables  13  and  14)  is  used  to 
indicate  the  multiplicity  of  the  system  to  which  the  given  term 
belongs.  We  note  that  the  multiplicity  of  the  system  is  equal  to 
2S-|-1,  where  S  is  the  quantum  number  that  determines  the  total 
spin  of  the  atom.' According  to  the  foregoing,  the  multiplicity  of 
a  term  coincides  with  the  multiplicity  of  the  system  only  when 
we  have  terms  characterised  by  the  number  L^S. 

Finally,  the  right-hand  subscript  is  generally  meant  to  indi¬ 
cate  the  number  J  corresponding  to  the  given  term  (or  compo¬ 
nent  of  the  term),  for  instance,  (4s)'  'S,.  In  this  specific  case,  the 
indication  ol  J  is  not  essential  since  the  term  'S.  like  all  S-terms, 
is  a  simple  term  due  to  the  fact  that  L  =  0and  J  =S.  However, 
in  the  case  of  a  multiplet  term,  it  is  absolutely  necessary  to  in¬ 
dicate  the  number  J.  the  values  of  which  are  used  to  differenti¬ 
ate  the  different  components  of  the  term.  Such  are  the  terms  '-P, 
'D,  etc.,  given  in  Table  14  and  represented  by  the  symbols  ’P„. 
*P,,  'P,,  'D,,  *D,,  'D,,  etc.  In  exactly  the  same  way,  the  doublet 
P-terms  of  alkaline  elements  (L  =  /  =  l,  J=3/2,  1/2)  are  denot¬ 
ed  by  the  symbols  np'P,’,  and  np'P,,,.  etc.  It  is  sometimes  nec¬ 
essary  to  indicate  also  the  states  of  the  electrons  in  the  inner 
groups.  For  example,  indicating  the  states  of  all  II  electrons  irt 
the  Na  atom,  we  designate  the  principal  term  of  the  latter 
(n=3,  L  =  /  =  0.  J=S=  1/2)  as  follows;  (Is)'  (2s)'  (2p)'  3s 

In  the  overwhelming  majority  of  cases  the  character  of  the 
atomic  term  is  determined  by  the  configuration  (states)  of  the 
outer  electrons.  This  occurs  in  all  cases  when  the  inner  electrons 
form  closed  subgroups  and  is  due  to  both  the  orbital  and  spin 
angular  momenta  of  the  closed  subgroups  being  equal  to  zero> 
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wliich  is  a  necessary  corollary  of  the  Pauli  principle.  For 
one  thing,  this  corollary  Is  manifested  in  the  diamagnetism  of 
all  ions  whose  electron  shells  consist  of  closed  subgroups.  It 
follows  from  the  foregoing  that  the  systematics  of  states  of  an 
atom  (or  ion)  with  one  or  two  outer  electrons  is  also  applicable 
to  an  atom  (ion)  with  any  number  of  inner  electrons,  on  the  con¬ 
dition  that  the  latter  form  closed  subgroups. 

This  type  of  interaction  of  electronic  angular  momenta  (Rus- 
siil-Saunders  coupling)  is  the  most  widespread.  For  this  reason, 
the  usual  classification  of  atomic  terms  is  based  on  the  assump¬ 
tion  of  this  type  of  interaction  being  predominant.  In  comparative¬ 
ly  rare  cases,  however,  we  observe  other  types  of  interaction  of 
the  angular  momenta.  To  illustrate,  in  the  case  of  heavy  ele¬ 
ments.  the  .second  type  of  interaction — (j.  j)  coupling — from 
among  those  indicated  on  p.  206  has  been  established.  Predominant 
in  this  case  is  the  interaction  of  the  orbital  and  spin  angular 
momenta  of  one  and  the  same  electron,  as  a  result  of  which 
the  vectors  j.  =  /|-.(-S|  (cf.  (26.4))  arise.  Interaction  of  the 
vectors  j,  and  j,  (which  is  weaker  than  interaction  of  the  vectors 
and  s.)  leads,  further,  to  the  total  angular  momentum  vector 
of  the  atom: 

J=j,+j.  (26.11) 

characterised  by  the  quantum  number  J.  In  the  case  of  (j,  j)  cou¬ 
pling.  the  quantum  numbers  L  and  S.  obviously,  have  no  mean¬ 
ing;  and  the  same  goes  for 
the  above-considered  classifi¬ 
cation  of  atomic  terms  based 
on  these  numbers. 

Let  us  consider  the  case  of 
atomic  terms  obtained  from 
the  electron  configuration  sp. 
Since  we  have  /,  =  0  and 
/,  =  1.  and.  hence,  L  =  l, 
and  also  S=  1  and  0,  we  have 
the  following  terms  in  Russell- 
Saunders  coupling:  ’P,,,  and 
■P,.  For  (j,  J)  coupling  we 
have  j,  =  1,2  and  j,  =  3,2  and  1/2.  Due  to  the  strong  coupling 
between  angular  momenta  /.  and  s,.  to  the  electron  states  charac¬ 
terised  by  the  numbers  j,=  l/2  and  j.  =  3/2  there  correspond  ex¬ 
tremely  different  energies.  The  comparatively  weak  interaction  of 
the  vectors  j,  and  j,  leads  to  splitting  of  each  one  of  these  levels 
into  two  components  characterised,  in  the  case  of  j,=  l/2,  by 
the  quantum  numbers  J  =  1  and  0  and,  in  the  case  of  j,  =  3/2,  by 


Fig-  Relative  positions  of  the  terms 
of  ansp  configuration  in  Russell-Saunders 
coupling  (left)  and  in  (jj)  coupling 
(right) 
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the  numbers  J=2  and  1.  The  relative  positions  of  the  atomic 
terms  corresponding  to  this  electron  configuration  is  given  in 
Fig.  46.  where  the  terms  obtained  in  Russell-Saundcrs  coupling 
are  shown  to  the  left,  and  those  obtained  in  (j.  j)  coupling  are 
shown  to  the  right.  Since  the  latter  coupling  is  comparatively 
uncommon,  we  shall  henceforward  consider  only  atomic  terms 
corresponding  to  Russell-Saunders  coupling. 

Terms  of  atoms  with  any  number  of  electrons.  The  systematica 
of  atomic  terms  considered  above  in  application  to  the  case  of 
an  atom  with  two  electrons  may  he  readily  extended  to  an  atom 
with  any  number  of  outer  electrons,  fn  this  general  case,  the  or¬ 
bital  angular  momentum  vector  of  the  atom  is 

(26.12) 

and  the  quantum  number  L  that  describes  it  is  expressed  by  the 
formula 

(26.13) 

Similarly,  for  the  quantum  number  that  determines  the  total  spin 
of  the  atom,  we  obtain 

S  =  2s,.  2*.— '•  — 2.  ...  (26.14) 

The  total  angular  momentum  vector  of  the  atom  J  and  the  quan¬ 
tum  number  that  determines  it  are  expressed  by  the  same  for¬ 
mulas  (26.9)  and  (26.10)  in  the  general  case  of  any  number  of 
electrons  as  in  the  case  of  two  electrons. 

Atomic  terms  corresponding  to  different  electron  configurations 
(taking  into  account  the  Pauli  principle)  are  given  in  Table  15 
and  Table  16.  The  number  of  the  corresponding  terms  is  given 
in  parentheses.  We  note  a  much  smaller  number  of  terms  (due  to 
the  Pauli  principle)  in  equivalent  electrons  (Table  16)  as  compared 
with  the  number  of  terms  in  nonequivalent  electrons  (Table  15). 

From  the  tables  it  is  seen  that,  as  a  rule,  to  each  electron 
configuration  there  corresponds  several  atomic  terms.  It  has  al¬ 
ready  been  pointed  out  that  the  problem  of  classification  of  atom¬ 
ic  terms  does  not  include  a  determination  of  the  absolute  val¬ 
ues  of  the  terms  and  their  relative  positions.  This  problem  is 
solved  by  computing  the  energy  of  the  atom,  i.e.,  by  an  ap¬ 
proximate  solution  of  the  appropriate  wave  equation,  which  en¬ 
tails  great  mathematical  difficulties.  Let  us  note  that  on  the  ba¬ 
sis  of  a  solution  to  this  problem  it  is  possible,  in  specific  cases, 
to  establish  general  semi-empirical  rules,  by  means  of  which  it 
is  sometimes  possible  to  get  a  definite  picture  of  the  relative  po¬ 
sitions  of  the  atomic  terms.  For  example,  from  a  solution  of  the 
wave  equation  for  a  helium  atom  it  was  found  (p.  202)  that,  given 
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Table  15 


Atomic  terms  in  nonequivalent  electrons  (different  n) 


liicilron 

soiiiiguriitlon 

Terms 

$  S 

■s.  •$ 

5  p 

•p.  *p 

S  (I 

■D.  ’D 

P  P 

•S.  ‘P.  'D.  ‘S.  »P.  »D 

P 

•P.  'D.  'F.  'P.  'D.  'F 

d  d 

*S.  *P.  ’D.  ‘F.  ’G.  *S.  ’P.  ’D.  ‘F.  *G 

s  $  s 

*S(2). 

s  s  p 

■P  (2).  *P 

s  s  d 

»D  (2).  *D 

$  p  p 

»S(2).  »P(2).  *0(2).  •$.  *P.  *D 

s  p  d 

•P(2).  *0(2).  •F(2).  ‘P.  *D.  ‘F 

P  P  P 

•S(2),  'PiS).  •D(4).  •F(2),  'S.  *P(3).  *0(2).  *F 

p  p  d 

•S(2).*P(4),*D  (6).*F  (4).*G(2),  'S,  *P  (2).  *0(3).  ‘F  (2),  *G 
•S(2).  'Ptt).  *D(6).  *F(6).  *G(6),  'Hid),  ■1(2).  *S,  *P  (2). 
*D(3).  ‘F(3).  'G(3).  *H(2).  *1 

p  d  f 

Table  16 


Atomic  terms  in  equivalent  electrons  (n  and  /  are  the  same) 


Electron 
conflgural  ion 

Terms 

S* 

•s 

P* 

’S.  'D.  ’P 

P* 

*P.  *D.  *S 

P* 

•S.  'D,  'P 

P‘ 

*P 

P* 

'S 

d* 

•S.  ‘D,  ‘G,  »P.  »F 

d* 

*P.  *0(2),  *F.  *G.  *H.  *P. 

d* 

•S(2),  ‘D(2).  'F.  ■G(2).  M,  ‘P  (2).  ’D.  ‘F  (2),  'G.  ‘H.  'D 

d» 

•S.  'P,  *0(3).  •F(2),  ‘G(2).  'H,  »I.  ‘P.  *0.  ‘F.  'G,  ‘S 

tlie  same  electron  configuration,  lowest  energy  corresponds  to  par¬ 
allel  orientation  of  spins  (S=  1).  Extending  this  conclusion  to 
other  atoms,  it  may  be  concluded  that  of  the  entire  set  of  terms 
belonging  to  a  given  electron  configuration,  the  lowest  terms  will 
be  those  that  have  the  greatest  multiplicity.  This  conclusion  is 
corroborated  by  numerous  examples.  Thus,  according  to  Table  16, 
the  terms  'S,  ‘D  and  ‘P  belong  to  configuration  p*  which  is  ob¬ 
served,  for  instance,  in  the  case  of  the  lower  terms  of  C.  Si,  Ge, 
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Sn,  and  Pb.  According  to  the  preceding  rule,  the  triplet  term 
’P  should  be  lowest;  this  term  is  indeed  the  principal  term  of 
all  the  enumerated  atoms  (see  Table  18).  In  exactly  the  same 
way,  the  principal  term  of  atoms  N,  P.  As.  Sb.  and  Bi  is  the 
term  ‘S  (see  Table  18).  which  has  the  greatest  multiplicity  of 
all  terms  belonging  to  the  configuration  p’('P,  'D,  and  *S). 

Natural  multiplets.  Up  till  now.  when  considering  the  problem 
of  the  number  of  components  of  multiplet  (fine)  splitting  of  atom¬ 
ic  terms,  we  left  open  the  question  of  the  magnitude  of  this 
splitting  (called  natural  ipUllhig  in  contrast  to  artificial  splitting 
of  terms  in  a  magnetic  or  electric  field).  Turning  to  this  latter 
problem,  we  will  consider  the  simplest  case  of  doublet  splitting 
of  the  terms  of  an  atom  (ion)  with  one  outer  electron. 

As  has  already  been  pointed  out  (p.  207),  multiplet  splitting  of 
atomic  terms  results  from  magnetic  interaction  of  the  vectors  I 
and  s  in  the  atom.  For  this  reason,  solution  of  the  problem  of 
the  magnitude  of  doublet  splitting  reduces  to  calculating  the 
energy  of  interaction  of  these  vectors.  Below  we  give  a  solution 
to  this  problem  for  an  atom  with  one  electron  and  nuclear 
charge  Z. 

According  to  classical  electro  lynamics,  an  electron  moving 
with  velocity  v  in  an  electric  field  of  intensity  G,  is  acted  upon 
by  a  magnetic  field  of  intensity 

^,  =  .L[G.v). 

where  the  brackets  denote  the  vector  product  of  vectors  G  and 
V.  In  coordinates  fixed  in  the  moving  electron,  the  vector  G  will  be 


Noting  that  the  angular  momentum  of  the  electron  is 
/  =  m  (r-v) 

(Ihe  n  ass  of  the  nucleus  is  taken  to  be  infinitely  large  as  com¬ 
pared  with  the  electron  mass),  we  will  have,  for  the  vector  of 
the  magnetic  field. 


If  the  vector  of  the  magnetic  moment  proper  of  the  electron  is 
li„  then  its  energy  in  the  magnetic  field  may  be  written  in 
the  form; 

AE=_l(p..®)  =  +,^l  p.-/). 
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Here,  the  factor  1/2  appears  when  passing  to  coordinates  fixed 
in  the  nucleus.  The  parentheses  d^ote  the  scalar  product  of  the 

vectors.  Calculating  the  quantity  --  ,  we  find 


r» 


<dv 


_ r _ 

r;n’/  (/  +  '/,)  (/+!)• 


Further,  replacing  the  magnetic  moment  of  the  electron  by  its 
spin,  on  the  basis  of  formula  (24,28)  we  obtain  (|i,  and  s  have 
opposite  signs  due  to  the  fact  that  the  electron  charge  is  nega¬ 
tive;  here,  p,  is  e.xpressed  in  the  CGSM  system): 

li,  = —  —  s, 
nic 


Consequently,  the  product  (ji,  •!)  is  rewritten  in  the  form 


where 


(t*s 


■l)  =  —  —  (sl), 
'  me'  ' 


(s-/)  =  |s||/|cos(s,  f); 


I  /|  and  |s|  are  the  absolute  values  of  the  vectors  I  and  s.  which, 
according  to  (24,20)  and  (24.25),  are 

|/|  =  h]//  ((+1)  and  |s|  =  h  Vs(s-f  1)  . 

Substituting  the  expressions  obtained  for  p-  and  (n,  •/)  into  the 

formula  for  the  interaction  energy  of  the  vectors  /  and  s  and 
introducing  the  Rydberg  constant 

D  2n*nie* 


and  the  fine-structure  constant 


we  transform  this  formula  to 

n'/  (/  +  */,)  1)  1^  1 1  ^  I  s). 

The  cosine  of  the  angle  between  vectors  /  and  s  may  be  found 
by  using  the  classical  rule  of  the  parallelogram,  from  which  it 
follows  that 

ijr=ui'+isr+2|/||s|cos(<,  s). 
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or 


1  /  I  I  si  cos  (/,  s) 


Using  this  expression,  we  finally  obtain 


AE 


hRa'Z*  _/(/  +  !)  _s(5  +  i| 

n’/(/+'/.)(;  +  l)  2 


(26.15) 


Since  the  total  angular-momentum  quantum  number  j  has  two 
values,  j  =  /  +  '  ,  and  \  =  l  —  V,  (26.3),  for  term-energy  changes 
due  to  interaction  of  I  and  s  in  these  two  cases,  we  obtain 


AT,t 

AT,T 


_ _ RgV 

2»‘ (/-!-•,.)<' -I- 1) 
Ra’Z* 

—  2n’/  (/-f-'..) 


for  j  =  f  +  '.„ 
tor  j  =  /  — 


(26.16) 


Comparing  (26.16)  and  (22.14)  we  see  that  in  the  latter  for¬ 
mula  the  relativistic  correction,  which  we  rewrite  in  the  foun 
(cf.  p.  184). 


.  y  Ra'Z*  '  \  3  \ 

n>  V/-I-*/.  4nj  ’ 


(26.17) 


has  the  same  order  of  magnitude  as  AT/s.  Therefore,  when  de¬ 
termining  the  splitting  of  terms  one  must  also  take  into  account 
the  relativistic  correction.  Combining  (26.16)  and  (26.17),  we 
get 


AT^  =  AT^+AT„  =  .«^‘(,-^,-i)  (or  j  =  /  +  -/..  1 
AT-  =  AT,T  +  AT,  =  .5^(|-1)  for  )  =  /->/,•  J 


(26.(8) 


Taking  into  account  the  relation  j  =  (  ±  '/i.  formulas  (26.18) 
may  be  given  as  a  single  formula: 


..p  Ra'Z*  7  1  3^ 

at‘=at,=— 


(26.19) 


From  (26.18)  we  get,  for  the  doublet  splitting  of  the  term  of  an 
atom  (ion)  with  one  electron. 


AT  =  AT-  — AT*^ 


Ra'Z* 

n*/(/-(-l)  • 


(26.20) 


Verification  of  (26.19)  and  (26.20)  in  the  case  of  the  hydrogen 
spectrum  and  also  the  spectrum  of  ionised  helium  He*  (Z*=16) 
gives  good  agreement  between  theory  and  experiment. 

An  approximate  theoretical  expression  may  also  be  obtained 
for  the  magnitude  of  splitting  of  the  terms  of  atoms  of  the  alkaline 
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elements  and  of  ions  with  one  outer  electron.  Taking  advantage 
of  Bohr  concepts  concerning  penetrating  orbits  and  considering 
the  motion  of  an  outer  {optical)  electron  in  an  atom  as  motion 
in  two  ellipses — inner  and  outer  (see  p.  158),  for  each  of  these  el¬ 
lipses  we  can  compute  the  mean  value  of  Z  r*  that  enters  into 
the  e.\pression  for  the  interaction  energy  of  the  vectors  (  and  s. 
Substituting  the  product  ((/  +  '/,)(/+!)  in  place  of  n’  (cf.  the 

formula  for  given  on  p.  216),  we  get 

(1)  _ _ _ 

and 

(1) 

VrVo  r;  nj /(/-(-■/.)  (t  +  I) 


where  Z,  is  the  effective  charge  acting  on  an  electron  inside  the 
atomic  core.  Z,  is  the  charge  acting  on  an  electron  in  the  outer 
part  of  the  orbit  (which  for  a  neutral  atom  may  be  put  equal 
to  unity,  for  a  single  charged  ion.  to  2,  etc.),  n,  and  n,  =  n^„ 
are  the  principal  quantum  numbers  corresponding  to  both  orbits 
(cf.  p.  158).  Denoting  the  periods  of  revolution  of  the  electron  in 
these  orbits  by  t,  and  t^,  respectively,  we  find  the  mean  value 
of  Z/r*  in  the  form 


Substituting  into  the  formula  T  =  2jtmab/p  (p.  162),  b  =  a  (n,/n). 
P  =  f>n,,  and  a  =  r,n’;Z,  we  obtain  t  =  (2nmrI/Z')  n*  and,  conse¬ 
quently, 


T  =  2nmr5  — 
2f 


and 


Ta  =  2nmr;^, 


whence  we  find 


z_z;-hz;  , 

Jil  '<'  +  '/.)('  + 1)  ’ 

zf  2| 


or,  approximately,  since  Zj^Zl. 

Z  ZfZl 

''  +  I)  ■ 
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Using  this  formula  and 

(s-/)  =  l/||s|cos(/,  s)  =  h* - 5- 

for  the  interaction  energy  of  vectors  I  and  s  (see  p.  216) 
=  —  (p- )  (’‘■1) 


we  get 


AE,. 


hRo'Zf  2' 


j(j  +  l)-M/+l)-s(s  +  l) 


nJn  '(/  +  '/.) (/  +  I) 


Substituting  j  =  /±‘/,  into  this  formula  and  passing  to  AT, 
we  find 


AT,1 


Ra’Zf  z; 


(l+'l,)±'l. 


nj„  /(/+V.)(/+I) 


(26.21) 


From  this  equation,  for  the  magnitude  of  doublet  splitting  of 
termsofan  atom  or  ion  with  one  outer  electron  AT  =  AT'^  —  AT“, 
we  obtain  (omitting  the  subscript  Is) 


AT 


Ra»z;z; 
n;„  /(/  +  I)  ■ 


(26.22) 


This  expression  is  called  the  Lande  formula. 

Since  the  effective  charge  Z,  in  the  Lande  formula  is  not  very 
amenable  to  theoretical  determination,  it  is  usually  considered 
a  certain  empirical  parameter.  For  this  reason,  in  addition  to 
(26.22),  frequent  use  is  made  of  an  equivalent  formula; 


AT 


Ra’ZJi, 
nV  (/  +  !)• 


(26,23) 


which  may  be  obtained  directly  from  (26.20)  by  replacing  the 
nuclear  charge  Z  by  some  e.ffective  charge  Zj„  =  Z  —  z  (cf.  p.  141) 
and  In  which  the  quantity  z  plays  the  role  of  the  empirical  pa¬ 
rameter. 

A  comparison  of  equations  (26.22)  and  (26.23)  with  extensive 
experimental  material  on  the  width  of  the  doublets  of  alkaline 
elements  and  ions  isoelectronic  to  them  yields  satisfactory  agree¬ 
ment  of  theory  and  experiment.  From  these  equations  it  follows 
that  the  magnitude  of  doublet  splitting  AT  is  determined  by  the 
values  of  Z,  n.  and  /.  As  for  AT  as  a  function  of  Z.  since  the 
•'screening  constant”  z  varies  with  Z  rather  slowly  (for  example, 
from  a  comparison  of  the  splittings  of  the  2p-term  of  lithium 
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and  the  3p-term  of  sodium  it  follows  that  when  passing  from  Li 
to  Na  z  increases  from  2.0  to  7.5,  i.  e.,  by  5.5  units,  whereas 
Z  increases  by  11 — 3  =  8  units),  theory  predicts  rapid  growth 
of  the  magnitude  of  doublet 'splitting  with  the  atomic  number. 
This  emerges  from  a  consideration  of  the  data  in  Table  17, 
which  gives  the  experimental  values  of  the  magnitude  of  split¬ 
ting  of  lower  'P-terms  (AT  =  ’P.,  —  'P'/,)  of  the  alkaline  elements. 
The  table  also  gives  the  appropriate  values  of  Z. 


Table  17 

Doublet  splitting  of  lower  *P. terms  of  the  atoms  of  alkaline  elements 


EUinciit 

1  Li 

Na 

K 

Rb 

1 

.iT.  cin"' 

1  n.34 

17.106 

57.72 

237.60 

1  551.0 

Z 

1  3 

11 

19 

37 

1  35 

Experimental  data  referring  to  the  multiple!  structure  of  atom¬ 
ic  spectra  show  that  the  magnitude  of  natural  splitting  of  terms 
of  all  elements  is  found  to  be  very  dependent  upon  the  atomic 
number.  This  relationship  is  similar  to  that  observed  in  the  case 
of  alkaline  metals.  These  findings  strongly  suggest  that  the  mul¬ 
tiple!  splitting  of  the  terms  of  all  elements,  as  regards  dependence 
on  the  atomic  number  of  the  element,  satisfies  a  regularity 
similar  to  (26.22)  or  (26.23). 

Returning  to  the  doublet  terms  of  alkaline  elements  and  the 
ions  corresponding  to  them,  we  may  further  show  that  the  de¬ 
pendence,  which  follows  from  (26.22)  and  (26.23),  of  the  magni¬ 
tude  of  doublet  splitting  on  the  quantum  numbers  n  and  I  (or  n^,,) 
is  in  satisfactory  agreement  with  e.xperiment.  We  note  a  sharp 
fall  in  AT  with  increasing  principal  quantum  number,  particularly 
for  small  n,*  and  a  still  greater  decrease  with  increase  of  the 
number  /,  i.  e.,  when  passing  from  p-  to  d-,  f-,  ...  terms  (for 
constant  n).** 

.\nother  essential  thing  to  point  out  is  the  following.  As 
will  be  seen  directly  from  (26.21),  the  terms  that  correspond 
to  the  value  of  the  total  angular-momentum  quantum  number 
j  =  f  +  7.  should  lie  above  the  terms  with  j  =  /  — '/,.  This  order 
of  terms  is  actually  observed  in  the  case  of  all  double  P-terms 
of  alkaline  elements  for  any  values  of  the  principal  quantum 


,  1  an  example,  the  doublet  splitting  of  sodium  terms  3p,  4p,  5p, 

6p.  7p  8p  IS  17.20,  5.63,  2.52,  1.25,  0.74,  0.47,  .  . .  cm"'  or  of  rubidium 
terms  5p,  6p,  7p,  ...  237.60,  77.50,  35.09,  .  .  .  cm"*. 

O  ri*  -'i®  the  doublet  splitting  of  rubidium  terms  5p  and  5d  is  237.60  and 
2.96  cm  *.  of  the  6p  and  6d  terms  of  caesium,  554.0  and  42.8  cm"*. 
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number  n.  However,  other  terms  frequently  e.xhibit  the  reverse 
when  a  component  with  a  smaller  value  of  j  is  situated  above  a 
component  with  greater  j.  Such,  for  instance,  are  the  f-terms  of 
the  alkaline  elements.  Cases  are  observed  when  the  dilTerence 
sign  T|+. ,  —  Tj_i ,  is  reversed  as  n  increases.  For  e.xample.  lor 
the  d-terms  of  rubidium  4d.  5d.  6d.  .  .  .  this  difference  is  e.xpressed 
by  the  following  numbers:  — 0.44.  2.96.  2.26.  .  .  .  cm"'. 

Similar  cases,  when  the  sign  of  this  difference  is  not  consistent 
with  (26.21).  have  likewise  been  established  for  ions  with  a  single 
outer  electron. 

A  theoretical  investigation  of  this  inconsistency  shows  that  it 
is  due  to  interaction  of  electrons  not  accounted  for  in  the  theories 
in  which  this  interaction  is  replaced  by  the  action  of  a  certain 
average  electric  field.  We  may  add  that  as  a  result  of  considering 
the  terms  of  atoms  containing  different  quantities  of  outer  elec¬ 
trons  it  was  established  that  in  those  cases  when  the  number  of 
equivalent  electrons  in  a  given  subgroup  (/)  does  not  e.xceed  one 
half  of  the  ma,\imum  number  for  this  subgroup,  i.e..  is  less  than 
or  equal  to  21 -\- \  (see  Sec.  27).  in  the  ground  state  of  the  atom 
the  component  of  the  multiplet  term  with  greatest  J  =  (L-j-S) 
lies  abooe  the  component  with  J  =  |L  —  S|.  These  terms  are  called 
regular,  in  contrast  to  irregular,  or  inverted  terms,  in  which 
case  J  =  L-f-S  corresponds  to  the  lower-lying  component.*  For 
e,\ample,  considering  the  p-subgroup,  the  maximum  number  of 
electrons  of  which  is  2  (2  X  1 -f- •)  =  6,  we  must  conclude  that 
elements  with  the  number  of  electrons  in  this  subgroup  equal  to 
I,  2.  or  3,  i.  e.,  elements  in  the  third,  fourth,  and  fifth  groups 
of  the  Mendeleyev  Table,  should  have  regular  multiplets  in  their 
ground  state,  whereas  elements  with  the  number  of  p-electrons, 
4.  5,  or  6  should  have  irregular  multiplets.  As  an  illustration  of 
this  rule  we  give  below  the  terms  of  the  elements  of  the  second 
and  third  periods  of  the  Periodic  Table  that  correspond  to  their 
ground  state: 

Li,  Na  Be,  Mg  B,  A1  C.  Si  N,  P  O.  S  F.  Cl  Ne.  Ar 
■S.;.  'S.  ’P.,,  ‘P.  *S,,.  ’P.  'P,:,  ‘S, 

Hyperline  structure  of  terms.  We  shall  now  take  up  briefly  the 
question  of  the  so-called  hyperfine  structure  of  spectral  terms, 
which  is  very  important  for  the  general  theory  of  the  atom,  in 
particular  for  nuclear  physics.  Study  of  the  structure  of  atomic 
spectra  by  means  of  high-resolution  instruments  (diffraction  grat¬ 
ings,  interference  spectrographs)  shows  that  most  spectral  lines. 


•  Irregular  terms  are  often  designated  by  the  subscript  i;  lor  example, 
*Pi.  'P,,  etc. 
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which  according  to  the  systematics  of  atomic  terms  (based  on 
account  taken  of  the  interaction  of  vectors  and  s,)  should  be 
simple,  in  reality  consfst  of  a  certain  number  of  closely  spaced 
componenis.  For  instance,  the  line  of  bismuth  X4122  A  was  found 
to  consist  of  four  components  with  a  separation  between  extreme 
components  0.44  A  (2.60  cm’’),  the  line  of  thallium  X,3775  A 
consists  of  three  components,  the  separation  between  components 
being  0.16  A  (1.15  cm"'),  etc.  Since  this  hyperfine  structure  of 
spectral  lines  is  also  observed  in  elements  having  one  isotope  (for 
instance,  bismuth),  it  cannot  be  explained  by  the  isotopic  effect 
(see  p.  136).  What  is  more,  by  calculating  the  magnitude  of  isotope 
shift  from  the  formula 

A\  =  X'^  (26,24) 

(m  is  the  electron  mass,  M  the  mean  mass,  and  AM  the  mass 
difference  of  the  isotopes)  obtained  from  the  relation  (for  heavy 
elements) 

AX  _R,-R, 

X  R, 

(R,  and  R,  are  the  Rydberg  constants  for  both  isotopes)  —  for 
instance,  for  isotope  splitting  of  the  above-given  line  of  thallium, 
which  has  two  isotopes  with  atomic  weights  203  and  205  —  we 
get  AX  =  O.OOOI  A,  This  is  considerably  less  than  that  of  the 
observed  hyperfine  splitting  AX  =  0.I6  A. 

Pauli  (1924)  proposed  seeking  an  explanation  of  hyperfine  struc¬ 
ture  in  a  certain  asymmetry  in  the  nucleus.  If  it  is  taken  that 
the  nucleus  has  a  certain  angular  momentum  (and  a  magnetic 
moment  corresponding  thereto),  the  hyperfine  splitting  of  terms  may 
be  attributed  to  the  magnetic  interaction  of  nuclear  angular  momen¬ 
tum  with  the  electronic  magnetic  moment  of  the  atom.  Like  the 
earlier  considered  (p.  215etseq.)  spin-orbit  coupling  of  the  elec¬ 
tron,  this  interaction  may  be  expressed  in  terms  of  the  interaction 
of  the  vectors  I  and  J,  where  I  is  a  vector  corresponding  to  the 
nuclear  angular  momentum  (spin).  In  this  case,  the  total  angular- 
momentum  vector  of  the  atom  F  is  obtained  as  a  geometric  sum 
of  the  vectors  i  and  J. 

F  =  i  +  J.  (26.25) 

and,  consequently,  the  quantum  number  (corresponding  to  it)  as 
one  of  the  values 

F=J-Fi,  . |J  — i|.  (26.26) 

Whence,  for  the  number  of  components  of  hyperfine  structure 
of  a  teim  characterised  by  the  total  angular-momentum  quantum 
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number  J,  we  obtain  2J  +  1  for  i&J  and  2i  +  1  for  i^J.  By 
determining,  from  an  analysis  of  the  hyperfine  structure,  the 
number  of  sublevels  into  which  a  simple  level  is  split,  it  is  very 
often  possible  to  establish  uniquely  the  magnitude  of  the  nuclear 
angular  momentum,  particularly  if  the  relative  intensities  of  the 
components  of  the  hyperfine  structure  of  the  spectral  lines  have 
also  been  measured. 

By  way  of  illustration  let  us  take  the  D-line  of  sodium.  From 
the  fact  that  each  of  the  components  of  this  doublet  (3p‘P.,, — 
—  3s'S.,,  and  3p’Pv,  —  3s'S./.)  is  split  into  two  components,  it  may 
be  concluded  that  the  hyperfine  structure  of  these  lines  is  inde¬ 
pendent  of  splitting  of  the  term  ’P./,_  (due  to  the  weakness  of 
this  splitting)  and  is  determined  by  ihe  splitting  of  the  ‘S-terin. 
Whence,  for  the  number  i  we  have  i  '/,•  The  unknown  value 
of  i  is  found  from  a  comparison  of  the  measured  ratio  of  inten¬ 
sities  of  both  components  of  hyperfine  structure  with  the  calculated 
ratio,  which  is  equal  to  the  ratio  of  statistical  weights  of  the 
splitting  components  of  the  term  ’St2F^^  +  l):(2F.  4"  1).  where 
F.=i-|-'/,  and  F.  =  i  —  '/>•  This  comparison  yields  i  =  ’/,. 

We  note  that  the  numbers  i  for  the  stable  isotopes  of  lithium 
Li‘  and  Li’  are  equal  to  1  and  respectively,  for  both  stable 
isotopes  of  potassium,  K”  and  K”,  i  =  ’/,,  for  Rb*’  i  =  */,,  and 
for  (is”*  i  =  ’/,.  We  thus  see  that  the  nuclear  spin  of  the  stable 
isotopes  of  the  alkaline  elements  is  a  quantity  of  the  order  of  h. 
and  for  isotopes  with  even  mass  numbers  (Li‘)  i  is  integral,  in 
contrast  to  isotopes  with  odd  mass  numbers.  For  the  three  iso¬ 
topes  of  hydrogen  H',  D*.  and  T’,  number  i  has  the  values  '/,,  1, 
and  respectively.  We  note  that  from  this  we  may  draw  the 
conclusion  that  the  spins  of  the  proton  and  neutron  are  identical. 

If  the  spin  angular  momentum  of  the  nucleus  is  obtained  from 
the  number  of  components  of  hyperfine  splitting  of  terms,  then 
from  the  magnitude  of  the  splitting  (if  the  number  i  is  known) 
we  can  determine  the  magnetic  moment  of  the  nucleus.  In  the 
same  way  as  we  calculate  the  energy  of  the  magnetic  interaction 
of  orbital  and  spin  angular  momenta,  which  interaction  gives 
rise  to  the  fine  (multiplet)  structure  of  atomic  terms  (see  p.  215  et 
seq.),  we  can  also  calculate  the  interaction  of  the  magnetic  mo¬ 
ment  of  the  electron  cloud  of  the  atom  (characterised  by  quantum 
number  J)  with  the  magnetic  moment  of  the  nucleus  (this  moment 
is  characterised  by  the  number  i).*  In  this  case,  in  place  of  the 


•  We  note  that  for  a  quadrupole  electric  moment  of  the  nucleus  difTerent 
Iron)  zero,  the  expression  for  interaction  energy  of  vectors  J  and  I,  besides 
the  term  with  cos  (J,  i),  which  is  analogous  to  cos  (/,  s)  in  AE^,,  will  involve 
a  term  with  cos*  (J,  i). 
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Bohr  magneton  |4b  =  ~^  (22.35)  the  formulas  for  hyperfine  split¬ 
ting  of  terms  will  involve  a  quantity  1836  times  less, 

=  (26.27) 

(.M,,  is  Ihe  proton  mass),  called  the  nuclear  magneton.  Just  as  the 
ratio  of  the  magnetic  moment  of  an  electron  to  its  intrinsic  an¬ 
gular  momentum  (spin)  is  not  equal  to'/,  established  for  the 
ratio  of  orbital  angular  momenta,  but  should  be  replaced  by  the 
quantity  g'/ij^  (seep.  253),  and  the  factor  g  (called  {he  gyromag- 

netic  factor)  is  in  this  case  equal  to  2.  the  ratio  of  the  magnetic 
moment  of  the  nucleus  to  the  spin  is  expressed  by  the  formula 


Substituting  Puuc  =  h  ]  i  (i  +  •)  into  this  formula  and  taking  into 
account  (26.27),  we  get 

Pnuc  =  gp.  V  i  (i  +  1).  (26.28) 

Intrinsic  angular  momenta  are  usually  described  not  by  the  abso¬ 
lute  values  of  the  angular  momenta  themselves  but  by  the  quantum 
numbers  that  correspond  to  them.  In  other  words,  on  the  basis 
of  the  simplified  vector  model,  the  magnitude  of  the  angular  mo¬ 
mentum  is  replaced  by  its  maximum  projection  as  expressed  in 
units  of  h.  Applying  this  procedure  to  describe  the  magnetic  mo¬ 
ment  of  the  nucleus,  we  obtain,  in  place  of  (26.28), 

P„„c  =  g)*.i.  (26.29) 

Ateasurements  of  the  magnetic  moments  of  nuclei  yield  p,iuc  of 
the  order  of  the  nuclear  magneton.  For  example,  the  stable  iso¬ 
topes  of  the  alkaline  elements  have  the  following  magnetic  mo¬ 
ments  (expressed  in  units  of  n„):0.8213  (Li*),  3.2532  (Li’),  2.215 
(Na”),  0.391  (K”).  0.217  (K*‘),  1.340  (Rb").  and  2.572  (Cs"’). 
And  since  the  nuclear  magneton  p,  is  1836  times  less  than  the 
Bohr  magneton  pe .  it  follows  that  the  magnitude  of  hyperfine 
splitting  of  atomic  terms  must  be  roughly  three  orders  less  than 
that  of  multiplet  splitting.  This  conclusion  is  in  good  agreement 
■with  experiment. 

We  also  give  the  values  of  the  magnetic  moments  (again  in 
units  of  p,)  for  the  isotopes  of  hydrogen:  H'  (2.7935).  D*  (0.8574), 
and  T’  (2.9791).  Comparing  the  magnetic  moments  of  H'  and  D’ 
with  their  spins  equal  to  '/,  (H')  and  1  (D’),  we  must  conclude 
lhat  the  neutron  also  has  a  magnetic  moment,  but  that  this  mo- 
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merit  is  negallve.  Approximately  assuming  the  spins  of  the  pro¬ 
ton  and  neutron  in  a  deuterium  nucleus  to  be  parallel,  we  find, 
for  the  magnetic  moment  of  the  neutron:  0.8574  —  2.7935  =  — 1 .936i . 
The  directly  measured  magnetic  moment  of  the  neutron  has  a 
close  value:  — 1 .910  t-O.OOI  .  We  note  that  a  negative  niagnetio 
moment,  which  is  indicative  of  opposite  directions  of  spin  and 
magnetic  moment,  i.  e..  that  g<10.  is  observed  in  the  cases  of 
He’  (—2.131).  Be*  (—  1.1747).  Ag'*’  (—0.086).  Ag'**  (—0.159). 
and  certain  otlier  isotopes. 

In  addition  to  the  purely  spectroscopic  method  of  studying  the 
hyperfine  structure  of  atomic  terms,  wide  use  has  been  made  of 
the  magneto-resonance  method  developed  by  Rabi  and  coworkers 
(1939)  and  applied  in  its  original  or  modified  form  for  measuring 
nuclear  spin  and  the  nuclear  magnetic  moment.  The  underlying 
idea  of  this  method,  called  the  Rabi  method,  proceeds  from  the 
possibility  of  varying  the  orientation  of  an  atomic  magnet  in  a 
magnetic  field  (in  the  sense  of  space  quantisation),  i.  e..  from 
the  possibility  of  accomplishing  the  quantum  transition  m — ■  m' 
by  acting  upon  an  atom  with  long-wave  electromagnetic  radiation 
or  an  oscillating  magnetic  field;  the  probability  of  the  process 
Ill — -  m'  has  a  maximum  value  when  the  frequency  of  the  elec¬ 
tromagnetic  field  coincides  with  that  of  the  Larmor  precession  of 
an  atomic  magnet  (resonance). 

From  a  consideration  of  the  behaviour  of  an  atomic  magnet  in 
a  homogeneous  magnetic  field  it  follows  that  the  action  of  the 
field  in  this  case  reduces  to  precession  of  the  magnetic  moment 
about  the  direction  of  the  magnetic  field  (Larmor  precession)  with 
the  frequency 

v  =  g4^''!?  (26.30) 

(M  is  the  mass  of  the  elementary  magnet.  is  the  magnetic-field 
intensity).  Determining  the  resonance  frequency  from  experiment, 
we  obtain  the  magnitude  of  the  gyromagnetic  factor  g*;  and  from 
the  latter,  if  we  know  the  spin  of  the  nucleus  as  well,  it  is  easy 
to  calculate  the  magnetic  moment  of  the  nucleus  from  (26.29). 

27.  Genesis  of  the  Periodic  System  of  Elements] 

The  fact  that  to  each  electron  in  an  atom  we  can  assign  four 
independent  quantum  numbers,  for  example,  the  numbers  n.  /.  m,. 
and  m,**  (while  taking  into  consideration  the  limitations  imposed 

*  For  various  nuclei,  the  values  of  the  gyromagnetic  factor  He  between 
a  magnitude  of  the  order  of  0.1  and  several  units. 

••  In  place  of  the  numbers  m/  and  m,  we  can  also  take  the  numbers 
}  =  (i  ±  •/,)  and  m  =  (j.  j  —  i . —  j  +  1.  “j) 
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by  the  Pauli  principle)  yields  a  rigorously  logical  theoretical  sub¬ 
stantiation  of  the  existence  of  closed  electron  groups  in  the 
extra-nuclear  structure  of  the  atom.  These  two  principles  of  the 
quantum  theory  of  the  atom  (quantisation  of  electron  states  and 
the  Pauli  principle)  together  with  a  third  rule,  according  to  which 
the  ground  state  of  every  atom  is  the  state  of  least  energy,  provide 
physical  proof  of  the  periodic  system  of  elements.  The  above-men¬ 
tioned  quantum  numbers  can  have  the  following  values:  n  =  l, 

2.  3 .  (  =  0.  1.  2 . n  — I.  m,  =  ±/±(/— 1) . 0  and 

m,  =  r!T‘  whence  it  follows  that  the  maximum  number  of  elec¬ 
trons  that  differ  by  at  least  one  of  the  four  quantum  numbers 
(Pauli  principle)  for  a  given  value  of  the  principal  quantum  number  is 
(=11  - 1 

2  2  (2/-f  l)  =  2n*.  (27.1) 

1  =  0 

Thus,  in  complete  agreement  with  experiment  (cf.  p.  132)  we  have 
2n’  for  the  maximum  number  of  electrons  in  the  n-quantum  elec¬ 
tron  group.  These  electrons  are  distributed  among  n  subgroups 
with  maximum  number  of  electrons  in  each  subgroup  equal  to 
2(2/-fl).  ^  ^ 

In  state  n=l  we  get  two  s-electrons  (1  =  0),  which  form  the 
two-electron  K-croup  of  the  atom.  The  K-group  cannot  accommodate 
more  than  two  electrons  and  is  a  closed  electron  group  that  is 
completed  for  the  first  time  in  the  helium  atom  and  does  not 
change  from  then  on  anywhere  in  the  Periodic  Table.  Passing  to 
the  group  of  electrons  that  are  characterised  by  n=2  we  note 
that,  here,  in  addition  to  s-electrons  (1  =  0)  there  can  also  be 
p-eicctrons  (/  =  !).  Namely,  we  have  2  (2  X  0+ 0=2  s-electrons 
and  2(2  X  l  +  l)  =  6  p-electrons.  In  this  way  we  get  an  eight- 
electron  L-group  consisting  of  two  subgroups:  2s  and  2p.  Like 
the  K-group,  this  group,  upon  completion  in  neon,  remains  closed 
to  the  end  of  the  Periodic  Table.  The  energy  levels  that  corre- 
.spond  to  these  groups  and  subgroups  and  those  that  follow  them 
are  shown  in  Fig.  47,  where  the  maximum  number  of  electrons 
in  each  group  (2n’  =  2,  8.  18,  etc.)  and  the  corresponding  values 
of  the  principal  quantum  numbers  are  shown  at  the  left  and  the 
values  of  the  azimuthal  quantum  numbers  are  given  at  the  bot¬ 
tom.  The  maximum  number  of  electrons  on  a  given  level  is  shown 
at  the  right. 

The  L-group  is  followed  by  the  M-group  (n  =  3).  Here  we 
have  2  s-electrons.  6  p-electrons.  and  2 (2-2  4- 1)=  10  d-electrons 
falling  into  three  subgroups:  3s,  3p.  and  3d.  Experiment  shows 
that  the  maximum  number  of  electrons  (18)  for  the  M-group  is 
found  only  in  the  heavier  elements  beginning  with  copper,  Z=29. 
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But  in  the  case  of  the  three  light  elements  Ar.  K.  and  Ca.  even 
the  incomplete  eight-electron  M-group  exhibits  the  properties  of 
a  closed  group.  This  is  suggested  by  the  chemical  and  physical 
properties  of  the  atom  Ar  and  the  ions  and  Ca**. 

This  and  similar  facts  are  explained  as  follows.  When  passing 
from  an  element  with  atomic  number  Z  to  the  following  heavier 
element  with  number  Z I .  i.  e.  when  increasing  the  nuclear 
charge  by  unity,  the  (Z+I)th  electron  occupies  a  level  to  which 
there  corresponds  the  least  possible  energy  (we  are  speaking  about 
the  ground  states  of  the  atoms).  From  the  filling  sequence  (ob¬ 
served  in  experiment)  of  the  electron  levels  of  the  first  twenty 
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Fig.  47.  EIcctron-sliell  structure  of  atoms  (sctieniatic) 


elements  (ending  with  Ca)  it  follows  that  the  level  above  the 
3p-level  is  not  the  3d-level  as  should  follow  from  the  scheme  in 
Fig.  47.  bul  the  4s-level  since  the  outer  electrons  in  potassium 
and  calcium  that  follow  Ar  are  4s-electrons.  Raising  the  three- 
quantum  level  3d  above  the  four-quantum  level  4s  is  also  obtained 
directly  from  the  statistical  model  of  the  atom  as  calculated 
by  the  Thomas-Fermi  method  (see  p.  204). 

In  the  elements  following  Ca.  the  levels  4s  and  3d  overlap. 
This  explains  all  the  anomalies  (hat  are  observed  in  the  ele¬ 
ments  beginning  with  Sc  (Z  =  21)  and  ending  with  Cu  (Z  =  29). 
As  follows  from  spectroscopic  data,  the  outer  electrons  of  Sc  and 
all  subsequent  elements  including  Ni  (Z  =  28)  are  d-electrons. 
In  the  element  following  Ni.  copper,  the  18-electron  M-group  is 
completed  for  the  first  time.  After  copper,  everything  proceeds 
normally  at  first,  but  only  up  to  Kr  (Z  =  36).  Here,  and  in  the 
next  two  elements  Rb  (Z  =  37)  and  Sr  (Z  =  38).  the  growth  of 
the  N-group  stops  at  eight  electrons  because  the  outer  electrons 
of  Rb  and  Sr  occupy  the  5s-level  and  not  the  4d-level.  Going 
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further,  we  ajjain  have  a  series  of  anomalous  elements  up  to  Pd 
(Z  =  -16).  in  which  the  number  of  N-electrons  reaches  18.  Further 
growth  of  the  N-group.  the  maximum  number  of  electrons  of  which 
is  equal  to  2-4‘  =  32.  temporarily  ceases  due  to  a  regular  growth 
of  the  O-group  (n  =  5),  which  in  the  Ag  atom  (Z  =  47)  has  one 
electron  (5s)  and  in  Xe  (Z  =  54)  eight  electrons  (two  5s-  and  six 
5p-electrons).  This  group,  like  the  N-group.  is  temporarily  "frozen”, 
because  in  Cs  (Z=i55)  and  Ba  (Z  =  56)  that  follow  .xenon  the 
outer  electrons  are  on  the  6s-level  (P-group).  Then  there  are  a 
number  of  other  anomalies  that  are  particularly  characteristic  of 
elements  of  the  rare-earths  group  (Z  =  58  to  71),  where  the  4f-sub- 
group  of  the  N-group  is  gradually  filled  up.  In  Hf  (Z  =  72)  we 
already  have  a  fully  completed  N-group  (32  electrons)  and  the 
start  of  a  further  build-up  of  the  next,  O-group.  In  Au  (Z  =  79) 
the  latter  builds  up  to  18  electrons  (the  outer  electron  of  Au  is 
in  the  P-group).  This  number  then  remains  unchanged  right  up  to 
protactinium  (Z  =  91).  which  in  addition  to  completed  K-.  L-, 
M-.  and  N-groups  and  an  (18 +  2)  =  20-electron  O-group,  has  9 
more  electrons  in  the  P-group  and  2  electrons  in  the  G-group. 

The  distribution  (as  a  rule  established  spectroscopically)  of 
electrons  in  groups  and  subgroups  lor  all  studied  elements  is  given 
in  Table  18. 

The  last  column  of  this  table  gives  the  principal  terms  found 
experimentally.  However,  there  is  some  ground  for  finding  the 
type  of  principal  term  in  the  simpler  cases  theoretically  as  well. 
From  a  consideration  of  the  interaction  of  vectors  and  s,  that 
belong  to  equivalent  electrons,  that  is.  electrons  with  the  same 
li  and  the  same  n,.  Hund  (1927)  formulated  the  following  rule: 
of  the  terms  formed  by  electrons  with  the  same  /,.  the  lowest, 
generally  speaking,  are  the  terms  that  correspond  to  the  greatest 
value  of  total  spin,  and  among  these  terms  the  lowest  is  the 
term  with  the  greatest  total  orbital  angular  momentum  L. 

Let  us  consider  an  atom  containing  a  certain  quantity  z  of 
equivalent  electrons  in  addition  to  all  the  electrons  that  have 
made  up  the  closed  groups  and  subgroups.  On  the  basis  of  the 
Pauli  principle  it  may  be  shown  that  the  maximum  value  of  S 

g/  I  I 

cannot  exceed  — .  i  .e..  a  number  obtained  when  z  =  2/-|- 1  — 
hall  the  maximum  number  of  equivalent  electrons.  We  must 
therefore  first  limit  z  by  the  condition  z^2/-l-l.  On  this  con¬ 
dition. 


S  =  <%  _ _ 

’^ma*  2  * 


(27.2) 


which  corresponds  to  all  m,  that  are  the  same  and  equal  to  1/2. 
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Electron  configurations  and  types  of  terms  for  ground  states  of  tiu*  atonii 
of  the  elements 
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Since  all  m,  are  the  same,  the  orbital  magnetic  numbers  m,  of 
all  electrons  must  be  different.  Here,  the  maximum  value  of 
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orbital  angular  momentum  L,  will,  obviously,  be  equal  to 
L  =  L, I)+...  +(/—z+l)  = 

=  |(2/  +  1-2)  =  S„,.(2/  +  1-z).  (27.3) 

As  for  z>2/-|-l,  the  type  of  term  in  this  case  may  be  deter¬ 
mined  by  the  following  reasoning.  Since  for  z  =  2  (2/+1)  've 
have  a  closed  electron  subgroup,  for  which  S  =  0  and  L  =  0,  by 
eliminating  from  it  a  certain  number  of  electrons  2(2/-|-l)  —  z 
and  assigning  to  the  group  of  eliminated  electrons  maximum 
values  of  angular  momenta  S  and  L.  equal,  respectively,  to 

S  =  S,„„  =  (2/  +  I)-|  (27.4) 

and 

L  =  L„„,.  =  /  +  (/-l)+...+(/-2(2;  +  l)4-z+I]  = 

=  j(2/  +  l)-y][z-(2/+l)l  =  S„„(z-2/-l).  (27.5) 

(or  the  remaining  z  electrons  we  will  have  the  same  values  S 
(27.4)  and  L  (27.5). 

We  take  advantage  of  the  formulas  obtained  to  determine 
the  type  of  principal  terms  of  elements  of  the  second  and  third 
periods  of  the  Periodic  Table.  The  outer  electron  group  of  these 
elements  contains  a  maximum  of  8  electrons  distributed  in  s- and 
p-subgroups.  We  thus  have  1  =  0  and  /=!.  Let  us  first  consider 
the  terms  of  elements  with  one  and  two  s-electrons  (z=l  and  2). 
Por  z=l.  we  find,  from  formulas  (27.2)  and  (27.3),  S=l/2 
and  L  =  0.  i.e..  the  term  *8.  For  z  =  2,  we  obtain,  from  formula 
(27,3).  L  =  —  S,  which  is  meaningful  only  when  S  =  L  =  0. 
Whence  we  get  'S  for  the  principal  term  of  elements  of  the  sec¬ 
ond  group.  Since  t=\,  for  elements  of  the  third  to  eighth 
groups  we  get,  from  formulas  (27.2)  and  (27.3),  8=1/2  (111), 
1  (IV).  3  2  (V),  and  L=1  (111),  1  (IV),  0  (V):  and  from  for¬ 
mulas  (27.4)  and  (27.5):  8=1  (VI).  1,2  (Vll),  0  (VIII),  and 
L=1  (VI),  I  (VII).  0  (VIII).  i.e.,  terms  *P  (III),  ’P  (IV), 
‘8  (V).  'P  (VI),  ’P  (VII),  and  '8  (VIII). 

Similarly  for  the  d-subgroup  containing  1,  2,  ...,  0  elec¬ 

trons,  we  find,  correspondingly,  the  following  groups  of  terms: 
’D.  ’F,  *F,  ‘D,  ‘8,  ’D,  ‘F,  *F,  ’D  and  '8.  Comparing  these  and 
the  earlier  results  with  the  data  in  Table  18,  we  find  exact 
coincidence  of  terms  observed  experimentally  with  those  found 
on  the  basis  of  Hund’s  rule. 

As  for  the  principal  terms  of  the  elements,  this  rule  is  appar¬ 
ently  satisfied  for  all  elements  without  exception.  Hund  assumes 
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that  his  rule  must  hold  for  all  cases  when  the  interaction  (/,,  sj 
is  small  compared  with  other  magnetic  interactions.  Indeed,  giv¬ 
en  predominant  interaction  of  the  vectors  /,  and  s,,  we  are 
then  dealing  with  a  transition  from  Russell-Saunders  coupling 
(p.  212)  to  (j,  j)  coupling,  for  which  the  systematics  of  atomic 
terms  used  in  formulating  the  Hund  rule  does  not  hold. 

As  already  pointed  out,  when  L  and  S  are  meaningless  the 
systematics  of  atomic  terms  that  uses  these  numbers  obviously 
becomes  impossible  too.  But  since  the  number  J.  which  charac¬ 
terises  the  total  electronic  angular-momentum  vector 

J  =  2ii. 

is  conserved,  it  is  this  number  that  is  used  to  describe  individual 
terms.  We  note  that  cases  of  (j.  j)  coupling  are  most  frequently 
encountered  among  the  high  excited  states  of  heavy  atoms  when 
an  optical  electron  with  large  principal  quantum  number  is  so 
far  away  from  the  other  electrons  that  its  interaction  with  them 
is  secondary  as  compared  with  (/,  s)  interaction. 


28.  Intensity  of  Spectral  Lines 


Probabilities  of  radiative  quantum  transitions  in  the  atom.  The 
intensity  of  monochromatic  radiation  with  frequency  v  ,  cor¬ 
responding  to  the  transition  n' — >n.  is  expressed  by  the  formula 

I  =  A„nN'hv„„.  (28.1) 

where  A„n-  is  the  number  of  radiation  events  per  atom  per  second: 
this  is  usually  (though  erroneously)  called  the  radiation  probabil¬ 
ity.  N'  is  the  number  of  excited  atoms  (in  the  source  of  radia¬ 
tion)  at  the  initial  level  n'. 

The  absorption-line  intensity  expressed  by  the  quantity  of 
absorbed  radiant  energy  Al  is  determined  by  the  absorption 
probability  B„„-  and  the  number  of  absorbed  atoms  N,  and  may 
be  represented  by  the  formula 

Al  =  ^  B„„.Nhv„„.I.  (28.2) 


In  (28.2),  I  denotes  the  intensity  of  the  incident  light. 

According  to  Einstein,  the  probabilities  A  and  B  are  con¬ 
nected  by  the  following  relation: 


Bnn'  -  2 


8nhvJ„,  g 


(28.3) 


where  g'  and  g  are  statistical  weights  corresponding  to  the  excit- 
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od  and  ground  slates  of  the  atoms.  Thus,  with  the  aid  of  rela¬ 
tionship  (28.3)  and  knowing  A  we  can  compute  B  (and  vice 
versa). 

These  quantities  may  be  determined  both  experimentally  and 
theoretically.  The  experimental  determination  of  the  probabilities 

of  quantum  transitions  frequently 
reduces  to  measuring  the  area  of 
the  absorption  line,  i.e., 

or 

J  p(v)dv, 

0 

which  js  found  from  the  depend¬ 
ence  of  the  absorption  coefficient 
p  (V)  of  the  appropriate  line  upon 
the  frequency  v.  We  note  that 
the  intensity  distribution  within 
the  limits  of  a  given  spectral 
line  (this  distribution  is  characterised  by  the  absorption  coeffi¬ 
cient  p(v)  appears  as  a  curve  like  that  shown  in  Fig.  48.  The 
following  relationship  obtains  between  the  area  of  the  absorption 
line  and  the  corresponding  probability  of  absorption  B„n'i 

B""=Kht;;It‘<v)dv.  (28.4) 

On  this  basis  we  can  compute  B„n-  from  the  measured  area  of 
the  absorption  line. 

Another  method  for  experimental  determination  of  the  proba¬ 
bility  of  quantum  transitions,  which  was  first  developed  by 
Rozhdestvensky  (1915),  is  based  on  the  study  of  anomalous  disper¬ 
sion  of  gases.  In  this  case,  lor  the  dependence  of  the  index  of 
refraction  n  on  the  frequency  of  light  oscillations  v,  we  obtain 
the  following  expression  from  classical  electron  theory! 


F'ti  48.  Inlfnsity  distribution  in 
spi’ctral  line  (Av  =  2v'  is  line 
width) 


<e  and  m  are  the  charge  and  mass  of  the  electron  and  N,  is  the 
number  of  oscillators  with  a  natural  frequency  v,),  which,  in 
terms  of  quantum  mechanics,  may  be  rewritten  in  the  form 


n*— Is 


_e*N 
’  nm 


Z 


(28.6) 


Here,  fnn*  is  the  so-called  osc(7/a/or  force  connected  with  the  prob- 
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ability  of  the  corresponding  quantum  transitions  Ant.'  by  the 
relation 


f 


nn' 


6n'  me* 

6n  8n*e*v*„, 


A 


nn'* 


(28.7) 


Determining  the  quantity  f„„-  by  measuring  the  index  of  retraction 
n  as  a  function  of  the  frequency  v,  we  find,  from  (28.7),  the 
corresponding  values  of  the  light-emission  probabilities  A„„-,  Due 
to  the  peculiar  relationship  between  n  and  v  near  the  absorption 
lines  v„n-,  the  Rozhdestvensky  method  became  known  as  the  hook 
iiielhod. 

The  following  reasoning  underlies  a  theoretical  (quantum-me¬ 
chanical)  determination  of  the  probabilities  of  quantum  transitions. 
According  to  classical  electrodynamics,  the  intensity  of  electro¬ 
magnetic  radiation  of  an  oscillating  dipole  is  proportional  to  the 
square  of  the  second  derivative  of  its  electric  moment  P  with 
respect  to  time;  w'hence,  lor  radiation  intensity  of  frequency  v, 
we  get  the  following  expression; 

l=y^*P5N'  (28.8) 


where  P„  is  the  vibration  amplitude  of  the  dipole  moment.  Pro¬ 
ceeding  from  a  statistical  interpretation  of  the  wave  function, 
the  electric  dipole  moment,  which  corresponds  to  an  element  of 
intra-atomic  volume  and  to  the  coordinate  q,  may  be  expressed 
by  the  formula  eq)„q<p’dV.  Whence,  integrating  over  the  entire 
atomic  volume,  we  get  the  sought-for  dipole  moment  of  the  atom: 

Pn  =  e  S ‘f’nf|'Pn‘*V  =  e  J  q)„qrl>;,dV.  (28  9) 

As  may  be  seen  from  (28.9),  the  electric  dipole  moment  of  an 
atom  in  any  . one  of  its  steady  states  (n)  is  a  constant.  It  follow’s 
therefrom  that  an  atom  of  quantum  mechanics  in  a  steady  state 
does  not  emit  light. 

The  result  obtained  appears  to  be  quite  natural,  since  there 
are  no  grounds  for  believing  that  the  emission  of  light  associated 
with  the  transition  of  an  atom  from  one  energy  state  to  another 
could  be  due  to  the  electric  moment  of  only  one  of  these  states. 
Dirac  gave  the  correct  solution:  light  emission  by  an  atom  is 
determined  by  the  transition  moment  computed  from  the  formula 

Pnn'=e  J  (p„q(p;,dV.  (28.10) 

Since  n^n',  expression  (28.10),  unlike  (28.9),  contains  a  time- 

IKl  ~  ^  I 

dependent  factor  e  •’  (see  (23.2))  which  ensures  that  the 
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derivative  of  the  moment  P  with  respect  to  time  is  not  equal  to 
E"  —  E  * 

zero.  The  quantity  — jp=  in  the  exponent  of  the  time  factor  is 

the  frequency  of  the  light  v„„'  emitted  by  the  atom.  The  transition 
moment  may,  therefore,  be  expressed  by  the  formula 

Pnn^eqnae’''”""'  (28.11) 

where  the  factor  q„n'  (called  the  quasi-moment)  is  the  vibration 
amplitude  of  the  transition  moment  (divided  by  e),  which  ampli¬ 
tude  is  a  vector  with  components 

qln,’-  =  J  qw,  =  J 

c;  =  i (28.12) 

Substituting  the  square  of  the  modulus  of  vector  eq„„'  into 
formula  (28.8)  in  place  of  Pj,  on  the  basis  of  (28.1)  we  obtain 
the  following  expression  for  the  radiation  probability: 

=  (28.13) 

According  to  (28.13),  calculation  of  the  radiation  probability 
(and,  consequently,  also  the  absorption  probability)  reduces  to 
calculating  the  wave  functions  for  the  appropriate  states  of  the 
atom.  However,  since  the  latter  can  be  obtained  with  the  required 
accuracy  only  in  a  limited  number  of  cases,  a  theoretical  evalua¬ 
tion  of  the  absolute  values  of  probabilities  of  quantum  transitions 
(and,  thus,  the  spectral-line  intensities)  could  not  become  wide¬ 
spread;  these  probabilities  are  chiefly  determined  by  experiment. 

Selection  rules.  A  much  simpler  theoretical  problem  is  that 
of  establishing  the  possible  quantum  transitions,  i.e.,  transitions, 
the  probability  of  which  has  a  finite  value.  The  solution  of  this 
problem  leads  to  the  establishment  of  so-called  selection  rules 
and  also  rules  of  polarisation  of  radiation. 

If  one  of  the  components  of  q„„-  is  zero,  this  means  that  in 
the  transition  n' — -n  the  radiation  lacks  vibrations  in  the  direc¬ 
tion  of  the  respective  coordinate  (we  have  in  mind  the  direction 
of  vibrations  of  the  electric  vector  of  a  light  wave).  Whence  we 
obtain  the  rules  of  polarisation  of  radiation.  However,  if  qnn-  =  0 
for  any  direction  of  vibrations,  we  get  the  selection  rules.  In 
this  case  the  transition  n' — -n  is  “forbidden".  The  selection  rules 
and  the  rules  of  polarisation  are  established  by  calculating  the 
components  (28.12)  of  q„„-. 

We  consider  the  following  case,  taking  advantage  of  the  solu¬ 
tion  of  the  hydrogen-atom  problem  (Chapter  4).  In  this  case,  the 
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components  of  q„„’  in  the  direction  of  axis  z(q  =  rcosO)  and  in 
the  direction  perpendicular  to  z  (q  =  r  sin  0  sin  q)  and 
q  =  rsinOcosq,  or.  in  complex  notation,  q  =  r  sin  8et '•),  Z  and 
X±iY,  are  expressed  by  the  formulas 

2  =  Sn  'f..im,'t>i,  r,n;''’‘*''Sin  Ocos  ddddq>, 

X^^iY  i)„,„,,q';,,,,^^r’drsin’ ddOei'-dip. 

Substituting  here  the  expressions  for  and  q?*  obtained  from 
a  solution  of  the  H-atom  problem  and  evaluating  the  integrals, 
we  find,  in  particular,  that  the  quantities  (28.1-1)  do  not  become 
zero  solely  when  m'  =  m,.  m,^l.  Indeed,  due  to  separation  of 
the  variables,  each  of  the  expressions  in  (28.14)  may  be  repre¬ 
sented  in  (he  form  of  a  product  of  three  integrals 

l,(r)  I,  (0)  I,  ((f). 

The  simplest  one  of  them,  1.,  for  both  components  contains  the 
factors 

j  gl’"'!  "l'  ^  (m;  t  I 

0  0 

As  will  readily  be  seen,  the  first  of  these  integrals  is  differ¬ 
ent  from  zero  only  when  mj  =  m,,  the  second,  when  mj  =  m,^l. 
This  means  that  the  radiation  associated  with  the  transition 
m' — ■m,  =  mj  will  be  polarised  in  a  direction  normal  to  the 
axis  z  (the  electric  vector  is  parallel  to  the  z  axis).  And  the 
radiation  corresponding  to  the  transition  m'  — m,  =  m'2fcl  will 
have  an  electric  vector  lying  in  the  xy  plane.  If  the  direction 
of  the  coordinate  axes  is  not  specified  physically,  radiation  must 
obey  the  general  selection  rule: 

Am,  =  0,  ±1.  (28.15) 

The  total  magnetic  quantum  number  M  obeys  a  similar  selection 
rule: 

AM  =  0.  ±1.  '  (28.16) 

Somewhat  more  involved  computations,  similar  to  the  fore¬ 
going,  lead  to  appropriate  limitations  for  variations  of  the  num¬ 
ber  7  (or  L).  We  thus  obtain  a  selection  rule  for  the  azimuthal 
quantum  number; 

AL  =  ±1.  (28;i7) 

From  this  rule,  it  follows  straightway  that  only  the  terms  S  and  P, 


(28.14) 
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P  and  D.  etc.,  can  combine,  whereas  the  combinations  S — D 
(AL  =  :i-?).  S— S.  P — P  (AL=0),  etc.,  are  “forbidden"  on  the 
basis  of  rule  (28.17). 

In  addition,  we  note  the  following  selection  rules.  The  total 
angular-momentum  quantum  number  J  obeys  the  rule 

AJ=0.  ±1-  (28.18) 

Moreover,  transitions  between  such  levels  as  are  both  character¬ 
ised  by  the  numbers  J=0  are  “forbidden”.  The  spin  quantum 
number  S  obeys  the  selection  rule 

AS  =  0  (28.19) 

called  pnihibilion  of  inlercombinalions.  According  to  this  rule, 
combinations  of  terms  are  “forbidden"  that  belong  to  systems  of 
different  multiplicity  (intercombinations),  for  instance,  to  the 
singlet  (S  =  0)  and  triplet  (S=l)  systems  of  terms.  Finally, 
we  point  to  the  so-called  Laporte  rule,  according  to  which  the 
only  possible  combination  is  between  even  and  odd  terms  (a  term 
is  called  even  or  odd  depending  on  whether  the  sum  of  the  azi¬ 
muthal  quantum  numbers  of  all  electrons  in  the  atom  is  even 
or  odd). 

From  experiment  it  follows  that  quantum  “prohibitions"  are. 
lor  the  most  part,  not  absolutely  strict,  and  “forbidden"  lines 
are  frequently  encountered  in  atomic  spectra,  although  the  inten¬ 
sity  is  low  when  compared  with  ordinary  “nonforbidden"  lines. 
One  of  the  main  reasons  for  frequent  violations  of  the  selection 
rules  is  that  in  addition  to  dipole  radiation  it  is  also  possible 
to  have  electromagnetic-wave  radiation  associated  with  changes 
in  an  electric  moment  of  a  higher  order,  primarily  in  the  quad- 
rupole  moment  of  the  atom  (quadrupole  radiation)  and  also  mag- 
iu’:ic  dipole  radiation  due  to  a  change  in  the  dipole  magnetic 
moment  of  the  atom. 

The  intensity  of  the  quadrupole  and  magnetic  dipole  radia¬ 
tions  is  determined  by  integrals  that  differ  from  the  integrals  in 
(28.12).  which  account  for  the  intensity  of  dipole  radiation.  For 
example,  the  intensity  of  quadrupole  radiation  depends  on  inte¬ 
grals  of  the  form  J  '|>„q‘’l)ii.  dV.  For  this  reason,  quadrupole  radia¬ 
tion  and  magnetic  dipole  radiation  obey  other  selection  rules. 
Thus,  both  these  types  of  radiation  are  possible  only  in  even- 
even  or  odd-odd  combinations  (this  rule  is  the  opposite  of  the 
Laporte  rule);  further,  in  the  case  of  quadrupole  radiation,  we 
have,  in  place  of  rule  (28.18),  a  selection  rule  AJ=0,  ±1.±2 
on  the  condition  that  the  sum  of  the  total  angular-momentum 
quantum  numbers  of  both  combining  states  is  not  less  than  two. 
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and  also  the  selection  rule  AL  =  0,  I ,  ±  2  (for  L  =  0  -  -  L  =  0): 
in  the  case  of  magnetic  dipole  radiation,  we  have  the  rule 
AL  =  0.  3^1  (in  place  of  rule  (28.17)  (or  electric  dipole  radiation). 
Experience  shows  that  the  ratio  of  intensities  of  magnetic  dipole 
and  quadrupole  radiations  to  the  intensity  of  dipole  radiation 
is  usually  10*’;  I  and  10"';  I.  respectively. 

We  may  also  note  a  weakening  of  the  rigidity  of  prohibition 
of  intercombinalions  with  increasing  atomic  number.  This  weaken¬ 
ing  is  associated  with  the  fact  that,  here,  interaction  of  the 
orbital  and  spin  angular  momenta  of  the  atom  becomes  stronger 
(it  is  manifested  in  an  increase  in  multiplet  splitting  of  the 
terms);  theoretically,  we  may  expect  strict  fulfilment  of  the 
selection  rule  AS  =  0  only  when  there  is  no  coupling  between  L 
and  S. 

There  are  also  cases  of  the  selection  rules  being  violated  when 
the  radiating  (or  absorbing)  atoms  are  in  the  outer  electric  or 
magnetic  field,-,  or  are  subject  to  the  action  of  fields  surrounding 
molecules  or  ions.  Thus,  for  the  case  of  an  electric  field,  the 
usual  lines  are  those  associated  with  the  transitions  S  —  S,  P —  P 
(AL  =  0).  S— D,  P— F(AL  =  2),  S— F,  P  —  G  (AL  =  3).  which 
under  ordinary  conditions  are  forbidden  by  the  rule  AL  =  3f-l. 
These  and  similar  violations  of  the  selection  rules  in  an  electric 
field  are  interpreted  theoretically  by  the  (act  that  the  dipole 
electric  moments  induced  in  the  atoms  by  an  electric  field  have, 
generally  speaking,  different  values  depending  on  the  quantum 
state  of  the  atom.  Therefore,  transitions  of  atoms  from  one 
slate  into  another  should  definitely  be  accompanied  by  a  change 
in  the  induced  dipole  moment.  This  is  the  cause  of  the  finite 
probability  of  transition,  i.e.,  of  the  appearance  of  radiation 
(forced  dipole  radiation),  which  is  forbidden  under  ordinary  con¬ 
ditions  precisely  because  of  no  changes  in  the  dipole  moment  of 
the  atom. 

Average  lifetime  of  excited  atoms.  The  different  radiation  prob¬ 
ability  observed  in  different  cases  permits  us  to  pose  the  ques¬ 
tion  of  the  average  lifetime  of  excited  atoms  and  of  the  con¬ 
nection  of  this  quantity  with  the  probability  of  quantum 
transitions.  A  decrease  in  the  number  of  excited  atoms  N'  per 
unit  time  as  a  result  of  radiation  is  obviously  equal  to 
=  — AN'  (A  is  the  radiation  probability),  whence  it  follows 
that 

N'  =  N;e-A'  (28.20) 

where  No  is  the  initial  number  of  excited  atoms.  By  introduc¬ 
ing  the  concept  of  average  lifetime  of  an  excited  atom  i. 
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determined  by  the  time  interval  during  which  the  number  of  ex¬ 
cited  atoms  diminishes  e  =  2.718...  times,  we  get 

T  =  x-  (28.21) 

Thus,  the  average  lifetime  of  an  excited  atom  turns  out  equal 
to  the  inverse  magnitude  of  the  probability  of  the  corresponding 
quantum  transition  (quantity  A.  which  is  usually  called  the 
radiation  probability,  is  in  fact  the  mathematical  expectation, 
or  the  frequency,  of  this  process;  physically.  A  denotes  the 
number  of  transitions  accomplished  by  an  excited  atom  in 
1  second).  Whence  it  follows  that  the  less  the  radiation  proba¬ 
bility.  the  greater  is  t.  In  particular,  there  should  be  an  es¬ 
pecially  long  average  lifetime  in  the  case  of  those  excited  atoms 
whose  transition  to  the  ground  (or  a  lower-lying)  state  is 
forbidden  by  some  selection  rule.  Such  atoms  are  called  meta¬ 
stable. 

The  average  lifetime  is  usually  computed  from  measured 

values  of  A.  However,  there  also  exist  direct  experimental 

methods  lor  determining  t.  One  of 
these  methods  (the  Wien  method)  is 
based  on  observing  attenuation  of  light 
in  a  beam  of  fast  atoms.  Measuring 
the  distribution  of  light  along  the  beam, 
which  is  expressed  by  the  formula 

l  =  I.e"“^  (28.22) 

(1  is  the  light  intensity  at  a  certain 
point  of  the  beam  x  and  I,  is  the  In¬ 
tensity  at  a  distance  x  =  0),  and 

knowing  the  velocity  of  the  atoms  v 
(measured  from  the  Doppler  shift  of  the 
spectral  lines),  we  find  T.  The  values  of  this  quantity  measured 
by  various  methods  are  given  in  Table  19.  In  the  second  column 
are  the  states  of  the  atoms  to  which  the  given  values  of  x  belong. 

The  following  may  be  pointed  out  in  connection  with  the 
data  in  Table  19.  Correlating  the  values  of  x  for  the  terms  *P,. 
Zn.  Cd.  and  Hg.  which  terms  correspond  to  the  metastable  states 
of  these  atoms  (prohibition  of  intercombinations)  we  note  a 
decrease  in  x  with  increasing  atomic  number.  This  fact  illustrates 
what  was  said  on  p.  239  concerning  the  laxity  of  the  prohibition 
of  intercombinations. 

A  particularly  long  lifetime  is  found  for  a  mercury  atom  fn- 
the  'P,  state,  which  is  metastabie  not  only  by  virtue  of.'  the 
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6*P. 

SX  I0-* 

See.  29! 


ATOMIC  SPLCTRA 


211 


prohibition  of  inlercombinations  but  also  due  to  the  rule  J  = 
=  0-7^ J=0.  Finally,  we  note  that  the  lifetimes  of  the  states 
(given  in  Table  19)  of  Li  and  Na,  which  are  ordinary  excited 
states,  are  of  the  order  of  10"* — 10"’  sec.  This  same  order  of 
magnitude  is  obtained  for  the  damping  constant  of  a  classical 
oscillator,  which  constant  (according  to  electrodynamics)  is 
expressed  by  the  following  formula. 

r  =  (28.23) 

where  e  and  m  are  the  charge  and  mass  of  the  electron,  c  is 
the  speed  of  light,  and  i.  is  the  wavelength  of  the  radiated  light. 
For  visible  light  (X.  =  50C0  A),  from  this  formula  we  get  t  of 
the  order  of  fO"’  sec. 

It  may  be  added  that  there  is  a  definite  relationship  between 
the  average  lifetime  of  an  e.xcited  atom  t  and  tht  width  of  the 
spectral  lines  emitted  by  this  atom  (the  so-called  natural  -jsidih 
observed  in  rarefied  gases  at  low  temperatures),  namely,  that 
the  smaller  t.  the  wider  the  line.  This  relationship  may  be  ob¬ 
tained  from  the  uncertainty  relation  (23.8).  Indeed,  multiplying 
and  dividing  the  left  side  of  equality  (23.8)  by  At.  we  can  re¬ 
write  it  (because  Ax/At  =  v  and  p  =  mv)  in  the  following  form: 
AEAt  =  h.  where  AE  denotes  indeterminacy  in  energy  and  At, 
indeterminacy  in  time.  Identifying  the  first  with  indeterminacy 
in  the  difference  of  the  energies  of  the  initial  and  terminal  states 
of  the  atom,  upon  which  the  width  of  the  spectral  line  depends, 
and  At  with  the  average  lifetime  t,  we  obtain  the  required  rela¬ 
tionship  between  the  line  width  and  the  quantity  t. 

We  conclude  this  section  by  noting  that  (28.21)  is  valid 
only  in  those  cases  when  only  one  transition  is  possible  to 
lower-lying  states  (to  one  of  these  states).  In  the  case  of  several 
possible  transitions,  (28.21)  must  be  replaced  by  the  following 
more  general  formula; 


where  A,  is  the  probability  of  an  rth  transition.  The  quantity 
XA,  is  the  total  probability  of  all  possible  transitions  from  a 
given  excited  level  to  all  lower-lying  levels  of  the  atom. 


29.  Atomic  Spectra 

Atomic  spectra  of  alkaline  eiements.  The  structure  of  atomic 
spectra  is  interpreted  on  the  basis  of  the  systematics  of  atomic 
states  and  the  selection  rules  established  for  the  various  quan- 
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turn  transitions.  In  this  section  we  will  consider  certain 
atomic  spectra  and  will  touch  on  some  e.xtranuclear  structural 
peculiarities  and  a  number  of  the  properties  of  atoms  conditioned 
by  them. 


Fig.  49  is  a  diagram  of  the  energy  levels  of  caesium  constructed 
from  an  analysis  of  its  optical  spectrum.  Here,  the  short  hori¬ 
zontal  lines  depict  energy  levels  (terms);  the  numbers  in  the 
symbolic  designations  of  the  terms  (to  the  left  of  each  horizontal 
line)  represent  the  values  of  the  appropriate  principal  quantum 
number. 
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Unlike  the  simple  'S-terms,  all  the  remaining  terms  of  the 
caesium  atom  (this  goes  (or  all  atoms  or  ions  with  one  outer 
electron)  have  a  doublet  structure.  However,  it  must  be  noted 
that  doublet  splitting  of  the  terms  ’D  and  ’F  is  so  small  in  the 
case  of  potassium,  sodium,  and  lithium  (which  are  lighter)  that 
it  is  practically  absent  from  the  spectra  of  these  elements.  That 
is  why  the  level  diagram  of  caesium  (heaviest  of  the  alkaline 
elements)  was  taken  to  illustrate  the  energy  levels  of  an  atom 
with  one  outer  electron.  It  may  be  noted  that  doublet  splitting 
of  D-terms  was  detected  in  the  spectrum  of  Rb  and  also  in  the 
spectra  of  the  ionsCa*^.  Sr',  and  certain  other  heavier  ions  having 
one  outer  electron. 

In  Sec.  26  we  gave  a  theoretical  formula  for  doublet  splitting 
of  terms  of  a  hydrogen-like  atom  (26.20)  and  also  the  ver>  similar 
semi-empirical  Lande  formula  (26.22).  which  he  e.stablished  for 
doublet  splitting  of  the  terms  of  atoms  and  ions  with  one  outer 
electron.  The  doublet  splittings  of  (he  lower  P-terms  of  alkaline 
elements  (they  illustrate  the  dependence  of  the  magnitude  of 
splitting  on  the  atomic  number  of  the  element,  Z)  were  given 
in  Table  17  (p.  220). 

In  similar  manner,  the  doublet  splitting  of  other  terms  of 
alkaline  elements  increases  with  Z.  That  is  why  the  doublet 
splitting  of  D-  and  F-terms  is  resolved  only  in  heavy  elements. 

Transitions  between  different  levels  in  Fig.  49  are  indicated 
by  oblique  lines.  The  number  at  each  line  denotes  the  wave¬ 
length  of  the  corresponding  spectral  line  (in  A).  This  figure 
contains;  two  members  of  the  principal  series  of  caesium 
(’P  —  ’S)  —  the  doublet  8943.46  8521.12  (the  first  member)  and 
the  doublet  4593.16/4555.26  (the  second  member  of  the  series): 
the  first  member  of  the  sharp  series  (*S — ’P)  —  the  doublet 
14694.8/13588.1;  the  two  first  members  of  the  diffuse  series 
(’D  —  *P)  —  the  triplet  36 127; 34892  30100  (the  first  member)  and 
the  triplet  9208.40/9172.23/8761.35  (the  second  member  of  the 
series);  the  first  member  of  the  fundamental  series  (*F  —  'D)  —  the 
line  10124.1/10025.4,  which  is  an  apparent  doublet.  The  apparent 
doublet  nature  of  the  lines  of  the  fundamental  series  is  due  to 
the  smallness  of  doublet  splitting  of  the  ’F-terms.  In  reality, 
however,  the  lines  of  this  series  (like  the  lines  of  the  diffuse 
series)  are  triplet,  which  follows  from  the  selection  rule  AJ  =  0, 
±  1,  since  this  rule  (in  each  case)  permits  three  combinations, 
namely:  ’D,/,  —  ’Pi/t,  ’D,/,  —  ’P./t,  and  ’D,',  —  ’P,,  in  the  case 
of  the  diffuse  series  (the  *D,/,  —  *P, ,  combination  is  forbidden) 
and  combinations  ’F,,,  —  ’D,;„  ’F,/,  —  'D,;.,  ’F,;,  —  'D,-,  in  the 
case  of  the  fundamental  series  (the  ‘F?/*  — *  *D,/»  combination  is 
forbidden). 
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(Components  of  multipict  lines  have  different  intensities  de¬ 
termined  by  the  stalistiial  ^.’eights  of  the  combining  terms.  The 
statistical  weight  of  an  atomic  term  is  e.xpressed  by  the  formula 

g  =  2J-l-l,  (29.1) 


which  is  equal  to  the  number  of  values  taken  on  by  the  mag¬ 
netic  quantum  number  At  (see  p.  208).  In  respect  of  this  quantum 
number,  each  state  is  (2J -|- I )-fold  degenerate,  since  in  the 
aiiscnce  of  an  external  magnetic  field  all  2J -|- 1  components  of 
a  term  characterised  by  the  quantum  number  J  have  the  same 
energy  (the  energy  difference  between  these  components  arises 
only  in  a  magnetic  field  and  is  manifested  in  the  magnetic 
splitting  of  the  term,  see  Ch.  6).  M-deoeneracy  of  terms  results 
in  the  fact  that  among  the  N  atoms  in  the  state  ’P,  for  example, 
we  have  N  afoms  in  the  ’P,  ,  state  and  atoms  in 

the  'P,. .  state.  In  cases  when  doublet  terms  combine  with  simple 
terms  (principal  and  sharp  series),  the  ratio  of  the  intensities  of  the 
components  of  the  doublet  line  should  equal  the  ratio  of  -tatistical 
weights  of  the  componentsof  the  doublet  term  (i.  e.,  in  the  case  of  the 
term  'P  the  quantity  (2  X  3  2  +  I ) :  (2  X  •  2  +  1)  =  2;  1 .  In  the 
principal  and  sharp  series  in  the  spectra  of  alkaline  elements, 
the  intensities  of  components  of  doublet  lines  are  indeed  in  the 
ratio  2:1.  Calculation  of  the  ratio  of  intensities  of  the  compo¬ 
nents  of  triplet  lines  in  the  diffuse  series  and  the  fundamental 
series  also  leads  to  agreement  with  experiment  (components  of 
triplets  in  the  diffuse  series  in  the  order  that  they  are  given  on  p.  242 
have  intensities  in  the  ratio  5:1:9;  component  intensities  of  trip¬ 
lets  in  the  fundamental  series  in  the  order  shown  on  p.  242 
are  related  as  14:1:20). 

The  lines  of  the  principal  series  of  alkaline  elements  (like  all 
lines  that  arise  through  participation  of  the  ground  term  of  any 
atom)  are  called  resonance  lines.  When  these  lines  are  absorbed, 
the  normal  atom  passes  into  one  of  the  excited  states,  thus  be¬ 
coming  capable,  upon  the  reverse  transition  to  the  ground  state, 
of  emitting  light  of  the  same  wavelengths  (resonating).  The  reverse 
eniission  of  light  is  known  as  fluorescence. 

Helium  spectrum.  Fig.  50  is  a  diagram  of  the  energy  levels  of 
the  helium  atom.  Due  to  the  strictness  of  prohibition  of  intercom¬ 
binations  tor  light  elements  (seep.  238)  we  have  here  two  systems 
of  terms  that  do  not  combine:  a  system  of  singlets  (the  terms  of 
paraheliiim)  and  a  system  of  triplets  (the  terms  of  orthohelium). 
The  triplet  terms  of  helium  are  exceedingly  narrow.  The  differ¬ 
ence  between  the  terms  ls2p’P, —  ls2p’P,  is  only  0.077  cm"', 
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(he  diflercnce  between  ls2p’P, —  ls2p’P„  is  0.991  cm"'.  The 
components  of  (he  term  Isbd'D  hove  as  yet  not  been  separated. 

The  normal  term  of  the  helium  atom  is  (lsl"'S„.  Since  (he 
next,  in  heiyht,  term  is  the  triplet  term  ls2s’S,.  which  does  not 
combine  with  the  normal  term,  the  helium  atom,  in  the  state 
ls2s’S,,  is  in  a  niela-,iahle  .state.  The  impossibility  of  radiative 
transition  ’S  —  'S  makes  radiationless  transitions  of  a  metastable 
helium  atom  to  the  ground  state  the  only  possible  ones.  This 
transition  may  be  accomplished  in  two  ways.  Namely,  by  colli¬ 
sion  with  another  particle  (an  electron,  for  instance)  of  sufficient 
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Fig,  50.  Radiation  terms  and  the  atomic  spectrum 
of  helium 

energy,  the  He  atom  may  pass  into  one  of  the  higher  singlet 
states  (collision  of  the  first  kind),  (or  example,  into  {he  'P  slate, 
from  which  a  radiative  transition  to  the  ground  state  is  allowed. 
The  second  way  is  connected  with  a  collision  of  the  second  kind, 
i.e.,  a  collision  of  a  metastable  He  atom  with  another  particle, 
as  a  result  of  which  the  excitation  energy  is  imparted  to  the 
latter  directly. 

The  possibility,  postulated  above,  of  a  radiationless  intercom¬ 
bination  transition  ’S — - 'P  due  to  an  electron  impact  follows 
from  the  existence  of  electron  exchange,  which  consists  in  a  tree 
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(boiiibar(linj»)  electron  chanjiing  places  with  one  of  the  electrons 
of  the  He  atom.  This  exchange  is  shown  diagrammatically  (elec¬ 
trons  are  designated  by  arrows)  as  lollows: 

e  +  He  (’S)  — -  He  t'P)  +  e. 

I  11  ti  1 

1  23  12  3 

As  II  result,  the  prohibition  of  intercombinations  is  removed  and 
the  electron  can  yo  to  the  level  ‘P.  Electron  e.xchange  also  makes 
possible  a  simple  interpretation  of  the  possibility  of  exciting  a 
nielastable  level  upon  collision  of  a  fast  electron  with  a  normal 
helium  atom.  * 

Convincing  experimental  proof  of  the  existence  of  electron 
exchange  of  this  type  is  given  by  investigating  the  so-called  excila- 
mtii  fuiicliorti  of  the  energy  levels  of  atoms.  Here,  by  excitation 
function  we  understand  the  dependence  (usually  represented 
graphically)  of  the  probability  of  excitation  of  a  given  atomic 
level  upon  the  energy  of  the  bombarding  electrons.  In  this  case, 
the  intensity  of  the  appropriate  spectral  line  is  usually  taken  as 
the  measure  of  probability  of  excitation.  Studies  of  various  spec¬ 
tral  lines  lead  to  the  following  two  principal  types  of  excitation 
functions.  One  type,  which  is  observed  in  the  excitation  of  terms 
having  the  same  multiplicity  as  the  principal  term  of  the  atom, 
is  characterised  by  a  relatively  slow  build-up  of  excitation  prob¬ 
ability  (beginning  with  a  certain  threshold  corresponding  to  the 
energy  of  excitation  of  the  given  term  which  attains  a 

maximum  at  electron  energies  that  considerably  (usually  several¬ 
fold)  exceed  K,„|„.  The  other  type  of  excitation  functions  is  ob¬ 
served  in  the  excitation  of  terms  of  a  different  multiplicity  than 
that  of  the  principal  term  (intercombinations).  In  this  latter  case, 
the  probability  of  excitation  rapidly  attains  a  maximum  (when 
K  — K,„i„  does  not  exceed  2-3  eV)  and  also  rapidly  falls  off.  The 
excitation  functions  of  the  two  foregoing  types  are  given  in  Fig.  51. 
One  of  them  corresponds  to  the  mercury  line  X  2655  A  (4'D,  —  2’P,) 
and  characterises  the  probability  of  excitation  of  the  term  4'D„ 
that  is,  the  probability  of  a  process  in  which  the  multiplicity  of 
the  atom  does  not  change  (the  principal  term  of  mercury  is  ’S,). 
The  other  —  the  excitation  function  of  the  mercury  line  X2653A 
(4’D, — 2’P,)  which  is  close  to  the  first  line  —  characterises  the 


Measuremenls  show  that  the  process  of  electron  exchange  in  this  case  is 
accomplished  with  high  probability.  For  example,  the  process  He'(is2s'S)-(- 

thermal  electrons  has  a  cross-section  of 
3X10  ,.cTn  .  which  is  two  orders  of  magnitude  in  excess  of  the  gas-kinetic 
cross-section  equal  to  nr*  =  3X  10“**  cm*,  where  r  is  the  radius  of  the  helium 
stom. 


Sc.  ,  L‘91 


ATOMIC  SPECTRA 


217 


probability  of  excitation  of  the  term  4’D,,  i.e.,  the  probability 
of  an  intercombination  transition. 

The  different  types  of  excitation  functions  shown  in  Fig.  51 
are  to  be  explained  as  follows.  The  e.xcitation  probability  of  a 
term  is  determined  by  its  statistical  weight,  the  magnitude  of  the 
electric  moment  corresponding  to  a  given  transition,  and  the  eJec- 
tron  velocity.  Upon  the  latter  are  dependent  the  magnitude  and 
duration  of  the  perturbation  that  stimulate  electron  transition  in 
the  atom.  In  the  case  of  intercombination  transitions  we  have 


Fig.  51.  Two  types  of  excitation  function  of  mercury 
atom  by  electron  impact 


electron  exchange  of  the  type  described  on  p.  215.  The  rapid  decrease 
in  excitation  probability  with  increasing  velocity  (energy)  of  the 
exciting  electron,  which  is  observed  in  the  case  of  intercombina¬ 
tion  transitions,  is  accounted  for  by  a  decrease  in  the  time  of 
interaction  between  electron  and  atom,  as  a  result  of  which  the 
exchange  of  electrons  becomes  more  and  more  difficult. 

As  shown  in  Fig.  50,  the  excitation  energy  of  the  metastable 
level  of  the  atom  He  (’S,)  is  equal  to  19.77  eV.  From  this  figure, 
it  follows  further  that  the  next,  in  height,  level  of  excitation  of 
helium,  level  ls2s'S,  with  excitation  energy  20.55  eV.  is  also 
metastable  inasmuch  as  transition  from  this  level  to  both  lower- 
lying  levels  (ls2s’S,  and  Isis'S,)  is  forbidden:  transition  to  the 
first  of  these  levels  is  an  intercombination,  while  transition  to 
the  second  level  (the  ground  level  of  He)  is  forbidden  by  selection 
rules  AL=±  I  and  J=0-/— J=0. 

Mercury  spectrum.  Fig.  52  is  a  diagram  of  the  terms  of  the 
mercury  atom.  In  contrast  to  helium,  we  have  here  a  group  of 
intercombinations.  One  of  the  intense  lines  of  the  mercury  spec¬ 
trum —  the  resonance  line  \  2537  A  —  is  the  intercombination 
line  ’P,  —  'S,.  With  the  exception  of  prohibition  of  intercombi¬ 
nations,  all  the  other  selection  rules  are  fulfilled  here,  as  in  the 
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cilse  of  the  He  atom  (Fig.  50).  Let  us  examine  one  of  the  selec¬ 
tion  rules,  namely,  the  rule  that  excludes  combinations  of  terms 
with  J  -  0.  Absence  of  the  lines  'S, —  ’S„  and  ’P,  —  'S,  in  the 
mercury  spectrum  (these  lines  are  actually  observed  but  their 
intensity  is  very  low)  indicates  that  this  rule  is  strict;  whence  it 
follows  that  the  state  6s6p’P„  of  the  mercury  atom  is  metastable. 

The  energy-level  diagrams  of  He  and  Hg  in  Figs.  50  and  52 
indicate  only  those  terms  that  are  obtained  in  the  e.xcitation  of 

H9I 

Jniercom- 


one  of  the  electrons.  The  state  of  the  second  electron  is  held  con¬ 
stant  (Is  in  the  helium  atom  and  6s  in  the  mercury  atom).  Atomic 
terms  arising  In  the  excitation  of  only  one  electron  are  called 
normal  in  contrast  to  shifted  terms  that  arise  in  the  excitation 
of  two  and  more  electrons.  This  difference  is  manifested  not  only 
in  the  positions  of  the  terms,  but  in  the  fact  that  combinations  of 
displaced  terms  obey  different  selection  rules.  For  example,  in 
transitions  when  there  is  a  simultaneous  change  in  the  state 
of  two  electrons,  the  change  in  the  corresponding  azimuthal  quan¬ 
tum  numbers  /,  and  turns  out  to  be  different  from  the  change 
in  the  total  azimuthal  quantum  number  L,  and  the  selection 
rule  for  the  azimuthal  number  no  longer  refers  to  number  L  but 
to  the  numbers  /,  and  According  to  Heisenberg,  this  selection 
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rule  is 

M,r^±  1,  0.  ±  2. 

Experimentally,  displaced  terms  were  detected  in  helium  and 
also  in  atoms  and  ions  with  two  or  more  outer  electrons.  The 
number  of  shifted  terms  is  particularly  yreat  in  atoms  with  com¬ 
plex  electronic  structure. 

Applications  of  atomic  spectroscopy.  We  conclude  this  chapter 
with  a  brief  description  of  the  exceedin(>ly  rich  and  diverse 
applications  of  the  spectroscopy  of  atoms.  Studies  of  atomic  spectra 
played  an  exceptionally  important  role  in  learning  about  the 
structure  of  atoms  and  their  properties.  The  regularities  observed 
in  atomic  spectra  made  it  possible  to  learn  about  the  finest  details 
in  the  electronic  structure  of  atoms,  to  find  a  place  for  every 
electron  in  the  atom,  a  place  for  every  element  in  the  l^eriodic 
Table.  Studies  of  the  fine  structure  of  atomic  spectra  and  their 
behaviour  in  external  fields  of  force  permitted  establishing  laws 
of  such  general  phenomena  as  that  of  space  quantisation.  The 
establishment  of  these  laws  led  to  a  quantitative  interpretation 
of  the  magnetic  properties  of  atoms  and  ions.  To  a  large  extent, 
the  modern  development  of  atomic  physics  is  due  to  the  successes 
of  spectroscopy. 

Intimately  bound  up  with  atomic  spectroscopy  is  the  develop¬ 
ment  of  one  of  the  most  important  chapters  of  theoretical  astron¬ 
omy,  astrophysics.  Spectroscopy  tells  us  about  the  composition 
of  celestial  bodies,  the  velocities  of  stars  and  of  whole  stellar 
systems. 

No  less  broad  and  diverse  are  the  purely  practical  applications 
of  atomic  spectroscopy.  They  are  mainly  concentrated  around 
ipeciral  anali/fis.  which  is  widely  employed  almost  in  every 
branch  of  science  and  technology. 

The  spectroscopic  method  is  a  powerful  method  of  analysis 
of  ores  and  minerals  and  is  finding  more  and  more  applications. 
Spectral  instruments  have  become  a  necessary  tool  in  geological 
prospecting,  making  it  possible,  under  field  conditions,  to  deter¬ 
mine  almost  at  once  the  content  of  a  useful  element  in  a  given 
rock.  Natural  gases  and  mineral  waters  are  subjected  to  spectral 
analysis.  Spectroscopic  methods  are  finding  ever  wider  applications 
in  soil  analysis  and  in  resolving  problems  of  agricultural  chemistry. 

Spectral  analysis  (including  X-ray  studies)  is  playing  an  ex¬ 
ceptional  part  in  metallurgy.  The  need  for  precise  and  rapid 
analyses  of  specimens  in  the  very  process  of  manufacturing  high- 
quality  alloys  makes  the  spectroscopic  method  one  of  the  basic 
analytical  methods  of  the  factory  laboratory.  To  take  an  example, 
spectroscopy  has  made  possible  the  so-called  “express"  analysis. 
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which  frequently  permits  practical  metallurgical  problems  to  be 
solved  within  minutes  where  ordinary  chemical  methods  of  anal¬ 
ysis  would  require  hours.  This  e.xplains  why  the  spectroscopic 
method  of  analysis  is  more  and  more  supplanting  conventional 
chemical  testing  at  modern  metallurgical  and  machine-building 
plants.  The  spectroscopic  method  ensures  rapid  and  simple  sorting 
of  alloys  and  articles,  and  control  of  goods. 

Particularly  outstanding  are  the  advantages  of  the  spectral 
method  when  determining  minute  quantities  of  impurities  because 
this  is  often  beyond  the  scope  of  chemistry.  Even  hundredths  of 
a  per  cent  of  an  impurity  can  often  appreciably  alter  the  prop¬ 
erties  of  an  alloy.  The  sensitivity  of  the  spectral  method  may 
be  gauged  from  the  fact  that  in  “pure"  platinum  with  impurities 
less  than  0.001%  this  method  permits  detecting  Ca,  Sr,  Pb.  and 
Cu.  Spectra  show  10‘"  gm  of  Sr,  10"'"  gm  of  Cd,  Mn,  and  Tl.  and 
10"'  gm  of  Li  and  Te.  Precision  of  analysis  is  usually  better  than 
several  per  cent  of  the  concentration  under  study,  which  is  quite 
sufficient  for  most  problems. 

Very  great  also  is  the  role  of  spectral  analysis  in  biochemistry 
and  medicine  where  one  often  has  to  do  with  minute  quantities 
of  .substances  not  amenable  to  ordinary  chemical  analysis.  The 
great  importance  of  these  substances  in  the  activities  of  a  given 
organ,  the  necessity  of  localisation  and  finding  the  mechanism  of 
action  of  various  substances  introduced  into  the  body  make  the 
spectral  method  an  effective  method  of  investigation  that  plays  a 
big  role  in  therapy  and  diagnostics  and  in  forensic  medicine. 
Only  in  recent  years  has  the  spectral  method  begun  to  give  way 
to  a  still  more  sensitive  and  convenient  method  based  on  the  use 
of  substances  labelled  with  radioactive  isotopes. 

Spectral  analysis  is  a  convincing  illustration  of  the  close,  or¬ 
ganic.  connection  between  theory  and  practice.  Without  the  solu¬ 
tion  of  intricate  problems  of  atomic  spectroscopy,  such  as  that 
of  the  probabilities  of  quantum  transitions  in  atoms  that  determine 
the  intensities  of  the  spectral  lines,  quantitative  spectral  analysis, 
to  which  technology  is  making  more  and  more  stringent  demands, 
would  be  impossible. 

The  spectral  method  proceeds  from  a  theory  of  profound  sig¬ 
nificance,  yet  at  the  same  time  is  a  strictly  practical  method. 


CHAPTER  6 

THE  ATOM  IN  A  FORCE  FIELD 
30.  Zeeman  Effect 

Normal  Zeeman  elfecf.  As  has  already  been  pointed  out  above, 
in  a  magnetic  field  each  level  characterised  by  the  quantum  num¬ 
ber  J  is  split  into  2J 1  sublevels.  The  number  of  these  sublev¬ 
els  is  equal  to  the  number  of  possible  values  taken  on  by  the 
magnetic  quantum  number  At,  which  determines  the  magnitude  of 
the  projection  of  total  angular  momentum  of  the  atom  on  the  di¬ 
rection  of  the  magnetic  field.  The  observed  splitting  of  the  spectral 
lines  in  a  magnetic  field,  known  as  the  Zeeman  effect  (1896),  is 
the  result  of  this  splitting  of  terms.  The  nature  of  magnetic  split¬ 
ting  of  the  various  lines  is  e.xceedingly  diverse,  but  the  number 
of  components  and  the  magnitude  of  splitting  of  each  line  satisfy 
simple  regularities.  Lines  associated  with  a  combination  of  the 
same  terms  (for  instance,  lines  belonging  to  a  single  series)  have 
the  same  type  of  splitting  (the  same  number  of  components). 
Part  of  the  splitting  components,  when  observed  at  right  angles 
to  the  direction  of  the  magnetic  field  is  always  polarised  parallel 
to  the  field  *  (.n-component),  while  the  other  components  are 
polarised  perpendicular  to  the  field  (o-component). 

In  the  simplest  case,  the  Zeeman  effect  reduces  to  a  .symmet¬ 
rical  splitting  of  the  spectral  line  v„  into  three  components  with 
frequencies  v+,,  v,,  and  v_,,  and  the  magnitude  of  splitting 
Av.  =  v+,  — v,  =  v.  —  V.,  is  equal  to 


where  po  >s  the  Bohr  magneton  and  H  is  the  magnetic  field  inten¬ 
sity.  This  type  of  splitting  is  called  the  norma/  Zeeman  effect.** 
It  is  observed,  for  instance,  in  the  system  of  singlets  of  He  and 
the  group  of  alkaline  earth  elements  and  also  in  the  spectra  of 


*  The  electric  vector  in  a  light  ray  oscillates  parallel  to  the  Held. 

••  The  theory  of  the  normal  Zeeman  effect  was  developed  by  Debye  and 
Sommerfeld  in  1916. 
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Zn.  Ccl.  .111(1  Hg.  Fig.  53  is  a  photograph  of  a  normal  triplet  for 
one  of  the  single  linesof  cadmium.  6438.47  A  (‘P,  —  'D,  transition). 
Let  us  find  out  its  origin. 


In  a  magnetic  field,  the  energy  of  an  atom  va¬ 
nes  by  the  magnitude 

AE  =  AtpBH.  (30.2) 

Conse<|ueiitly.  the  total  energy  of  the  atom  in  the 
upper  (’P,)  and  lower  (‘D,)  stales  in  a  magnetic 
field  is  equal  to  £'==  £» -)- At'pBH  and  E  =  E„-(- 
-t-AtunH.  respectively,  whence  it  follows  that 


E', u„H 


I  Hi-  Normal 
Iriplft 
of  singli*  line  of 
cn<linium6-l38.-l7 
.\  (’P  --  'D  tran¬ 
sition).  Tup. 
.i-conipomiit; 
bottom,  two 
a-compoiifots 


=  V.  -f  AAt 


Since  according  to  the  selection  rule  for  the  mag¬ 
netic  quantum  number  (p.  237)  AA\  =  il  or  0. 
we  get  the  following  values  from  the  foregoing  equa¬ 
tion  for  the  frequencies  of  a  normal  triplet: 
v+,  =  v„-f-Av„.  v„.  v.,  =  v,  —  Av,. 


The  components  v^,  and  v_,  of  a  normal  triplet  are  polarised 
perpendicular  to  the  field  (o),  the  components  v,.  parallel  to  the 
field  (n).  It  is  easy  to  figure  out  this  type  of  polarisation  on  the 


basis  of  the  rules  of  polarisation  established  in 
Sec.  28:  evaluating  the  components  Z  and  X^iY 
of  the  quasi-moment  q,,,,-  we  saw  that  compo¬ 
nent  Z.  which  corresponds  to  oscillations  of  the 
electric  vector  parallel  to  the  field  (it-component 
of  radiation),  disappears  for  all  AAI>0.  while 
the  comple.x  component  .X^i^iV.  perpendicular 
to  the  field  (the  o-component  of  radiation),  is 
dilTerent  from  zero  only  when  AM  =  ;tl. 

Anomalous  Zeeman  effect.  However,  magnetic 
splitting  of  the  majority  of  spectral  lines,  for 
instance  the  lines  of  the  triplet  system  of  cad¬ 
mium  and  the  lines  of  the  alkaline  elements,  is 
much  more  complicated.  We  can  judge  of  the 
nature  of  line  splitting  in  the  spectrum  of  al¬ 
kaline  elements  from  Fig.  54,  which  shows  the 
D-lines  of  sodium,  XL  5895.93/5889.96  A(‘P  — 'S 
transition).  Above  are  the  D-lines  in  the 
absence  of  a  magnetic  field,  below,  the  same 


Fig.  54.  Zeeman 
splitting  of  D-lines 
of  sod  ium  XX 
5895.93/5889.96  A 
('P  —  *3  doublet). 
Top.  without  field; 
bottom,  with  mag¬ 
netic  field 
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lines  in  a  magnetic  field.  It  will  be  seen  that  one  of  the  compo¬ 
nents  of  the  D-doublet  (the  *P.  ,  —  *S.  ,  line)  in  a  magnetic  field 
is  split  into  4  components,  the  second  (the  *P  ,  —  *S.,,  line),  into  (x. 
In  Fig.  55.  the  splitting  of  the  doublet  *P  —  *S  and  the  triplet 
—  *P  is  compared  with  a  normal  Zeeman  triplet.  The  dashes 
above  the  line  refer  to  Ji-components,  under  the  line,  to  o-compo- 
nents.  The  numbers  to  the  right  indicate  the  observed  distance  of 

norma  J  | - 1 - j  (0)f 
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Ftti.  55.  A\agnetic  splitting  of  lines  in  the  nunnal 
tuppert  and  anomalous  Zeeman  effect 


each  component  of  splitting  from  the  initial  line  (v„)  in  imit.s  of 
normal  splitting  Av„  =  puH,h  (the  numbers  in  brackets  refer  to 
jt-components,  the  others,  to  o-components). 

The  Zeeman  effect  that  exhibits  a  complex  splitting  of  spectral 
lines  is  called  anomalous.  The  observed  complexity  of  the  splitting 
is  due  to  the  fact  that  the  change  in  energy  of  the  atom  in  a 
magnetic  field  in  this  case  is  expressed  not  by  equation  (30.2), 
but  by  the  more  involved  formula 

AE  =gMpBH 

where  g  is  the  Lande  splitting  factor  equal  to 

I  I  J(J  +  1)  +  S(S+1)-L(L  +  I) 

^  “f  2J(J  +  1) 

It  will  readily  be  seen  that  in  the  case  of  single  terms  the  Lande 
factor  takes  on  the  value  1  and  (30.3  passes  into  (30.2).  Indeed, 
for  a  single  term  S  =  0,  as  a  result  of  which  the  numbers  J  and  L 


(30.3) 

(30.4) 
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coincide  and  g  (30.4)  is  unity.  Thus,  (30.2)  may  be  regarded  as  a 
special  case  of  the  more  general  equation  (30.3). 

The  fact  that  the  Lande  factor  is  not  equal  to  unity  in  the 
case  of  multiplet  terms  (which  is  what  produces  the  complex  pat¬ 
tern  of  splitting  of  these  terms  in  a  magnetic  field),  is.  in  the 
final  analysis,  due  to  the  "anomalous”  value  of  the  relation  of 
the  magnetic  moment  of  the  electron  to  its  angular  momentum 
(see  p.  189).  Let  us  illustrate  this  using  the  simplest  case  of  the 
doublet  S-term.  Here,  we  have  L.  =  0  and  S  —  'l,  and,  hence, 
J=S,  ,\\  =  i\ts,  and  alsop  =  ps  and  p  =  ps.  We  write  the  gener¬ 
al  expression  lor  the  energy  of  an  atom  in  a  magnetic  field 
E-  =  E„-(-p'H  (p'  is  the  projection  of  the  magnetic  moment  of 
the  atom  on  the  direction  of  the  field),  and  on  the  basis  of  the 
relations  p,p,=^em  and  p,  =  hAt,  we  get  ps  =  h(em)Ats  = 
i  2/M.pi(,  or,  in  other  words,  AE  =  E — E,  =  2AtpnH.  In  the 
case  of  the  term  (’S)  under  consideration,  the  Lande  factor  thus 
has  the  value  2.  It  will  readily  be  seen  that  the  same  value  of  g 
is  obtained  also  from  (30.4).  To  summarise,  then,  we  have  calculated 
two  values  of  the  Lande  factor  referring  to  two  extreme  cases, 
S  — 0  and  L  =  0,  and  equal  to  I  and  2.  In  all  intermediate  cases 
the  values  of  g  are  computed  from  equation  (30[,.4)  and  lie  within 
the  limits  l<'g<^2. 

The  Lande  formula  (30.4)  may  be  obtained  from  the  vector 
model  of  the  atom.  The  projections  of  the  magnetic  moment  and 
angular  momentum  of  the  atom  on  the  direction  of  the  magnetic 
field  may  be  represented  in  the  form 

p’  =  pi  cos(L.  H)-t-f*sCos(S,  H)  (30.5) 

and 

p'  =  pi,  cos(L,  H)-fpsCOS(S.  H)  (30.6) 

where  p,  .  pi,  pi.  and  ps  are  the  orbital  angular  momentum  and 
spin  angular  momentum  and  orbital  and  spin  magnetic  moments. 
Substituting  into  (30.6) 

p'  =  ltAt,  pi.=^pi_  and 


we  get 

hM  =  ^  I^pl  cos  (L.  H)  +  -^  Ps  cos  (S.  H)j  . 
which,  together  with  (30.5),  yields 

p-  =  MpB+i-psCOS(S.  H)(pb  =  4-s)- 


(30.7) 
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Due  to  the  rapid  precession  of  the  vector  S  (like  L)  around  vec¬ 
tor  J,  which  in  turn  precesses  about  the  direction  of  the  inaKiietic 
field,  the  mean  values  of  the  components  of  these  vectors  on  the 
direction  normal  to  the  axis  of  precession  become  zero,  from  which 
it  follows  that 


psCos(S,  H)  =  psCos(S,  J)cos(J,  H) 
or,  inasmuch  as  cos(J,  H)  =  h^  and  ps  =  ^iPs, 

-^psCOsfS,  H)  .MpB cos  (S,  J). 

Further,  from  a  triangle  constructed  on  the  vectors  S,  L,  and  J, 
we  find 


whence 


and 


Pl  =  P*  +  p‘ — 2pps costs,  J), 
P’  -I-  Ps  -  Pl 


costs,  J): 


■^psCos(S,  H)  =  AtpB 


^PPs 

P*  +  Ps  -  Pi. 


Substituting  the  last  expression  into  (30.7)  and  utilising  the  quan¬ 
tum-mechanical  expressions  of  moments 

p  =  h  I  J  (J 1),  Pi.  =  h  V  I,  (L 1)  and 

p,s  =  h  1/5(5+ 1), 

and  also  the  equation 

p-  =  g.Mp„ 

that  follows  from  (30.3),  we  get  the  Lande  formula  (30.4). 

The  Lande  formula  makes  it  possible 
to  determine  g  and,  hence,  the  change 
in  energy  in  a  magnetic  field  in  the 
case  of  most  terms  of  many  atoms.  The 
computed  values  of  the  splitting  factor 
for  various  terms  of  the  alkaline  metals 
are  given  in  Table  20. 

On  the  basis  of  the  numbers  of  this 
table,  we  obtain,  for  the  separations 
between  various  components  of  magne¬ 
tic  splitting  of  terms  and  the  initial 
term  expressed  in  units  of  normal  split- 


Table  20 

Lande  splitting  factor  values 
for  doublet  terms 


Term 

L 

J  =  1  2  3.2  5'2  7/2 

t 

S 

0 

2 

t 

P 

1 

2/3  4/3 

D 

2 

4/5  6/5 

F 

3 

6/7  8/7 
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ting  AY^=|AuH;h,  i.e.,  for  the  quantity 

the  values  given  in  Table  21.  These  data  permit  us  to  compute 
the  splitting  of  oifTerent  lir.es  in  a  magnetic  field. 


Table  21 

Magniludes  of  magnetic  splitting  of  doublet  terms 


(trill 

« 

A\g 

*5.  , 

1/2.  -  i;2 

2 

1.  —  1 

1/2.  -  1/2 

23 

13.  -  1/3 

3,2.  I '2,  —  1/2.  -3  ^ 

4 '3 

6/3.  2  3.  —2  3.  —6/3 

3  2.  '  2.  —  1/2,  —  3,2 

4  5 

6,15,  2  5.  -2  5,  -6/5 

'D:, 

5  2.  3,2.  i  ?  -  12.  -  3/2.  —  5,  2 

6/5 

15/5.  9/5.  3/5.  —  3,/5.  -  9  5.  -  15/5 

From  tlii:'  '.able,  on  the  basis  of  equation 
V  =  V,  +  (M'g'  —  Mg)  Av, 

derived  from  (30.3),  we  find,  for  the  components  of  splitting  of 
the  line 

v'"  =  ’P..  —  'S, .,  the  values  v  =  v'’>  + vj" 

and  for  the  line  v||=>=’P.,  —  ’S.,.,  the  values  v  =  v<«  + '/•A''.. 
'  ’  Comparing  these  data  with  the  experi¬ 

mentally  oblained  pattern  of  magnetic  splitting  of  the  D-iines 
(Fig.  54),  we  readily  see  the  complete  agreement  of  theoretical 
and  experimental  data  as  regards  both  the  number  of  splitting 
components  and  the  magnitude  of  splitting.  The  polarisation  of 
splitting  components  as  indicated  by  the  selection  rules  is  also 
in  complete  agreement  with  experiment.  The  splitting  of  the 
D-doublet  and  of  appropriate  terms  in  a  magnetic  field  is  given 
in  Fig,  56,  which  also  indicates  the  polarisation  of  the  separate 
components  (a-  and  o-components). 

Paschen-Back  effect.  The  anomalous  Zeeman  effect  has  the  fol¬ 
lowing  peculiarity.  With  increasing  magnetic  field  intensity,  line 
splitting  increases  in  proportion  to  the  field,  until  the  separate 
splitting  components  of  two  adjacent  lines  of  a  given  spectral 
multiplet  begin  to  overlap.  At  this  point,  which  corresponds  to 
transition  from  a  weak  field  to  a  strong  field,  the  picture  changes. 


Some  components  merge,  the  intensity  of  others  decreases  with  further 
increase  in  field  intensity;  as  a  result,  given  a  sufficiently  strong 
field,  in  place  of  the  multiplet  with  its  complex  splitting  there 
remain  three  lines  with  normal  splitting  Av„  =  v,,  —  v„  =  v„  — 
—  v_,  =  pnH,h,  i.e.,  the  normal  Zeeman  triplet.  This  phenome¬ 
non  is  known  as  the  Paxhen-Back  e0ect  (1912).  The  conversion 
of  a  complex  multiplet  (corresponding  to  this  effect)  for  the  case 


Fig.  56.  Splitting  of  terms  *Pj  *P,.,  and  *S,  ,  and  ol 
components  of  sodium  D-doubiet  in  a  magnetic  field 


of  the  D-lines  of  sodium  ('P — ’S)  is  shown  diagrammatically 
in  Fig.  57. 

In  accord  with  what  has  been  said,  a  weak  field  is  that  which 
causes  splitting  of  terms  that  is  less  than  natural  splitting,  i.  e., 
less  than  the  separation  between  components  of  the  given  multiplet. 
Conversely,  magnetic  splitting  in  a  strong  field  is  greater  than 
natural  splitting  Whence  it  follows  that  the  concepts  ol  weak 
and  strong  fields  are  relative  and  are  determined  by  the  magnitude 
of  natural  splitting  of  the  terms. 

If  for  the  measure  of  splitting  of  a  term  in  an  external  magnetic 
field  we  take  the  magnitude  of  splitting  in  the  normal  Zeeman 
effect  and  substitute,  into  (30.2),  the  value  of  the  Bohr  magneton 
(Pb  =9.23  X  10"*'  CGSM)  and  the  Planck  constant  (h  = 
=  6.62X10"''  efg  sec),  we  obtain  Av„  =  0.47  X  lO^'H  cm"', 
whence  it  is  seen  that  a  field  of  intensity  10,000  oersteds  splits 
a  term  into  2Av,  =  1  cm"'.  Comparing  this  value  with  the  natural 
splitting  of  the  first  member  of  the  principal  series  ol  sodium 
and  lithium  (doublet  P-term),  17.18  and  0.34  cm"',  we  see  that 
a  10,000-oersted  field  is  strong  with  respect  to  the  lithium  term 
under  consideration,  whereas  with  respect  to  the  corresponding 
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sodium  term  it  is  still  weak.  In  accordance  with  this  conclusion, 
experiment  shows  that  the  doublet  of  lithium  X  6707.85  A, 
AX  0.13  A.  unlike  the  D-lines  of  sodium,  exhibits  a  complete 
picture  of  the  Paschen-Back  effect  in  a  field  of  the  order  of  10* 
oersteds. 


[ 


I 


i 


I*  ~  ^^normaT 


\H 
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fig.  57.  Splitting  of  sodium  D-doub!ct  in  a  weak  and  a  strong  magnetic 
field 


More  precise  definitions  of  a  weak  field  and  a  strong  field 
provide  the  key  to  an  understanding  of  this  phenomenon.  Indeed, 
from  the  fact  that  a  change  in  the  pattern  of  splitting  that  leads 
to  a  normal  triplet  sets  in  when  magnetic  splitting  becomes  com¬ 
parable  to  natural  splitting,  it  follows  that  the  effect  of  a  strong 
field  is  greater  than  the  effect  of  the  intra-atomic  field  that  gives 
rise  to  mutual  quantisation  of  the  vectors  L  and  S  and  the  associat¬ 
ed  natural  splitting  of  the  term  (see  Sec.  26). 

From  this  we  must  conclude  that  the  behaviour  of  an  atom  in 
a  strong  magnetic  field  must  be  determined  by  the  behaviour  of 
each  of  the  vectors  L  and  S  separately,  the  interaction  of  the 
vectors  as  such  should  be  regarded  as  a  slight  perturbation  which 
may  be  ignored  in  sufficiently  strong  external  fields.  In  this  case, 
due  to  independent  quantisation  (in  the  external  magnetic  field) 
of  the  vectors  L  and  S,  we  must  assign  to  them  independent  mag- 
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netic  quantum  numbersMt  and  Mi  .  This  is  illustrated  in  Fig.  5k, 
which  gives  the  positions  of  the  vectors  L  and  S,  corresponding 
to  the  term  ’P,  in  a  weak  (left)  and  strong  (right)  magnetic  field 
(simplified  vector  model). 

Using  the  quantum  numbers  Mr  and  Ms,  the  change  in  energy 
of  an  atom  in  a  strong  magnetic  field  may  be  represented  bj  the 


equation 

AE  =  (Ml  +2Ms)p„H. 

(30.8) 

tVeaJt  field 
s 

Strong  field 

1  SI 

whence,  on  the  basis  of  se¬ 
lection  rules  established  for 
the  case  of  strong  magnetic 
fields. 

...A. 

m 

_ t..... 

AMl  =0,  -i- 1  and  AMs  =  0, 
(30.9) 

i  r 

we  get  a  normal  Zeeman 
triplet  with  components 

m 

^  J 

IS 

'■e.  =  '’.  +  Av,.  v„ 

— A  v„. 

The  centre  of  this  triplet  v„ 
lies  between  the  components 
of  the  initial  (natural)  doub¬ 
let  V,,  V,  at  distances  of  v, — 

—  v.  =  ’/,  (V,  — v.)  and  v,— 

—  (v,  —  v,).  respec¬ 
tively. 

_ - H 

fi'H  space  quantisation  of  the  vectors 

L  and  S  in  a  weak  and  a  strong  mag¬ 
netic  field 

Fig,  59  gives  a  full  picture  of  change  in  the  nature  of  splitting 
of  doublet  terms  'S  and  ’P  when  passing  from  a  weak  to  a  strong 
field.  On  the  left  of  this  figure  are  two  levels:  ‘S  and  ‘P;  the 
energy  of  interaction  of  the  vectors  L  and  S  is  disregarded  (the 
’P  level  is  simple).  The  difference  of  these  levels  is  equal  to  a 
certain  quantity  W„.  In  reality,  however,  the  'P  level  is  split 
(due  to  interaction  of  the  vectors  L  and  S)  into  two  sublevels 
•P.,.,  and  "P.,,  with  energy  W,4-AE+  and  W„-|-AE.:  note  that 

I AE*  1=1:2.  The  arrows  v,  and  v,  in  Fig.  59  denote  the  transi¬ 
tions  'Pr/,  —  *S.',  and  *P./, — *S./,  (natural  doublet).  In  a  weak 
magnetic  field,  the  ’Py.,  levels  are  split  into  six  levels  and  the 
'S..,  level  into  two.  The  allowed  combinations  between  these  levels 
yield  10  components  of  the  anomalous  Zeeman  effect  as  shown  by  the 
10  arrows  in  Fig.  59.  The  six  'P  levels  in  a  strong  magnetic  field  pass 
into  six  new  levels,  two  of  which  coincide.  It  is  precisely  the  energy 
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\V„  =  hv„  that  corresponds  to  the  coinciding  levels.  The  remaining 
lour  levels  are  situated  above  or  below  the  \V,  level  by  the  amount  psH 
anil  2(ii,H  respectively.  Twocomponents  of  the  'S  level  possess  energy 
pi,H  and  —  piiH.  The  allowed  combinations  AMl  =  0,  +1  and 
of  the  five  upper  with  the  two  lower  levels  yield  six 


Fig.  59.  Tile  Icrnis  ,,  *P,  j  and  ^S,  in  a  weak  and  a  strong 
magnetic  field 

lines  coinciding  in  pairs  (Fig.  59).  These  are  the  normal  triplet 
with  components 

=  + Av„  (o);  v,  =  v.  (n)  and  v_,  =  v,  —  Av„  (o). 

The  centre  of  this  triplet  v„  lies  between  the  components  of  the 
natural  doublet  (v,,  v,)  at  distances  of 

V,  — v„  =  -|(v.  — V,)  and  v,  —  v,  =  1  (v.  — v.) 

(also  see  Fig.  56). 

The  foregoing  interpretation  of  the  Paschen-Back  effect  also 
explains  why  prohibition  of  intercombinations  is  not  strict.  As  has 
already  been  pointed  out  (p.  240).  there  is  a  definite  relationship 
between  the  intensity  of  intercombination  lines  and  the  mag- 
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nitiide  of  mulUplet  splitting  of  corresponcJinp  terms.  As 
fiirtlier  confirmation  of  tliis  thesis  we  yive  Table  22,  in  whicli  the 
probabilities  of  transitions  ’P,  —  ‘S„  (.A^-l  t)  are  correlated  with 
the  magnitudes  of  natural  splitting  of  lower  ’P  terins  of  the  ele¬ 
ment  analogue  Zn,  Cd,  and  Hg.  The  above-mentioned  parallelism 
between  A  and  multiplet  splitting  is  evident  from  this  table.  It  is 
readily  accounted  for  on  the  basis  of  the  data  given  in  this  section. 
As  we  know,  the  magnitude  of  multiplet  splitting  is  determined 
by  the  energy  of  interaction  of  the  vectors  L  and  S  The  stronger 
this  interaction,  the  greater  the  splitting  of  the  term,  l-urther,  it 
may  be  asserted  that  the  stronger  the  interaction  (L.  S).  the  weaker, 
relatively,  should  be  the  interaction  of  individual  s,  (S  — Vs,). 
Here  we  have  a  close  analogy  with  the  Paschen-B  ck  elTect.  w^lere 
strong  interaction  of  the  vectors  L  and  S  with  an  e.vternal  mag¬ 
netic  field  disrupts  the  mutual  coupling  of  these  vectors.  For  this 
reason,  we  should  expect  that  with  enhanced  (L,  S)  interaction, 
the  individual  vectors  s,  will  become  more  mobile  and.  hence,  the 
vector  S,  more  readily  "changeable'.  Since  a  strong  (L,  S|  inter¬ 
action  corresponds  to  a  greater  magnitude  of  multiplet  splitting  of 
the  term  and  since,  further,  the  intercombination  transition  is 
as'ociated  precisely  with  a  change  in  the  S  vector,  it  may  be 
concluded  that  the  probability  of  intercombination  transitions 
should  increase  with  the  magnitude  of  s|)litting  of  terms,  an  il¬ 
lustration  of  which  is  Table  22. 


Tabic  22 

Atultiplet  splitting  and  transition  probabilities  in  Zn.  Cd.  and  Hg 


Zn 

Cd 

Hh' 

■P, -’P,.  cm-'  1  .189  1  1172 

4261 

•P, -’P..  cm-'  1  191) 

542 

1767 

A.  sec"' 

1  ■<  10'  1  ,5  X  10’ 

I  5  <  10" 

31.  Stark  Effect 

Stark  effect  in  hydrogen.  Another  important  force  field,  in  addi¬ 
tion  to  the  magnetic  field,  is  the  electric  field.  The  action  of  an 
electric  field  on  an  atom  consists  in  polarisation  of  the  atom.  In 
addition,  in  an  electric  field  of  axial  symmetry  the  magnetic  mo¬ 
ment  of  the  atom  is  space-quantised.  As  a  result,  the  initial 
energy  levels  of  the  atom  change,  and  this  is  manifested  in  changes 
in  its  spectrum.  The  action  of  an  electric  field  on  the  spectrum 
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of  hyilroKcn  was  discovered  by  Stark  (1913)  who  observed  the 
spliltinK  of  Balmer  lines.  This  phenomenon  is  exhibited  by  the 
spectra  of  all  elements  and  became  known  as  the  Stark  effect. 

Detailed  investigations  of  electric  splitting  of  the  Balmer  lines 
demonstrated  that  each  line  in  an  electric  field  is  split  into  a 
certain  number  of  components,  that  this  number  increases  with 
the  serial  number  of  the  line  n  (principal  quantum  number  of  a 
variable  term);  observation  perpendicular  to  the  direction  of  the 
electric  field  shows  that  the  components  are  polarised  in  part  par¬ 
allel  to  the  field  (n-components)  and  in  part,  perpendicular  to 
the  field  (o-components).  The  components  of  Stark-splitting  group 
symmetrically  about  the  initial  line  (this  symmetry  is  absent  in 
tile  case  of  other  elements)  at  distances  that  are  multiples  of  a 
certain  minimum  distance  (Av,).  The  magnitude  of  splitting  in¬ 
creases  in  proportion  to  the  field  intensity  (only  hydrogen  lines 
obey  this  law). 

A  rigorous  solution  of  the  problem  of  an  atom  in  an  electric 
field  is  possible  only  in  the  case  of  a  hydrogen  atom  (or  ion  with 
one  electron).  Here,  the  action  of  the  electric  field  is  accounted 
for  by  the  introduction,  into  the  Schrodinger  equation  (23.13).  of 
an  "externar'  energy  ez  (y.  where  (i  is  the  electric-field  intensity 
with  a  direction  parallel  to  the  z  axis,  and  ez  is  the  dipole  moment 
induced  in  the  atom.  This  is  in  addition  to  the  “internal"  potential 
e*7 

energy  of  the  atom  .  In  this  case,  the  Schrodinger  equation 
will  have  the  form 

A-t’  +  ^i;;^(E  +  ^-ez®)«li  =  0.  (31.1) 

Introduction  of  parabolic  coordinates  J.  q.  9.  connected  with  the 
coordinates  x.  y.  z  by  the  relations 

x  =  5qsinq.  y  =  |qcoS(p.  z  =  y(£*  — q*). 

leads  to  separation  of  the  variables  in  equation  (31.1)  and.  hence, 
to  the  possibility  of  solving  it  by  a  method  similar  to  that  of 
solving  an  unperturbed  problem.  As  a  result,  for  the  atomic  energy 
in  this  case  we  get  a  rapidly  converging  power  series  of  the  form 

E  =  E''  +  E:e-f  (31.2) 

A  similar  result  was  obtained  by  Schwarzschild  and  Epstein  as 
early  as  1916  on  the  basis  of  the  Bohr  theory.  An  evaluation  of 
the  coefficients  of  this  series  E°.  El.  Ej.  ...  shows  that  all  its 
terms,  beginning  with  the  third,  may  be  discarded  without  affect¬ 
ing  the  accuracy  of  the  solution.  Then  the  expression  for  the 
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energy  of  a  hydrogen  atom  (or  an  ion  with  one  electron)  in  an 
electric  field  takes  on  the  following  form: 


E  =  E*-hE:(S  =  - 


hRZ* 

n* 


3h» 

8.i*ineZ 


(n,  —  n.)  iiG. 


(31.3) 


As  will  be  seen  from  (his  equation  the  solution  of  (he  problem, 
to  a  zero  approximation  ((5  =  0).  is  identical  with  the  solution  of 
the  unperturbed  problem.  The  first  sufficiently  precise  approxima¬ 
tion  yields  the  Stark  effect  of  the  first  order  relative  to  (he  elec¬ 
tric-field  intensity  (linear  Stark  elTect).  The  coefficient 


e: 


.IIP 

Sn'meZ 


(n,  — n,)n. 


which  characterises  the  action  of  (he  electric  field,  is  determined 
by  three  quantum  numbers:  the  principal  quantum  number  n  and 
the  numbers  n,  and  n,  with  which  it  is  connected  by  the  relation 

n  =  1  +  n,  +  n,  +  >. 

where  only  X  may  be  identified  with  one  of  the  earlier  introduced 
quantum  numbers.  |f|amely,  with  the  absolute  value  of  the  orbital 
magnetic  numl^pr  ,)p,:  X  =  |m,|*;  n,  and  n,,  like  X,  are  integral 
positive  number^-^nd  have  (he  values  0.  1.  2 .  (n — 1). 

The  linear  dependence  of  the  magnitude  of  electric  splitting  of 
hydrogen  terms.  E  —  E“,  upon  the  numbers  n,  and  n,.  and  also 
the  fact  that  both  these  numbers  can  assume  the  same  values 
account  for  the  symmetrical  nature  of  the  splitting.  Indeed,  noting 
that  n,,  n,s=0  and  X<n — 1.  from  expre.ssion  (31.3)  we  get  the 
following  pattern  of  splitting  of  (he  first  four  terms  of  the  H  atom 

(^Table  23.  where  C  =  o  ^,''  • 

\  on*nie  n  (n,  —  n*)  n/ 

From  Table  23  it  is  seen  that  the  number  of  splitting  compo¬ 
nents  rapidly  increases  with  the  principal  quantum  numberi 
term  n  =  l  does  not  split  at  all.  term  n  =  2  splits  into  3  compo¬ 
nents.  n  =  3,  into  6,  n  =  4,  into  10.  In  the  latter  two  terms, 
certain  components  coincide,  so  that  for  the  term  n  =  3  we  ob¬ 
tain  five  components  with  different  energy  and  for  the  term  n  =4, 
seven.  It  is  easy  to  see  that  in  general  the  number  of  splitting 
components  of  a  term  characterised  by  the  principal  quantum 
number  n,  is  equal  to  2n  —  I. 

By  combining  these  2n — I  components  of  a  given  term  w'ith 
2n' — 1  components  of  some  other  term  we  get  (2n — 1)  (2n' — I) 
lines.  Thus,  the  Balmer  line  H,  (X6562.79  A,  n  =  2.  n'  =  3)  will 


*  Since  the  angle  if>.  in  the  polar  and  parabolic  coordinate  frames,  denotes 
the  equatorial  angle. 
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Table  23 

SpliltinE  ol  Ihc  terms  ol  the  hydrogen  atom  in  an  electric  field 


„ln, 

1 

C  ni.  -  't,>  n 

n 

" 

C  (n,  -  n.»  11 

1 

0 

0 

0 

0 

4 

3 

0 

0 

I2C 

2 

0 

0 

2C 

4 

2 

0 

1 

8C 

0 

0 

0 

1 

0 

4 

1 

0 

2 

4C 

2 

0 

1 

0 

— 2C 

4 

2 

0 

4C 

3 

2 

0 

0 

6C 

4 

1 

0 

3 

0 

1 

3C 

4 

0 

0 

3 

0 

3 

0 

0 

2 

0 

4 

0 

2 

— 4C 

3 

1 

0 

0 

4 

1 

2 

a 

— 4C 

3 

0 

1 

1 

— 3C 

4 

0 

2 

1 

— 8C 

3 

1) 

2 

0 

— 6C 

4 

a 

3 

0 

—  12C 

split  into  15  components,  the  line  H,(X4861 .33 A,  n  =  2,  n'=4) 
into  21  components,  etc.  The  lines  that  correspond  to  AX  =  0.  in 
accordance  with  the  rule  of  polarisation  lor^l^-'tsee  p.  236)  when 
observini;  in  a  direction  perpendicular  to  tWfe  ‘ftyd,  should  be 

polarised  p^i^llel  to  the  field 
(jt-compone?rts),  while  the 
lines  that  correspond  to  AX=I , 
perpendicular  to  the  field 
(o-components). 

Fig.  60a  gives  an  example 
of  all  the  15  components  ol 
Stark  splitting  of  the  H,  line 
computed  from  the  following 
formula  (which  follows  from 
(31.3)) 

v  =  v,  +  C[3  (n;  — n;)  — 

—  2(n,  — n,)): 

above  are  the  Ji-components. 
below,  the  o-components.  The 
numbers  under  each  line  in  Fig.  60  represent  the  factor  in  square 
brackets  in  the  preceding  formula.  Fig.  60b  gives  the  experimentally 
observed  splitting  components  of  the  H,  line.  A  comparison  of  these 
two  figures  shows  that  the  computed  lines  coincide  with  the 
experimentally  found  lines  both  as  regards  the  magnitude  of  split* 
ting  and  the  polarisation  of  the  components.  It  may  be  added 
that  good  coincidence  is  also  obtained  for  the  intensities  of  the 
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FiS  60.  Splitting  ol  H,  line  in  an  electric 
Held:  a)  calculated,  b)  observed 


Sfi.  31 1 


MAHK  tFFLCT 


2fi5 


components  (we  have  in  view  relative  intensities).*  The  absence, 
in  Fif;.  60b  of  certain  lines  found  in  theory  is,  apparently,  due 
to  their  low  intensity.  The  situation  is  similar  in  the  case  of 
other  Balnier  lines  of  hydrogen  and  He*  lines  that  have  been 
studied. 

Stark  effect  in  complex  atoms.  Unlike  the  hydrogen  lines,  line 
splitting  of  other  elements  in  an  electric  field  is  unsymmetrical 
relative  to  their  original  position  in  the  spectrum.  An  idea  of 
the  nature  of  Stark  splitting  of  terms  ami  spectral  lines  in  this 
case  may  be  had  from  Fig.  61,  which  shows  the  Stark  effect  of 
the  D-doublet  of  sodium  >.>.5895.93  5889.96  A  ('P. — 'S  .).  in 
this  figure,  the  dashed  lines  designate  the  original  terms,  the 
transitions  .  —  'S  ,  and  'P.. — • 'S  ,)  that  correspond  to  them, 
and  the  original  doublet  (below).  The  solid  lines  denote  the  terms, 
transitions,  and  lines  in  an  electric  field.  In  accordance  with  the 
fact  that  the  energy  of  the  induced  dipole  (see  below)  is  negative, 
th  energy  of  the  atom  in  all  three  states  ('P  ,.  'P  ,,  and  ’S. ,) 
in  an  electric  field  diminishes,  and  this  decrease  in  energy  is 
more  appreciable  for  the  upper  terms,  as  a  result  of  which  the 
spectrum  is  shifted  towards  longer  wavelengths.  Fig.  62  gives 
the  amount  of  shift  (AX)  of  the  lines  of  the  potassium  doublet 
“P.,..,  —  'Si  ,X>. 4047.20  4044. 14  .A  as  a  function  of  the  electric 
field  intensity.  It  is  seen  that  AX,  for  all  three  components, 
varies  in  proportion  to  the  square  of  the  field  intensity  (quad¬ 
ratic  Stark  effect). 

The  quantum-mechanical  theory  of  the  quadratic  Stark  effect 
of  complex  atoms  was  given  in  1927  by  Unsold.  For  the  magni¬ 
tude  of  term  splitting.  Unsold  obtained  the  following  equations** 


AT  = 


9e'0* 

16h'c'R‘ 


n' 


( 

I 


(n'-L’)(L'-M’) 
4L’  -  1 
Tl-1  -Tl 


|n'-(L-(-l)'|[(L-)-l)»-M|  I 
4(l-+l)'-l  ^ 

Tl  -Tl-fi  ) 

(31.4) 


where  Tl  is  the  term  under  consideration  (characterised  by 
quantum  numbers  n  and  L).  Tl-i  and  Ti. +  ,  are  adjacent  terms 
characterised  by  the  same  value  of  n. 

The  diverse  nature  of  Stark  splitting  of  the  spectral  lines  of  hy¬ 
drogen  and  of  the  lines  of  many-electron  atoms  is  vividly  inter¬ 
preted  by  the  Bohr-Sommerfeld  model  of  the  atom,  according  to 


•  The  theoretical  distribution  of  intensity  among  components  of  fine 
spfitting  has  been  disregarded  in  Fig.  bOa. 

**  This  equation  was  derived  for  a  weak  efectric  Ttefd,  with  muftipfet 
splitting  of  the  term  ignored.  Earlier  (1922),  a  simitar  equation  was  derived 
by  Becker  on  the  basis  of  the  Bohr  theory.  At  large  n.  the  equations  coin- 
cide. 
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which  the  motion  of  an  electron  in  a  many-electron  atom  may 
be  rewarded  as  motion  in  a  rapidly  precessing  orbit  (see  Sec.  22). 
The  electric  centre  of  gravity  of  such  an  orbit  coincides  with 
the  nucleus,  as  a  result  of  which  the  mean  shift  of  the  electron 
with  respect  to  the  nucleus  (z)  becomes  zero.  For  this  reason, 
the  Stark  effect  of  the  first  order  should,  in  the  case  of  such 
atoms,  be  absent  (at  least  in  relatively  weak  fields,  see  below). 
Designating  the  polarisation  coefficient  of  an  atom  by  a.  we  ob¬ 
tain.  for  the  induced  dipole  moment  that  arises  due  to  polarisa¬ 
tion  of  the  atom  in  an  electric  field,  the  quantity  a(S  and  for  the 
energy  of  polarisation,  the  quantity 

E  =  — aj(id(S  =  — (31.5) 


i.e..  the  quadratic  effect,  which  is  actually  observed  in  the 
spectra  of  many-electron  atoms. 

The  nature  of  the  change  of  atomic  terms  in  an  electric  field 
may  be  established  on  the  basis  of  a  vector  model  of  the  atom. 
In  the  case  of  a  a’ca*  field,  the  action  of  the  latter  may  be  re¬ 
garded  as  a  slight  perturbation  that  does  not  disrupt  the  coupling 
between  the  vectors  L  and  S  (that  form  the  vector  J).  The  direction 
of  the  electric  field  fi.xes  in  space  the  direction  of  the  z-axis,  on 
which  the  vector  J  is  projected;  projections  of  the  latter  (in  units 
of  h)assume  the  values  At  =  4:-J.  Jh(J — I).... 

Since  the  polarising  action  of  an  electric  field  on  an  atom 

depends  on  the  orientation  of  the  latter  with  respect  to  the  field 

direction  (the  orientation  is  determined  by  M),  one  should  expect 
splitting  of  the  term.  However,  unlike  magnetic  splitting,  the 
number  of  components  of  electric  splitting  of  a  term  is  not  equal 

to  2J  +  I  (the  number  of  different  values  of  M)  but  to  a  magni¬ 

tude  roughly  half  that,  since  the  energy  of  an  atom  in  an  exter¬ 
nal  electric  field  is  determined  by  the  square  of  the  number  M 
and.  consequently,  is  the  same  in  two  states  that  differ  only  by 
the  opposite  direction  of  the  projections  of  vector  J  (+M  and  — M). 

Indeed,  since  the  polarisability  of  an  atom  and,  consequently, 
its  energy  in  an  electric  field  (31.4)  does  not  depend  on  the  di¬ 
rection  of  rotation  of  the  electrons  and  is  determined  only  by  the 
general  distribution  of  electricity  in  the  atom  with  respect  to  the 
field  direction,  this  energy  in  states  -j-M  and  — M  should  be  one 
and  the  same.  Denoting  the  absolute  values  of  projections  of  the 
vector  J  by  Q  =  |M|  and  the  coefficients  of  polarisation  that 
correspond  to  different  orientations  of  an  atom  in  an  electric  field 
by  oa,  we  will  obtain  as  many  different  coefficients  and,  hence. 
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the  same  number  of  splitting  components  of  the  term 


as  the  number  Q  assumes  values  (for  a  given  J),  namely,  J I 
in  the  case  of  integral  J  and  J  +  '/,  in  the  case  of  half  integral  J. 
In  this  case,  all  components  that  correspond  to  12  =  0  are  doubly 
degenerate.  Therefore,  when  a  magnetic  field  Is  superposed  on  an 
electric  field,  each  such  component  splits  into  two  (corresponding 
to  -|-A\  and  — M)  and  we  get  the  number  of  components  that 
correspond  to  the  case  of  a  magnetic  field,  i.e.,  2J-|-1. 


Fifi-  6h  Slark  effect 
of  sod ium  Ddines. 
Dashed  portions  in* 
dicate  terms  and 
lines  in  the  absence 
of  a  field 


Fifi’  62.  Electric  splitting  of  po* 
tassium  doublet  ,  j — *S,^2 


Let  US  now  consider  the  earlier  examined  example  (Figs.  61 
and  62)  of  terms  *S. ,,  *P. ,  and  *P.,.  To  one  degree  or  another 
(depending  upon  the  appropriate  coefficients  of  polarisation  a), 
all  three  terms  are  shifted  towards  lower  energies.  In  addition, 
the  latter  one  is  split  into  two  components  (J =  2)  in  an 
electric  field.  We  thus  obtain  two  components  ’P^-,(Q  =  */f  Vt) 
and  one  compotent  each  of  2P./,  and  (Q  =  '/»)•  Combining 
three  components  *P  with  the  ‘S-tenn,  we  get  three  lines: 


■p. ,  -  ’S...  (fi-  =  ■/.  ^  £i  =  •/,),  -  *5. ,  (Q'  =  ■/,-.  Q  =  ■/,) 

and  'P.,,  — •$.;.(«'  =  •/.  —  «  =  •/.)• 


Passing  to  strong  fields,  when  the  magnitude  of  electric  split¬ 
ting  becomes  greater  than  the  natural  splitting  of  the  given 
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inultiplel  term,  the  interaction  of  vectors  L  and  S  may  be  regard¬ 
ed  as  a  slight  perturbation  superposed  on  the  action  of  the 
external  field.  In  this  case,  the  vector  L  is  quantised  as 
an  independent  vector  (cl.  the  Paschen-Back  effect),  and  each 
term  is  split  into  2L-)-l  components,  of  which  only  L+1 
have  dilTerent  energy.  To  describe  these  components,  use  is  made 
of  the  number  .\--|Ml|  and  the  symbols  2(.\  =  0),  I)(A=1), 
A(.\  =  2),  .  .  .  Space  quantisation  of  the  vector  L  in  an  electric 
field  causes  it  to  precess  about  the  lines  of  force  of  the  field, 
as  a  result  of  which  the  mean  value  of  the  L-vector  component 
perpendicular  to  the  field  becomes  zero.  The  spin  S  is  quantised 
in  a  magnetic  field  produced  by  the  L(A)-vector  component  paral¬ 
lel  to  the  field;  this  is  manifested  in  the  fine  structure  of  each 
A-component. 


/-*»/?  63.  Term  n  =  2  in  a  weak  and  a  strong 
electric  field 


In  strong  electric  fields,  the  quadratic  relationship  of  the  mag¬ 
nitude  of  Stark  splitting  (or  shift)  of  lines  that  is  observed  for 
weak  fields  is  replaced  by  a  linear  one,  and  as  a  result  the  form 
of  the  spectrum  begins,  more  or  less,  to  resemble  the  pattern  of 
splitting  of  hydrogen  lines.  Let  us  take  Fig.  63,  which  gives 
a  schematic  picture  of  the  behaviour  of  term  n  =  2  In  an  electric 
field.  Here,  the  level  n  =  2  corresponds  to  the  hydrogen  term 
R  R 

-^.  In  reality,  however,  this  term  is  split  into  two  terms  — ^  and 

”l 

p 

— jj  that  correspond  to  two  possible  values  of  the  azimuthal  quan¬ 
tum  number,  L  =  0  and  I.  In  a  weak  electric  field,  these  terms 
are  split  into  three  terms  corresponding  to  the  values  of  the 
number  J=L=I  (two  terms)  and  0  (one  term).  Here  we  take 
J=L,  because  interaction  of  spin  with  the  orbital  angular  mo¬ 
mentum  is  disregarded.  In  a  strong  field,  these  three  terms  also 
pass  into  2n — 1=3  terms  with  symmetrical  splitting  (Stark 
effect  in  hydrogen).  Transition  to  the  linear  effect  is  due  to 
disturbance  of  precessional  motion  of  the  electrons  in  the  atom, 
as  a  result  of  which  the  linear  effect  in  a  weak  field  cancels. 
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Ccnipaiing  Fiys.  63  and  59  we  see  that  Ihe  clianf;e  in  the 
pattern  of  electrical  splitlin”  ol  terms  when  passim!  from  weak 
to  strong  fields  is,  to  some  extent,  analogous  to  Ihe  Paschen-Back 
effect.  However,  this  analogy  is  slopped  by  Ihe  fact  that  Ihe 
effects  of  higher  orders  (AT  =  aty -r  tt> ' -j- .  .  .)  that  disturb  the 
symmetry  of  splitting  increase  with  stronger  electric  fields.  These 
effects  are  also  found  in  the  hydrogen  spectrum  (in  fields  of  iiT- 
tensity  exceeding  10’  V’ cm).  For  this  reason.  Fig.  63  must  he 
regarded  as  an  idealised  scheme  that  is  not  accomplished  in  re¬ 
ality. 

The  Stark  effect  in  a  molecular  field.  .A  series  of  facts  indicates 
that  Ihe  action  of  a  molecular  field  can,  in  many  cases,  he  re¬ 
duced  to  the  action  of  an  electric  field.  The  action  of  a  molecular 
field  frequently  manifests  itself  in  broadening  of  spectral  lines, 
which  is  due  to  Ihe  interaction  of  atoms  and  molecules  in  their 
collisions  (collision  hroaJeninfy).  Without  going  into  a  considera¬ 
tion  of  other  causes  ol  broadening  of  spectral  lines  (Ihe  Doppler 
ciTecl.  for  inslance),  we  merely  note  that  when  the  main  part 
is  played  by  collision  broadening  there  is  observed  a  parallelism 
between  Ihe  measured  line  width  and  the  magnitude  of  their 
electrical  splitting  calculated  from  Ihe  linear  Stark  effect.  Whence 
it  may  be  concluded  that  in  these  cases  the  cause  ol  line  broad 
ening  is  Ihe  action  of  the  electrical  molecular  field  on  the  atom¬ 
ic  terms.  The  fact  that  discrete  splitting  components  are  not  ob¬ 
served  is  due  to  inhomogeneily  of  the  molecular  field.  It  may  be 
added  that  according  to  Hollsmark  the  intensity  of  a  medium  mo¬ 
lecular  electric  field  may  be  computed  from  the  following  formulas: 
(5  =  3.2.5  eN‘'V,cm  when  the  field  is  created  by  ions,  (i  = 
=  4.5-1  PN  V  ent  when  Ihe  field  is  produced  by  dipoles,  and 
C'’  =  5.5QN'  V/cm  when  the  field  is  produced  by  quadrupoles. 
Here,  N  denotes  the  number  of  ions  or  molecules  in  one  cubic 
centimetre,  e  is  the  ion  charge,  P  the  dipole,  and  Q  Ihe  quadru- 
pole  moments  of  the  molecule. 

Under  certain  conditions,  in  addition  to  broadening  one  can 
observe  also  a  splitting  of  lines  under  the  action  of  the  molecular 
field,  similar  to  the  splitting  in  an  external  field.  Thus,  a  study 
of  the  ultraviolet  absorption  spectrum  ol  mercury  in  various  liquid 
solvents  (water,  alcohol,  hexane)  shows  (Reichardt  and  Bonhoefler, 
1931)  that  in  place  of  the  resonance  line  2537  A  (’P,  —  'Sj  there 
are  Iwo  lines,  which,  to  a  certain  degree  (dependent  on  the  nature 
of  (he  solvent  and  the  temperature  of  the  solution),  are  shifted  rela¬ 
tive  to  Ihe  resonance  line.  We  may  assume  that  these  lines  are  com¬ 
ponents  of  Stark  splitting  of  the  line  >.2537  A.  This  is  supported 
both  by  the  number  of  components  and  the  order  of  magnitude  of 
the  mean  electric  field  calculated  from  line  splitting.  Indeed,  since 
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for  an  excited  term  ’P,,  L=  I  and  for  the  principal  term  ‘S„,  L  =  0, 
the  first  one  of  them  should  split  into  L-)-  I  =2  components,  while 
the  second  does  not  split  {L+I  =  l).  It  is  as  a  result  of  the 
combination  of  two  splitting  components  of  the  term  'P,  with 
the  term  'S„  that  there  appear  two  lines  in  the  absorption  spec¬ 
trum  of  a  mercury  solution:  If  (’P,,  A=l)  —  £  ('S„,  A  =  0)  and 
2(‘P,.  A  =  0)  — 2CS„,  A  =  0). 

A  comparison  of  the  magnitude  of  the  observed  splitting  with 
the  splitting  of  line  X2537  A  in  an  external  electric  field  of  in¬ 
tensity  10’  V'em  yields,  lor  the  molecular  field  (on  the  assump¬ 
tion  ol  the  quadratic  effect),  an  intensity  of  about  30  X  10*  V  cm, 
which  is  in  good  agreement  with  the  values  obtained  from  other 
data. 

It  may  be  added  that  extension  of  the  Stark  effect  theory  to 
atoms  in  crystals  led  to  the  development  ol  a  theory  of  the 
crystalline  field,  which  represents  an  important  division  of  theo¬ 
retical  (quantum)  chemistry. 


CHART  r.  R  7 

THE  NATURE  OF  CHEMICAL  FORCES.  THE  MOLECULE 
32.  Electrovalent  Bond 

Electronic  concepts  in  chemistry.  Studies  of  atomic  spectra,  to 
which  chapters  5  and  6  were  devoted,  show  that  all  the  basic 
spectral  regularities  are  a  clear  reflection  of  peculiarities  in  the 
electronic  structure  and  of  the  nature  of  the  electronic  states  of 
the  atom.  Quite  different  is  the  situation  as  regards  the  chemical 
properties  of  atoms.  True,  the  electronic  structure  and  the  elec¬ 
tronic  states  are  also  essential  in  manifestations  of  the  chemical 
properties  of  atoms.  Hewever,  there  is  no  sense  in  considering 
the  chemical  properties  of  an  isolated  atom  because  these  prop¬ 
erties  are  manifested  only  in  the  presence  of  other  atoms  with 
which  the  given  atom  interacts  chemically.  In  other  words,  the 
effects  of  chemical  properties  of  an  atom,  and,  hence,  these 
properties  themselves  belong  not  to  a  single  atom  but  to  an  en¬ 
semble  of  atoms  (in  the  simplest  case,  two  atoms),  the  interaction 
of  which  leads  to  the  formation  of  a  molecule.  For  this  reason, 
in  contrast  to  the  spectral  properties  of  atoms,  the  investigation 
of  their  chemical  properties,  like  the  study  of  the  chemical 
forces  as  such,  is  naturally  based  on  a  study  of  the  structure 
of  molecules  and  their  physical  and  chemical  properties. 

The  various  combinations  of  atoms  of  one  or  several  elements  in 
a  molecule  give  rise  to  the  diversity  (over  a  million)  of  chemical 
substances  found  in  nature  or  created  artificially.  The  modern 
concept  of  the  molecule  (like  that  of  the  atom)  came  from  chem¬ 
istry.  One  of  the  first  to  introduce  into  science  the  concept  of 
molecules  was  the  founder  of  physical  chemistry,  Lomonosov, 
whose  ideas  in  various  branches  of  knowledge  were  many  decades 
ahead  of  scientific  thought  in  the  leading  countries  of  the  West. 
Calling  atoms  elements,  molecules  corpuscles,  and  chemical  sub¬ 
stances  fundamentals,  Lomonosov  wrote  in  1741:  “Corpuscles  differ 
when  their  elements  differ  and  are  combined  in  different  ways  or 
in  different  numbers;  it  is  upon  this  that  the  infinite  diversity 
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of  bodies  depends.  A  fundamental  is  a  body  consisting  of  identi¬ 
cal  corpuscles.  A  mixed  body  is  one  that  consists  of  two  or 
several  fundamentals  so  combined  that  each  separate  corpuscle 
contains  fundamentals  in  the  same  ratio  ...  as  the  entire  mixed 
body."  From  these  words  we  see  that  already  for  Lomonosov 
constancy  in  the  composition  of  chemical  compounds  was  not  an 
unsettled  question,  as  many  scientists  in  later  years  still  con¬ 
sidered  it. 

An  essential  contribution  to  the  development  of  an  understand¬ 
ing  of  the  structure  of  molecules  was  made  by  Butlerov  who 
created  the  theory  of  chemical  structure  (1861),  the  underlying 
principle  of  which  is:  "Starting  with  the  concept  that  each  chem¬ 
ical  atom  that  makes  up  a  body  participates  in  the  formation 
of  this  body  and  operates  via  a  specific  quantity  of  force  inherent 
in  it  (affinity),  I  call  chemical  slruclure  a  distribution  of  action 
of  this  force,  as  a  result  of  which  the  chemical  atoms  (acting 
upon  oi  e  another  directly  or  indirectly)  combine  into  a  chemical 
particle.”  And  further:  "The  chemical  nature  of  a  complex  particle 
is  determined  by  the  nature  of  the  elementary  component  parts, 
their  number,  and  chemical  structure.” 

Butlerov’s  views  on  the  mutual  influence  of  atoms  in  a  mole¬ 
cule  were  further  developed  in  the  works  of  his  pupil  Markovni- 
kov.  The  Butlerov-Markovnikov  doctrine  on  the  mutual  effect  of 
atoms  became  one  of  the  chief  components  of  the  theory  of  struc¬ 
ture.  However,  the  chemically  established  structural  peculiarities 
of  different  classes  of  compounds  and  also  numerous  empirical 
regularities  and  rules  were  purely  descriptive  and  required  an 
interpretation  from  the  point  of  view  of  the  internal  structure 
of  molecules,  i.e.,  theoretically.  This  could  be  done  only  through 
physics,  which  had  always  played  a  particularly  important  role 
ill  structural  studies  of  matter  and  which  became  still  more  im¬ 
portant  with  the  advent  of  the  electron  theory  of  the  atom. 
Attempts  to  explain  chemical  facts  on  the  basis  of  the  latter  led 
to  definite  concepts  concerning  the  structure  and  chemical  proper¬ 
ties  of  molecules  known  as  electronic  concepts  in  chemistry. 

The  main  problem  with  which  chemistry  confronted  the  electron 
theory  of  the  atom  was  that  of  the  nature  of  chemical  forces. 
This  is  a  problem  of  the  physical  substantiation  of  the  very 
existence  of  molecules.  Attempts  to  resolve  this  problem  within 
the  framework  of  the  Bohr  theory  of  the  atom  were  unsuccessful, 
and  a  proper  solution  began  to  emerge  only  with  the  advent  of 
quantum  mechanics.  However,  due  to  the  fundamental  fact  that 
chemical  forces  are  of  an  etectrical  nature,  certain  phenomena  or 
groups  of  phenomena  could  be  interpreted  qualitatively  and  could 
be  given  a  model-type  interpretation  even  within  the  framework 
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of  the  Bohr  electron  theory  of  the  atom.  This  includes  the  problem 
of  elect rovalcnt  chemical  bomling. 

Kossel  theory.  The  cla.ssical  theory  of  valence  deals  with  such 
concepts  as  valence  numbers,  the  type  of  chemical  bond  (single, 
double,  and  triple  bonds),  saturated  and  unsaturated  compounds, 
etc.  These  concepts  require  a  physical  interpretation.  The  first 
succes-sful  attempt  at  such  an  interpretation  of  the  phenomenon 
of  chemical  reactivity  and  valence  numbers  was  made  in  1916  by 
Kossel.  who  proceeded  on  the  basis  of  the  Bohr  theory  of  the  atom 
and  Mendeleyev’s  Periodic  Table.  The  approach  yielded  the  closed 
nature  of  the  outer  eight-electron  shells  in  the  atoms  of  the  inert 
gases,  which  for  this  reason  were  e.xtremely  stable  physically  and 
salurated  chemically.  In  the  opinion  of  Kossel.  underlying  the 
chemical  activity  of  every  atom  is  its  tendency  to  a  closed  outer 
electron  shell  imitating  the  electronic  structure  of  an  inert-gas 
atom. 

We  distinguish  valence  with  respect  to  hydrogen,  or  posilive 
valence,  and  with  respect  to  fluorine,  or  negative  valence.  Positive 
valence  is  determined  quantitatively  by  the  number  of  atoms  of 
hydrogen  that  a  given  atom  is  capable  of  substituting  in  a  chem¬ 
ical  compound.  Negative  valence  is  determined  by  the  number 
of  atoms  of  fluorine  (or  a  double  number  of  atoms  of  oxygen) 
that  are  subject  to  substitution.  Considering  the  maximum  posi¬ 
tive  valence  of  various  elements  (we.  of  course,  disregard  "ano¬ 
malous”  elements),  i.e..  the  valence  that  these  elements  have  in 
their  saturated  compounds,  it  will  readily  be  seen  that  it  corre¬ 
sponds  exactly  to  the  number  of  the  vertical  column  of  the  Periodic 
Table  in  which  the  given  element  lies.  To  illustrate,  sodium,  in 
the  first  column,  is  univalent  (NaF,  Na,0).  magnesium  is  bivalent 
(AtgF,.  MgO),  aluminium  is  Irivalent  (AIF,).  silicon  is  tetravalent 
(SiF„  Si(5,).  phosphorus  is  pentavalent  (PF,.  P,0,).  sulphur  is 
hexavalent  (SF,,  SO,),  chlorine  is  septivalent  (Cl,0,).  The  valence 
of  inert  Ar.  in  the  zero  column,  is  zero.  On  the  other  hand,  the 
number  of  outer  electrons  of  an  atom  is  also  equal  to  the  number 
of  the  corresponding  column.  Onsequently.  the  maximum  positive 
valence  of  an  element  is  equal  to  the  number  of  its  outer  electrons. 
For  this  reason,  the  outer  electrons  of  an  atom  are  frequently 
called  valence  electrons 

It  will  readily  be  seen  that  the  maximum  negative  valence  of 
an  element  is  equal  to  the  difference  between  the  number  8  and 
the  number  of  outer  electrons.  Thus,  silicon  is  tetravalent  (SiHJ, 
phosphorus  is  trivalent  (PH,),  sulphur  is  bivalent  (H,S).  chlorine 
is  univalent  (HCI).  Consequently,  as  was  noticed  by  Abegg  and 
Bodlander  as  far  back  as  1904,  the  sum  of  maximum  valences 
(positive  and  negative)  is  eight,  which  is  the  number  of  electrons 
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in  the  L-  or  M-group  (incomplete).  This  indicates  a  connection  be¬ 
tween  the  valence  of  an  atom  and  its  outer  electrons. 

It  is  these  regularities  related  to  the  stability  of  the  inactive 
eight-electron  shell  of  the  atoms  of  the  inert  gases  that  lead  to  the 
concept  of  atomic  valence  developed  by  Kossel.  According  to  this 
theory,  each  atom  with  an  incomplete  and,  therefore,  chemically 
active  outer  electron  group  strives  towards  a  complete  eight-electron 
outer  shell.  This  can  obviously  be  done  either  by  the  atom  giving 
tij)  its  extra  (outer)  electrons  or  by  acquiring  the  needed  electrons 
from  other  atoms.  In  the  first  case  the  atom  is  ionised  positively 
exposing  a  complete  inner  group  of  electrons,  in  the  second  case, 
it  is  ionised  negatively  and  completes  its  outer  electron  group  at 
the  expense  of  extraneous  electrons.  The  probability  of  a  given 
process  is  determined  by  how  advantageous  it  is  energetically. 
Thus,  the  atoms  Na  and  Atg,  which  readily  give  up  their  outer 
electrons  due  to  comparatively  low  ionisation  potentials,  are  ionised 
positively.  The  Na  atom  with  eight  At-electrons,  i,e.,  Na  +  7extra 
electrons  would,  energetically,  be  an  extremely  unstable  system, 
because  due  to  its  comparatively  low  charge  (2=11)  the  Na 
nucleus  would  not  be  able  to  hold  18  electrons,  (Conversely,  the 
Cl  atom  with  7  outer  electrons  readily  acquires  the  missing  elec¬ 
tron,  because  an  enormous  energy  is  required  to  tear  7  electrons 
out  of  the  Cl'^’  ion.  We  recall  that  the  negative  chlorine  ion  Cl", 
even  in  the  free  state,  has  less  energy  than  the  system  Cl elec¬ 
tron  (positive  electron  affinity). 

Due  to  the  low  ionisation  potentials  of  atoms  of  the  alkaline 
elements  (Ate)  and  to  the  great  electron  affinity  of  the  halo¬ 
gen  atoms  (X).  AteX  compounds  are  readily  formed  when  these 
two  combine.  This  is  a  process  that  proceeds,  according  to  Kossel. 
by  the  scheme 

Me+X-Me*^-Me*X: 

Oppositely  charged  ions  that  form  this  compound  mutually  attract 
in  accordance  with  the  (Coulomb  law;  the  force  of  this  attraction 
is  what  gives  the  compound  its  strength. 

On  Kossel's  theory,  a  similar  scheme  is  followed  in  the  formation 
of  all  heteropolar  chemical  compounds.  Thus,  on  this  theory  the 
saturation  of  positive  chemical  affinity,  i.e.,  the  manifestation  of 
positive  valence,  consists  in  the  atom  giving  up  its  valence  (outer) 
electrons,  which  are  captured  by  the  other  atoms  (combining  with 
this  atom)  that  saturate  their  negative  affinity  in  this  way. 

A  somewhat  generalised  Kossel  theory  of  valence  can  also  accom¬ 
modate  definite  classes  of  complex  compounds,  which,  according  to 
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Werner,  are  characterised  by  what  is  known  as  caordinal ion  bond- 
in".  These  compounds  yo  beyond  tile  conventional  concepts  of  va¬ 
lence  and  make  up  a  special  fjroup.  The  characteristic  peculiarity 
of  this  group  is  that  the  maximum  valence  of  a  given  atom  is 
independent  of  the  number  of  the  group  in  the  Periodic  Table  in 
which  this  atom  occurs.  .Assuming  a  purely  formal  existence  of 
special  siipplemenlanj  valences  alongside  the  principal  ordinary 
valence,  one  may  introduce  a  cvortUnalion  numher  which  is  equal 
lo  the  sum  of  the  principal  and  supplementary  valences  of  the 
given  atom  and  determines  the  number  of  univalent  atoms  or  radi¬ 
cals  that  can  combine  directly  with  this  atom  By  way  of  illus¬ 
tration.  let  us  consider  the  complex  compounds  Ni  (CO),.  Fe(CO),, 
and  A\o(CO),.  Since  the  valence  of  the  CO  group  is  2.  the  coordin¬ 
ation  numbers  of  i^i.  Fe.  and  Ato  must  be  8.  10.  and  12.  respec¬ 
tively.  It  is  readily  seen  that  these  numbers  arc  equal  lo  the 
number  of  missing  electrons  required  to  bring  the  electron  shell  of 
the  given  atom  up  to  the  closed  shell  of  the  inert-gas  atom  in  the 
immediate  vicinity.  Indeed,  the  electrons  in  the  outer  shells  of 
these  atoms  are  distributed  as  follows: 

Atom  3$  3p  3d  ds  dp  dd  df  5s  5p 
Fe  2  6  6  2 

Ni  2  6  8  2 

Kr  2  6  10  2  6 

Mo  2  6  10  2  6  5  1 

Xe  2  6  10  2  6  10  2  6 

We  see  that  Kr  has  10  electrons  more  than  Fe  and  8  more 
than  Ni.  and  Xe  has  12  more  electrons  than  Mo.  This  leads  to 
the  conclusion  that  the  complex  compounds  under  consideration 
are  completed  systems,  the  central  atom  of  which  has  a  completed 
symmetrical  shell  of  the  corresponding  inert  gas.  The  electrons  of 
atoms  or  atomic  groups  (CO)  that  are  in  the  immediate  vicinity 
of  the  central  atom  participate,  together  with  the  valence  electrons 
of  this  atom,  in  the  formation  of  this  shell. 

Kossel’s  theory,  which  reduces  chemical  interaction  to  purely 
electrostatic  forces,  is  quantitatively  applicable  only  to  a  very 
limited  range  of  compounds  called  ionic  or  heleropolar.  These  com¬ 
pounds  have  a  series  of  characteristic  physical  and  chemical 
properties  of  which  the  outstanding  are  ionic  structure  of  their 
crystal  lattices,  electrolytic  dissociation  of  their  solutions  and 
melts,  high  melting  points,  specific  spectral  properties,  etc.  The 
ionic  structure  of  the  molecules  of  these  compounds  permit  con¬ 
sidering  the  chemical  intramolecular  forces  that  condition  the 
stability  of  ionic  molecules  as  forces  of  electrostatic  (Coulomb) 
attraction  between  oppositely  charged  ions.  It  must,  however,  be 
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borne  in  mind  that  this  representation,  like  any  model,  is  arbi¬ 
trary. 

The  theory  of  ionic  molecules.  A  quantitative  theory  of  ionic 
molecules  was  given  by  Born  and  Heisenberg  in  1925.  This  theory 
proceeds  from  Born’s  theory  of  crystal  lattices,  which  is  based 
on  the  following  concepts.  In  the  simplest  case  of  cubic  ionic 
lattices,  the  potential  energy  of  unit  volume  of  the  lattice  may, 
approximately,  be  represented  in  the  form 

u  =  +  (32.1) 

where  the  term - T  attraction-force  potential  that  expresses 

the  mutual  potential  energy  of  oppositely  charged  ions  consid- 

be* 

ered  as  point  charges,  while  the  term  +  is  the  repulsive-force 
potential.  Equilibrium  of  ions  in  a  crystal  is  determined  by  the 
condition 


ir)  =0 


where  r„  is  the  equilibrium  distance  between  ions  (lattice  constant). 
From  this  condition  we  have 

b  =  -^  r"  - ' 

n  0  ♦ 


whence  for  the  energy  of  the  lattice  we  get 

u  =  -^'[l— (32.2) 

The  equilibrium  energy,  accordingly,  turns  out  equal  to 

=  (32.3) 


The  lattice  constant  r^  is  determined  from  X-ray  analysis  of  the 
crystal.  The  quantities  a  and  n  are  found  from  measurements  of 
the  heat  of  formation  of  the  crystal  from  the  atoms  (Q),  of  the 
ionisation  potential  (1)  of  an  electropositive  atom,  and  of  the 
electron,  affinity  (E)  of  an  electronegative  atom,  and  also  from 
the  compressibility  of  the  crystal.  Indeed,  the  molecular  energy 
of  the  crystal  lattice  U,  =  Vu,  (V  is  the  molar  volume),  on  the 


S«c.  32| 


ELECTRO  VALENT  BOND 


277 


basis  of  the  following  circular  process. 

Me  +  x— ^|Mex] 
el-E  I 


Me+X' 


U. 


is  connected  with  the  quantities  Q.  I,  and  E  by  the  relation 

U.  =  Q  +  eI-E.  (32.4) 


Thus,  the  energy  of  the  lattice  U„  may  be  determined  by  measur¬ 
ing  Q.  I,  and  E.  As  for  the  compressibility  of  the  crystal,  by 
proceeding  from  the  definition  of  the  coefficient  of  bulk  compressi¬ 
bility,  X, 


X 


=  — V 


dp 
dV  ’ 


it  is  possible,  due  to  the  fact  that 


dU  . 

P  =  -dV 


djp _ 

dV~  dV*  • 


to  express  the  quantity  as 

_1_ _ yj  fd’U  /  dr  V  I  dU  d»r  1 

X  —  ''  [dr*  \dvj  “I  dr  dV*|  ’ 

Noting  that  the  volume  of  the  crtystal  V  =  Nr’,  where  N  is  the 
number  of  molecules  in  the  volume  V  (and  NrJ=l).  we  find, 
from  this  expression  and  from  (32.2), 


Knowing  r„,  x,.  and  u,.  it  is  possible  to  determine  a  and  n  from 
the  latter  relation  and  (32.3).  Thus,  for  ions  with  the  electronic 
structure  of  neon  (Na'^  and  F",  for  instance),  we  can  obtain 
a  value  of  n  close  to  7,  for  ions  with  the  electronic  structure  of 
Ar  (for  example,  and  Cl"),  the  value  n  ^  9.  for  ions  with 
the  electronic  structure  of  Kr  and  Xe.  values  of  n  ^  10  and  12. 
respectively.  As  may  be  seen  from  (32.3).  the  magnitude  of  lattice 
energy  is  but  relatively  slightly  affected  by  a  change  in  n.  For 
this  reason,  a  single  value  of  n  is  often  used  when  considering 
crystals  of  one  type.  For  instance.  n  =  9  is  often  taken  for  crys¬ 
tals  like  NaCI.  In  the  case  of  crystals  of  this  type,  a  magni¬ 
tude  of  the  order  of  unity  is  obtained  for  the  constant  a,  called 
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the  Madclunii  aiiislanl.  In  the  general  case,  this  constant  may  be 
calculated  from  the  geometrical  structure  of  the  crystal. 

Born  and  Heisenberg  calculate  the  bond  energy  of  NaCI-type 
ionic  molecules  taking  into  account  the  following  interactions: 

It  Coulomb  attraction  of  free  ion  charges  ^ 2)  mutual  re- 
puksion  of  ions,  the  potential  of  which  they  assume  equal  to 
-J- Isee  above):  3)  attraction  of  free  ion  charges  by  dipoles 

p,  and  Pj  that  appear  due  to  polarisation  of  the  ions  ^ 

and.  finally.  1)  interaction  of  the  dipoles  ^  Thus,  taking 

into  account  also  the  quasi-elastic  energy  of  dipoles  (^)  +  (^) 
(ct,  and  are  coefficients  of  polarisation  of  the  ions),  we  have, 
for  the  potential  energy  of  an  ionic  molecule  (considering  the 
energy  of  the  molecule  dissociated  into  ions  equal  to  zero). 


r’  A-  'J'f  _  IEj  _  __  ^PiP»  I  P-  I  P’ 

f  r'^  r*  r*  r’  '  2a^  '  2a,' 


From  the  cotuiiUons  of  polarised  equilibrium, 

4^-— -0.  \vc  have: 

up, 


a,e 


r* 


2a,  ,  a.e  .  2a, 

-;!p,  and  p.=  -^  +  -pr'p,. 


.)U 

Dp, 


0  and 


P,  --- 
P=-- 


into  a  power 

series  in 

r*  '  r'  ' 

r’  ‘  ■ 

a.c  ,  2a, a  e  . 

4aa=c 

ri-  “T" 

r-  +• 

and 


Substituting  p,  and  p,  into  the  expression  for  U  and  disregarding 
powers  of  r  above  the  ninth,  we  get 

II _  e'  (<Xi  -I-  tti)  e’  2o,aje*  ,  be* 

r  2r*  r’  “1“  r*  ' 


The  potential  energy  of  a  molecu'e  consists  of  two  parts: 
U  =  U,-1-U,.  The  first, 

11^= _ .£. _ (»i  +  “d  e*  2a,a,e«  -  „ 

I  r  2r*  r’ 
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corresponds  to  the  force  of  attraction,  the  second, 


u.=!;?>o. 


to  the  force  of  repulsion.  In  Fig.  64.  both  parts  of  the  potential 
energy  are  represented  by  the  curves  U,  (r)  and  U,  (r).  Since  the 
second  and  third  terms  in  the 
expression  for  U,  become  percep¬ 
tible  only  for  small  r.  at  suffi¬ 
ciently  large  distances  the  quan¬ 
tity  U,  isdetermined  almost  sole¬ 
ly  by  the  term  e'.r,  and  the  ap¬ 
propriate  portion  of  the  curve 
U,  (r)  is  a  first-order  hyperbola. 

At  these  distances,  the  energy  U 
is  totally  determined  by  U,.  be¬ 
cause  U,  is  here  also  practically 
zero.  But  at  short  distances,  the 
curve  U,  passes  into  a  higher- 
order  hyperbola,  deviating  from 
the  original  first-order  hyperbola 

(dashed  line).  already  Interaction  energy  of  ions 

becomes  noticeable  and  increases  in  ionic  molecule 

rapidly  with  decreasing  distance 

(in  accordance  with  a  ninth-order  hyperbola).  Addition  of  the  curves 
U,  and  U,  yields  the  curve  U.  which  corresponds  to  total  poten¬ 
tial  energy  of  an  ionic  molecule  This  curve  has  a  minimum  at 
a  certain  definite  distance  r,,  which  corresponds  to  the  equilibrium 
position  (equilibrium  distance).  When  r<^r,  the  quantity  U  increases 
rapidly,  passing  through  zero  into  the  region  of  positive  values, 
which  corresponds  to  a  preponderance  of  repulsion  forces. 

The  quantity  r,  isdetermined  by  the  third  condition  of  equili¬ 
brium,  ^  =  0,  which  expresses  equiiibrium  of  all  forces  inside 
a  moiecuie.  This  condition  ieads  to  the  equality 


I  2  (Qti  -F  gti  I 


Ha, a.  9b 
“  r;  • 


Substituting  b  into  the  expression  for  U,  we  obtain,  for  the 
energy  of  the  molecule  in  an  equilibrium  state,  the  expression 


e* 

r7 


8  I  5  (o,  -F  a,( 

9  larl 


u.=- 


(32,5) 
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U,  is  connected  with  the  energy  of  dissociation  of  the  mol¬ 
ecule  into  two  ions  D,  by  the  relation 

Di  =  -U..  (32.6) 

Thus.  D|  may  be  computed  from  (32.5)  if  the  appropriate  vaiues 
of  r,  and  a  are  known.  We  note  that  D,  is  connected  with  the 
energy  of  dissociation  of  the  moiecule  into  neutral  atoms  D  by 
the  relation 

Di  =  D  +  el  — E.  (32.7) 

Table  24  gives  the  values  of  r,  obtained  by  the  electron  dif¬ 
fract  ion  method  *  for  molecules  of  the  NaCi  type. 


Table  24 


Equilibrium  distances  between  ions  in  NaCI-type  molecules 


Mole¬ 

cule 

fe.  A 

Mole¬ 

cule 

r*.  A 

Mole¬ 

cule 

r,.  A 

Mole¬ 

cule 

r*.  A 

NaCI 

NaBr 

Nal 

KCI 

KBr 

Kl 

RbCl 

RbBr 

Rbl 

CsCI 

CsBr 

Csl 

'^.062:0.03 

3.14:20.03 

3.412=0.03 

Table  25  gives  the  vaiues  of  polarisation  coefficients  for  a  num¬ 
ber  of  cations  and  anions. 


Table  25 

Polarisation  coefficients  of  ions  (in  cm*) 


Ion 

Li  + 

Na  + 

K-* 

Rb  + 

B 

Cl- 

Br- 

r 

akiO’* 

0.075 

0.21 

0.87 

1.81 

3.05 

4.17 

6.28 

The  values  of  the  heats  of  dissociation  (in  eV)  of  molecules 
of  alkali-halogen  salts  as  calculated  by  means  of  (32.5)  from 
the  data  in  Table  24  are  given  in  Table  26  (D,_  together 


•  During  recent  years,  the  following  highly  accurate  values  of  r- 
(■7:0.0001  to  ^0.0003  A)  have  been  obtained  from  microwave  spectra:  2.3453 
(CsF).  2.3606  (NaCI),  2.6666  (KCI).  2.7867  (RbCI).  2.9062  (CsCI).  2.1704  (LIBr), 
2.5020  (NaBr).  2.8207  (KBr).  2.9448  (RbBr),  3.0720  (CsBr).  2.3919  (Lil). 

^-^^^8  (Kl),  3,1769  (Rbl).  3.3150  (Csl).  These  data  are  notice- 
ably  dinerent  from  those  in  Table  24;  however,  the  cause  lor  this  difference 
has  not  yet  been  deAnitely  established. 
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with  the  values  of  these  quantities  measured  thermochemically 

Table  26 


Dissociation  heats  ol  molecules  of  NaCl*type  salts  (in  eV> 


Molecule 

calc 

^1,  mea* 

Molecule 

calc 

^i.meai 

NaCI 

NaBr 

Nal 

KCI 

KBr 

Kl 

5.40 
5. Id 
4.75 
4.83 
4.61 
4.21 

5.27 

5.01 

4  62 
4.96 
4.53 
4.04 

RbCI 

RbBr 

Rbl 

CsCI 

CsBr 

ai 

4.69 
4.45 
4.20 
4.44 
4.. 36 
4.02 

4.75 

4.36 

3.87 

4.53 

4.13 

3.65 

It  will  be  seen  from  this  table  that  the  discrepancy  between  cal¬ 
culated  and  measured  values  of  D,  does  not.  in  most  cases,  e.x- 
ceed  several  per  cent,* 

Reverting  to  Fig,  64.  it  will  be  seen  that  the  equilibrium 
distance  r,  is  the  less  the  deeper  the  minimum  of  the  curve  of 
potential  energy  U.  i.e.,  the  greater  the  energy  of  dissociation 
of  the  molecule.  The  magnitude  of  r.,  may  be  roughly  evaluated 
by  considering  that  the  energy  of  the  molecule  in  the  equilibrium 
position  is  equal  to  —  —  .  Whence,  for  the  magnitude  of  r,  we 

‘  r.  =  g-.  (32.8) 


Decrease  of  r^  with'  increasing  bonding  strength  of  the  molecule 
(D|)  is  observed  not  only  in  the  case  of  ionic  molecules,  as  will 
be  seen  later  on. 

The  foregoing  electrostatic  theory  permits  calculating  both 
the  dissociation  energy  and  certain  other  constants  of  an  ionic 
molecule,  its  dipole  moment  and  frequency  of  natural  oscillations. 


*  Apparently,  the  most  precise  values  are  to  be  considered  those  of 
D(,  given  in  the  accompanying  table,  in  which  they  are  correlated  with 
values  of  D|,  (,1^  obtained  by  means  of  values  of  r^.  calculated  from  micro* 
wave  spectra: 


Molecule 

^l.  calc 

D|,  tr...  j 

Molecule 

^1.  calc 

^1.  meas 

NaCl 

5.85 

5.58 

KCI 

5.13 

4.94 

NaBr 

5.57 

5.39 

KBr 

4.87 

4.74 

Nal 

5.21 

5.04 

KI 

4.65 

4.45 

ft  will  readily  be  seen  that  here.  too.  the  discrepancy  between  calculated 
and  measured  values  of  D|  does  not  exceed  several  per  cent. 


2$2 


NATURE  OF  CHEMICAL  FORCES.  MOLECULE 


(Ch.  7 


The  dipole  moment  of  this  type  of  molecule  may  be  put  equal  to 
P  =  er,  —  p,  — p,.  (32.9) 

Substituting,  into  this  formula,  the  e.xpressions  given  on  p.  278 
for  the  moments  p,  and  p,  and  utilising  the  numerical  values  of 
the  constants  r^.  and  a  from  Tables  24  and  25.  it  is  possible  to 
calculate  the  dipole  moment  of  molecules  of  this  type.  The  val¬ 
ues.  thus  calculated,  of  the  dipole  moments  are  given  in  Table  27 
(P,  From  a  comparison  of  the  calculated  values  with  the  meas¬ 
ured  values  (P„n.j5)  it  follows  that  the  accuracy  of  calculation 
is  about  10” 

Table  27 

Dipole  tnoments  of  ttie  molecules  of  halogen  salts  Li.  Na,  K. 
and  Cs  (in  debyes  •> 


A\olCs  tile 

LtBr 

Lit 

N.iCI 

KCI 

1  KBr 

Kl 

1  CsF 

CsCl 

Csl 

5.9 

6.0 

7.0  1 

■H 

11. 0 

6.2 

6.6 

HI 

ill 

12.1 

The  frequency  of  naniral  OiCiUalions  <o  may  be  determined 
from  an  equation  for  small  oscillations; 

.M,!ji:  =  -k(r-r.)  (32.10) 


where  M  =  -  _  ("b  jj  reduced  mass  of  the  molecule  (m,  and 

m,  are  the  atomic  masses)  and  k  is  the  quasi-elastic  force  con- 
slam.  The  latter  may  be  found  by  e.xpanding  the  potential  energy 
of  the  molecule  into  a  Taylor  series: 


U  =  U,  +  (|y)jr-r.)-)-4(^)^(r-rJ'-f-... 


values  U,  gp.etc.. 


Here,  the  subscript  0  is  used  to  denote  the 
for  r  =  r...  By  confining  the  series  to  the  first  three  terms  of  the 
expansion,  we  obtain,  since  =0  (the  equilibrium-force  con¬ 


dition). 


(32. 1 1) 


I  debye=  to-**  CGSE. 
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whence  for  the  quasi-elastic  force  we  find 

f  =  -  k  (r  -  r,)  =  -  (^  (r  -  r„), 

and,  consequently.  k  =  (^^j  .  The  numerical  value  of  the  con¬ 
stant  k  can  be  obtained  by  using  the  foregoing  values  of  r,  and  a. 

Solution  of  equation  (32.10)  for  the  frequency  of  natural  os¬ 
cillations  yields  the  following  e.xpression: 

The  values  of  to  (“cji.'  calculated  from  this  formula  are  given 
in  Table  28  along  with  the  measured  values 


T  1)  I  e  2H 


Oscillation  irequencics  of  NaCI-t\[)c*  molecules 


Mclcttilc 

NiiCI 

N.tUr 

N.»l 

KCI 

KDr 

Kl 

RbCI 

RbBr 

Rbl 

CsF 

CiCi 

C>Br 

cm"' 

414 

353 

296 

243 

199 

256 

184 

132 

455 

221 

IC3 

120 

cm’’ 

3G6 

302 

258 

281 

213 

173 

228 

166 

128 

385 

209 

139 

lUl 

Coincidence  of  calculated  and  measured  values  of  bond  energy 
and  other  constants  of  this  type  of  molecule  to  the  degree  of  ;ie- 
curacy  that  the  appro.ximate  nature  of  the  theory  •  admits,  shows 
that  at  least  in  the  case  of  ionic  compounds  the  treatment  of  forces 
of  chemical  interaction  as  electrostatic  forces  has  some  exper¬ 
imental  justification.  However,  despite  these  successes  of  the 
electrostatic  theory  in  its  application  to  a  special  case  of  ionic 
compounds,  it  in  no  way  solves  the  general  problem  of  the  na¬ 
ture  of  chemical  bonding.  For  a  long  time  this  problem  remained 
unsolved.  All  the  failures  to  resolve  it  during  the  period  that 


•  Quantitative  agreement  between  theory  and  experiment  is  obtained  if 
for  the  potential  energy  of  the  molecule  we  take  (in  place  of  the  expression 
on  p.  278)  the  expression 

1 1  —  _  ^  _  <«.  _  2a.a,e*  ^  _  ± 

r  2r*  r'  r* 

proposed  by  Ziinm  and  Mayer.  The  constants  A,  f,  and  c  in  this  CNpression 
are  determined  from  the  condition  coeflicient  oi 

bulk  compressibility  and  the  potential  of  van  der  Waals  forces. 
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preceded  the  advent  of  quantum  mechanics  were  due  to  inade¬ 
quate  information  about  the  electron.  Naturally,  the  problem  of 
chemical  bonding  could  be  solved  only  on  the  basis  of  quantum 
mechanics,  the  application  of  which  to  problems  of  chemical 
structure  was  a  new  stage  in  the  development  of  theoretical  chem¬ 
istry.  The  quantum-mechanical  interpretation  of  chemical  regu¬ 
larities  and  facts  emerged  as  a  new  trend  in  the  development  of 
the  theory  that  became  known  as  quantum  chemistry. 


33.  Covalent  Bond 


Theory  of  the  hydrogen  molecule.  One  of  the  greatest  attain¬ 
ments  of  quantum  chemistry  was  a  clarification  of  the  nature  of 
the  chemical  bond.  The  first  step  in  the  application  of  quantum 
mechanics  to  the  problem  of  chemical  bonding  was  the  approxi¬ 
mate  quantum-mechanical  analysis  of  the  hydrogen  molecule  car¬ 
ried  out  by  Heitler  and  London  (1927). 

Quantum  chemistry  proceeds  from  the  wave  equation,  the  form 
of  which  depends  on  the  degree  of  complexity  of  the  molecule. 
In  the  case  of  the  hydrogen  molecule,  the  wave  equation  is 


where 


1  =  1 


z 


/d’ll!  I  a-i):  .  I  2m 


V)  1|)  =  0 


(33.1) 


denotes  the  potential  energy  of  the  molecule.  In  the  expression 
lor  the  latter,  r^,  and  r,.,  denote  the  distances  of  the  /th  electron 
from  one  (a)  and  the  other  (b)  nucleus,  respectively:  r„  is  the 
distance  between  the  electrons;  r  is  the  distance  between  the  nu¬ 
clei.  which  distance,  upon  solution  of  the  equation,  may  be  re¬ 
garded  as  a  constant  parameter  (fixed  nuclei)-,  E  is  the  total 
energy  of  the  molecule. 

Like  a  similar  equation  for  a  two-electron  atom  (see  Sec.  25), 
equation  (33.1)  does  not  permit  of  an  exact  solution.  We,  there¬ 
fore.  have  to  resort  again  to  approximate  methods  of  calculation. 
The  problem  of  the  hydrogen  molecule  was  solved  by  Heitler  and 
London  by  means  of  perturbation  theory,  which  had  earlier  been 
applied  by  Heisenberg  to  a  solution  of  the  helium-atom  problem 
(see  Sec.  25). 

In  this  method,  to  calculate  the  energy  of  perturbation,  which 
determines  the  energy  of  interaction  of  the  atoms,  one  has  to 


See.  33) 
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know  the  “zero  solution”,  i.e.,  the  solution  which  corresponds 
to  the  unperturbed  problem  (absence  of  interaction  between  atoms). 
In  this  case  (r  =  oc).  equation  (33.1)  breaks  down  into  two  equa¬ 
tions  that  are  identical  with  equation  (24.1)  tor  the  H  atom. 
The  general  zero  solution  that  satisfies  the  set  of  these  equations 
(i.e.,  the  original  wave  equation  for  r=oo)  is  the  function 
\|),(1)  ')J„(2),  which  corresponds  to  the  binding  of  the  first  elec¬ 
tron  to  nucleus  a  and  of  the  second  to  nucleus  b.  This  solution 
leads  to  atomic  interaction  due  to  the  so-called  dispersion  forces 
(see  p.  445  et  .seq.).  In  the  case  of  H  atoms,  these  forces  are  in¬ 
significant  and  cannot  account  for  the  observed  binding  strength 
of  the  atoms  (suffice  it  to  say  that  the  stability  of  the  H,  mole¬ 
cule  is  not  less  than  —  even  somewhat  exceeds  —  the  stability  of 
the  ionic  molecule  NaCI). 

Due  to  imlislinguishabitiiy  of  the  electrons,  the  function  which 
corresponds  to  binding  of  the  second  electron  to  nucleus  a  and 
the  first  to  nucleus  b  is  also  a  solution  of  equation  (33.1)  when 
r — -oo.  For  this  reason,  a  more  general  solution  of  the  problem 
is  the  linear  combination  of  the  two  previous  solutions,  i.e., 
the  function 

’k=='l>.(l)'))»(2)±tl),(2)t),^(l).  (33.2) 

In  the  Heitler-London  method,  the  assumption  is  made  that  this 
function,  which  is  an  exact  solution  of  equation  (33.1)  for  large 
distances  between  atoms,  may  be  regarded  as  an  approximate 
solution  for  small  interatomic  distances.  The  square  of  function 
(33.2). 

±2)p,(l)n>„(2)  <|>,  (2)  .(i^d), 


multiplied  by  the  normalising  factor  ^^7====  (the  integral  S  is 
given  below)  yields  the  distribution  of  electrons  in  the  molecule; 


here,  the  first  two  terms  in  the  expression  for  14’ /'or"'-  which 
correspond  to  electrons  fixed  in  the  respective  atoms,  are  very 
frequently  incorrectly  (inasmuch  as  we  assume  the  electrons  to 
be  distinguishable,  though  in  reality  this  is  not  so)  interpreted 
as  terms  that  determine  the  electrostatic  (Coulomb)  part  of  the 


interaction  energy  of  the  atoms;  the  third  term  involves  the  so- 
called  exchange  energy.  In  actuality,  however,  as  was  shown  ear¬ 
lier  (p.  200).  it  is  unjustifiable  to  divide  the  energy  into  Coulomb 


and  exchange  energy.  For  this  reason,  the  terms  “Coulomb  energy" 
and  “Coulomb  integral",  like  the  terms  “exchange  energy"  and 


“exchange  integral",  are  conventional  and  do  not  correspond  to 
any  concrete  physical  quantity. 
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Com  put  ill  ion  of  the  perturbation  energy  (interaction  of  atoms) 
hy  meaiis  of  function  (33.2)  yields  the  energy  of  interaction  U. 
which  may  be  represented  in  the  form 

U=E  — 2E,  =  j^.  (33.3) 


Here.  C.  A.  and  S  are  integrals; 

n-  rT;  -  7^;  +  r-l:  +  -r]  I  1 '  !■  I  ts  (2)  |-  dv.dv.. 

^  i  [  “  t!:  ■■  7^;  +  rTT  +  t]  ‘ '2)  (2)  dV.dV,, 

s  =  J  't>.  ( 1 )  >('„  ( 1 )  <l>.  (2)  «|>B  (2)  d V,d V,. 


The  first  (C)  is  conditionally  called  Coulomb,  the  second  (A), 
e.xchange;  E.,  is  the  energy  of  the  ground  state  of  the  H  atom 
(2E„  is  the  energy  of  the  H,  molecule  computed  to  a  zero  ap¬ 
proximation  and  equal  to  the  sum  of  the  energies  of  two  isolated 
atoms  of  H). 

Evaluation  of  the  integrals  C  and  A  shows  both  of  them  to 
be  negofiue;  for  all  values  of  r,  the  integral  A  is  greater,  in  ab¬ 
solute  magnitude,  than  C.  The  integral  S  is  less  than  I.  We  thus 
obtain  /iiv  values  of  energy  of  the  H,  molecule, 


and 


U.=^<0 

U-  =  ^>0. 


The  first  corresponds  to  a  stable  state  of  the  molecule,  the  sec¬ 
ond  to  an  unstable  state. 

Calculating  the  probability  density  |<p|*  for  the  electron  cloud, 
it  may  be  shown  that  in  the  stable  state  of  the  molecule,  the 
distribution  of  density  corresponds  to  a  concentration  of  electrons 
(electron  cloud)  beln’een  nuclei,  whereas  in  the  unstable  state  the 
electrons  tend  to  move  away  from  the  centre  of  the  molecule. 
The  distribution  of  density  for  both  states  of  the  H,  molecule  is 
given  in  Fig,  65  a  and  b  (in  the  form  of  isolines  of  density) 
The  first  (a)  corresponds  to  the  stable  state  of  the  molecule,  the 
second  (b)  to  the  unstable  state. 

Guided  by  the  Pauli  principle,  we  may  demonstrate  that  in 
the  stabje  state  of  the  H,  molecule,  the  total  spin  S  must  equal 
zero,  while  in  the  unstable  state  S=l.  Indeed,  since  according 
to  the  Pauli  principle,  the  total  wave  function  (including  the 
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spin  function)  in  any  state  of  the  molecule  must  be  antisymmet¬ 
ric  (cf.  p.  202)  and  since  to  the  stable  state  of  the  molecule  (U^) 
there  corresponds  a  symmetric  orbital  function  <|>.,(l)'fJ.,(2)-j- 
-f- (2)  <1;^  (1),  and  to  the  unstable  state,  the  antisymmetric  func¬ 
tion  ( I )  riib  (2)  —  't’j  (2)  <|)^(l).  to  the  first  we  must  assign  an 
antisymmetric  function,  and  to  the  second  a  symmetric  spin  func¬ 
tion.  And  since  the  spin  function  Sa  corresponds  to  S  =  0  and 
Ss  to  S=l,  we  get  the  singlet  state  as  the  stable  (ground)  slate 
of  the  H,  molecule  and  the  triplet  state  as  the  unstable  state. 
Thus,  a  pair  of  valence  electrons  with  antiparallel  spins  (S  =0) 
denotes  atlracUon,  while  a  pair  with  parallel  spins  (S=  I)  de¬ 
notes  rcpiilswn. 


't 


l!'‘ 


Fig.  65.  Distribution  of  charge  density  of  elec* 
Iron  cloud  in  stable  (a)  and  unstable  (b)  state 
of  a  hydrogen  molecule 


The  Heitler-London  theory,  despite  its  approximate  nature, 
made  it  possible  to  account  for  a  fundamental  fact  of  chemistry — 
attraction  between  neutral  atoms  and  the  formation  of  covalent 
chemical  bonding.  However,  calculation  to  a  first  approximation 
could  not,  naturally,  yield  good  quantitative  agreement  with  ex¬ 
periment.  Fig.  66  gives  curves,  obtained  by  Sugiura  using  the 
Heitler-London  method,  for  the  energy  of  a  H,  molecule  as  a  func¬ 
tion  of  the  interatomic  distances  (potential-energy  curves)  for 
stable  ('  2)  and  unstable  (’^)  states  (solid  lines).  The  figure  also 
gives  the  actual  curves  (dasl^d  lines)  obtained  from  experiment 
and  by  means  of  a  more  precise  calculation  (see  below).  Discrep- 
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ancy  between  the  results  of  the  approximate  Heitler-London-Su- 
(tiura  calculation  and  the  actual  curves  of  potential  energy  is 
evident  from  the  fact  that  for  the  heat  of  dissociation  and  the 
equilibrium  distance  of  the  H,  molecule  (according  to  Sugiura) 
we  gel  72  kcal.mol  and  0.86  A  in  place  of  the  experimental  val¬ 
ues  of  103.2  kcal  mol  and  0.74  A.  Later.  James  and  Cxiolidge 
performed  the  calculations  to  higher  approximations;  in  the  17th 
approximation,  the  value  of  the  dissociation  heat  of  H,(103.19± 
±0.30  kcal  mol)  practically  coincides  with  the  experimental  val¬ 
ue  (103.24  ±0.02  kcal/mol).  and  the  equilibrium  distance  does 
not  differ  front  the  measured  value.* 


cm'* 


actual  curves) 

A  scries  of  similar  calculations  were  carried  out  also  for  other 
simple  molecules  (HeH.  LiH.  BeH*.  Li,.  LiF,  CH,  N,.  O  .  F  . 
etc  ).  Due  to  the  large  number  of  electrons  in  a  molecule,  ’these 
calculations  are.  naturally,  far  more  complicated  than  in  the  case 
o(  a  hydrogen  molecule. 

The  method  of  electron  pairs.  Up  till  now  we  have  considered 
such  properties  of  chemical  bonding  as  are  equally  characteristic 
of  simple  and  complex  molecules:  the  calculations  do  not  contain 


'  In  the  same  way.  the  calculated  value  of  the  heal  ol  dissociation  of 
a  molecular  ion  ol  hydrogen  H+  (61 .056  0.014  kcal/mol)  practically  coin¬ 

cides  with  the  experimental  value  ol  this  quantity  (61.065±0.043  kcal/mol). 
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any  assumptions  that  fundamentally  limit  the  applicability  of 
calculations  solely  to  simple  molecules.  Therefore,  these  calcula¬ 
tions  and  the  interpretation  (based  on  them)  of  many  earlier 
chemical  views  can.  obviously,  be  extended  also  to  complex  (poly¬ 
atomic)  molecules.  True,  due  to  their  complexity,  the  calcula¬ 
tions  in  thi»  case  are  nearly  always  purely  qualitative  or  semi- 
quantitative. 

The  above-discussed  Heitler-London  method,  which  was  origi¬ 
nally  applied  to  the  analysis  of  the  H,  molecule  and  extended 
to  other  molecules,  became  known  as  the  method  of  electron  pairs 
(Slater,  Pauling).  Its  characteristic  feature,  which  becomes  evi¬ 
dent  already  in  the  case  of  the  simplest  molecules,  such  as  H, 
and  H,  ,  is  the  fact  that  it  takes  into  account  two  or  more  struc¬ 
tures  that  do  not  correspond  to  any  actual  stales  of  the  molecule 
and  that  play  a  purely  auxiliary  role  in  the  analysis.  For  the 
molecules  H,  and  H,*.  such  auxiliary  structures  are  (1)  +  H,,  (2) 
and  H ,  (2) (1)  (see  p.  285)  and.  respectively.  H^  +  Ht  and 
Ha'-f-H,,  In  the  case  of  more  complex  molecules,  one  must  lake 
into  account,  in  addition  to  structures  associated  with  indistin- 
guishability  of  electrons  or  nuclei  (as  in  the  case  of  H,  and  H,'), 
structures  that  correspond  to  different  distribution  of  chemical 
bonds  between  atoms  in  a  molecule.  To  find  these  structures,  it 
is  common  to  use  valence  schemes  in  which  each  pair  of  atoms 
with  antiparallel  electron  spins  is  connected  by  a  line,  as  is  com¬ 
mon  practice  in  chemistry  for  denoting  single  chemical  bonds.* 
As  Rumer  has  shown  by  means  of  quantum  mechanics,  given  N 
electrons  capable  of  participating  in  more  than  one  chemical  bond 
(such  bonds  are  called  nontocalised  bonds),  the  number  of  dilTer- 
ent  independent,  or  canonical,  valence  schemes  is 

Ni 


For  example,  six  electrons  participate  in  the  nonlocalised  bonds 
of  the  benzene  molecule  C,H,  and,  consequently,  according  to  the 
above  formula  we  have  five  independent  valence  schemes.  Taking 
into  account  only  electrons  participating  in  nonlocalised  bonds, 
these  five  schemes  may  be  represented  as  follows: 


•  In  the  so-called  rtsonance  theory,  these  schemes  arc  called  resonance 
structures  (see  p.  291). 
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To  a  zero  approximation,  in  the  method  of  electron  pairs, 
each  valence  scheme  is  described  by  a  certain  wave  function 
while  the  total  wave  function,  which  corresponds  to  a  given  state 
of  the  molecule,  is,  according  to  quantum  mechanics,  a  linear 
combination  of  functions  itri, 

'K  =  Xa,4„  (33.4) 

where  the  coefficients  a,  describe  the  portion  of  appropriate  dis¬ 
tribution  of  valence  bonds  in  a  given  state  of  the  molecule  de¬ 
scribed,  to  a  zero  approximation,  by  the  wave  function  'K. •  **  In 
the  general  case,  the  coefficients  a,  are  found  from  the  condition 
of  minimum  energy  of  the  molecule.  In  certain  cases  the  relative 
values  of  these  coefficients  may  be  evaluated  even  without  calcu¬ 
lating  the  energy.  Inasmuch  as  the  interaction  energy  diminishes 
very  rapidly  as  the  distance  between  the  interacting  atoms***  in¬ 
creases,  we  may  take  it  that  in  the  case  of  benzene  the  quanti¬ 
ties  a^  which  are,  obviously,  the  same  for  the  first  two  valence 
schemes  (which  correspond  to  the  structure  of  the  benzene  molecule 
as  proposed  by  Kekule),  will  significantly  exceed  a,  for  the  three 
latter  schemes  (Dewar  structures),  i.e.,  a,  =  a,^a,,  a^,  a^.  And 
so,  in  this  same  zero  approximation,  we  may  write 

'•'  =  a  (’k,  +'!>,). 

in  other  words,  the  structure  of  a  benzene  molecule  may,  approx¬ 
imately,  be  regarded  as  the  result  of  superimposing  two  Kekule 
structures.  Due  to  the  symmetry  of  the  benzene  molecule  (this 
symmetry  is  retained  even  when  one  takes  into  account  all  five 
valence  schemes),  the  bond  between  each  pair  of  adjacent  atoms 
of  carbon  comes  out  intermediate  between  the  simple  C  —  C  and 
double  C  =  C  bonds  (aromatic  bond),  and  all  six  carbon-carbon 
bonds  in  the  C,H,  molecule  are  equivalent.  We  note  that  the  sym¬ 
metry  of  the  C,H,  molecule  follows  from  various  chemical  and 
physical  data.  Thus,  spectroscopic  data  indicate  that  benzene 


•  The  »)',  (unctions  include  auxiliary  structures  that  correspond  to  indis- 
tinguishabil ity  of  electrons  or  nuclei. 

••  In  the  resonance  theory,  the  coelHcients  express  the  weights  of  ap¬ 
propriate  structures. 

Roughly  as  e'”'.  where  r„  is  a  constant  that  may  be  called  the  radius 
of  action  of  exchange  forces. 
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possesses  an  axis  of  symmetry  of  the  sixth  orcier.  The  measured 
distance  between  adjacent  atoms  of  carbon  has  only  one  value 
and  is  1.40  A.  which  is  intermediate  between  the  length  of  the 
isolated  C  —  C  (1.54  A)  and  C  =  C  (1.32  A)  bonds.  It  may  also 
be  added  that  benzene,  like  other  aromatic  compounds,  has  a  de¬ 
cidedly  anisotropic  diamagnetic  susceptibility,  which  is  satisfac¬ 
torily  accounted  for  only  when  one  assumes  that  all  the  electrons 
participating  in  nonlocalised  bonds  (so-called  pi-elecirons)  are  gen¬ 
eralised  and  (he  molecule  has.  in  a  certain  sense,  (he  properties 
of  a  superconductor  * 

A  large  number  of  dilTerent  classes  of  compounds  was  consid¬ 
ered  by  means  of  zero-approximation  valence  schemes  of  (iie  elec¬ 
tron-pair  method.  This  method  explained  the  existence  of  numer¬ 
ous  compounds  that  cannot  be  depicted  by  ordinary  structural 
formulas.  These  include,  primarily,  compounds  with  conjugated 
bonds,  in  particular,  organic  compounds  with  alternating  double 
and  simple  carbon-carbon  bonds,  ions  of  the  type  H,0^,  CO,'*, 
etc.  Calculations  showed  a  direct  relationship  between  the  diverse 
properties  of  these  molecules  and  their  structures. 

It  should,  however,  be  kept  in  mind  that  the  zero  approxima¬ 
tion  of  the  electron-pair  method  is  very  crude  and  (hat  the  va¬ 
lence  schemes  in  (his  method  are  only  a  computational  procedure 
and  are  not  accomplished  in  real  molecules.  Still  less  sense  is 
there  to  speak  of  resonance  of  valence  schemes  or  of  the  resonance 
of  structures  as  a  special  quantum-mechanical  phenomenon.  This 
is  the  chief  methodological  error  of  the  resonance  theory,  which 
interprets  one  of  (he  peculiarities  of  (he  approximate  method  of 
electron  pairs  as  an  expression  of  objective  reality.  Suffice  it  to 
say  here  (hat  in  other  approximate  methods  or  in  other  approxi¬ 
mations  of  the  electron-pair  method,  there  are  no  valence  schemes 
(  "resonating  structures")  at  all.  However,  if  we  disregard  the  in¬ 
terpretation  of  the  electron-pair  method  in  the  resonance  theory, 
it  must  be  admitted  that  the  calculations  performed  on  the  basis 
of  this  method  are  correct,  within  the  limits  of  their  accuracy, 
of  course.  The  great  advantage  of  the  zero  approximation  of  the 
electron-pair  method  is  that  it  is  pictorial,  which  is  absent  from 
all  the  other  more  precise  methods  or  more  exact  approximations 
of  this  method  and  which  occasionally  allows  for  a  correct  in¬ 
terpretation  of  experimental  facts  without  performing  extremely 
involved  compulations. 

We  shall  now  deal  with  certain  results  of  approximate  methods 
in  which  it  is  taken  that  the  interaction  energy  of  two  adjacent 


*  The  diamagnetic  anisotropy  of  benzene  and  other  aromatic  compounds 
was  studied  by  Pauling,  London,  and  others. 


202 


NATURE  OF  CHEMICAL  FORCES.  MOLECULE 


(Ch.  7 


atoms  in  a  molecule  is  independent  of  the  surrounding  atoms 
(Heitler,  Rumer).  This  assumption  is  somewhat  justified  by  the 
frequently  observed  approximate  constancy  of  the  bond  energy  of 
a  given  pair  of  atoms  (see  Sec.  49).  Without  going  into  the  de¬ 
tails  of  calculations  that  reduce  to  evaluating  integrals  like  those 
of  C.  A.  and  S  of  the  H,  problem,  we  confine  ourselves  to  the 
following  result.  For  the  energy  of  a  molecule  consisting  of  a 
central  polyvalent  atom  A  (with  valence  V)  and  the  atoms  B,  around 
it  (with  valences  V,.  while  2:V,  =  V),  we  get  the  expression 
E  =  -C-(AB,)-(AB.)-.  .  .+ 

+  (B.B.)  +  (B,B.)  +  (B.B.)  +  .  .  .  (33.5) 

Mere  (on  the  condition  that  the  interaction  energy  is  divided  into 
a  Coulomb  part  and  an  exchange  part).  C  is  the  absolute  mag¬ 
nitude  of  energy  of  Coulomb  interaction  of  all  parts  of  the  mol¬ 
ecule.  the  terms  (AB,)  represent  the  absolute  magnitude  of  energy 
of  exchange  interaction  between  atoms  A  and  B,,  (8,6^)  is  the 
absolute  magnitude  of  energy  of  exchange  interaction  between 
atoms  Bi  and  B,.  From  (33.5)  it  follows  that  the  exchange  in¬ 
teraction  of  atom  A  with  atoms  B,  (like  the  Coulomb  interaction) 
corresponds  to  attraction  (minus  sign),  while  the  exchange  inter¬ 
action  of  atoms  B,  and  B^  corresponds  to  repulsion  (plus  sign). 

Let  us  also  consider  the  case  of  interaction  of  three  univalent 
atoms  A,  B.  and  C  (London).  Calculation  of  the  energy  of  such 
a  system  shows  that  the  interaction  energy  is  significantly  differ- 
enl  for  states  that  correspond  to  different  multiplicity  of  the  sys¬ 
tem.  We  have  already  encountered  a  relationship  between  mul¬ 
tiplicity  (determined  by  2S-t-l)  and  stability  of  a  system  in  the 
case  of  the  H,  molecule,  where  the  singlet  state  ('2,  S  =  0)  was 
stable  and  the  triplet  (*2.  S=l)  was  unstable.  Since  a  univalent 
atom  has  one  valence  electron  and,  consequently,  has  S,  = '/t- 
the  multiplicity  of  the  system  under  consideration  of  three  uni¬ 
valent  atoms  A,  B,  C  may  be  found  by  calculating  the  total 
spin  S,  which  is  composed  of  three  spins  S,  with  values  of  '/i- 
According  to  the  rule  of  addition  of  vectors  we  find  that  S  =  '/, 
and  Vi.  hence,  2S-j-l=4  and  2.  For  the  first  case  (maximum 
multiplicity),  computation  of  the  interaction  energy  of  the  system 
yields 

E  =  — C+(AB)  +  (AC)  +  (BC).  (33.6) 

i.e..  the  mutual  exchange  repulsion  of  all  three  atoms. 

But  in  the  case  of  2S-j-l=2,  for  the  interaction  energy  of  the 
system  we  get  the  expression 
E  =  — C± 

±  V (AB)*  +  (AC)’  +  (BQ"  —  (AB)  (.AC;  —  (AB)  (BC)  —  (AC)  (BC)  . 

(33.7) 
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Here,  of  the  two  solutions  that  correspond  to  the  two  signs  of  the 
square  root,  the  first  (plus  sign)  refers  to  a  definitely  unstable  state  of 
the  system  (E  >  0).  Now  to  decide  the  question  of  the  stability  of  the 
second  state  (minus  sign),  it  must  be  demonstrated  that  the  energy 
E  has  a  minimum  for  a  certain  geometric  configuration  of  the 
system.  Due  to  the  mathematical  comple.xity  of  this  problem  in 
its  general  form,  we  confine  ourselves  to  a  consideration  of  a  par¬ 
ticular  case  that  corresponds  to  such  a  state  of  the  system  when 
one  of  the  atoms  (for  instance,  the  C  atom)  is  removed  to  an  ap¬ 
preciable  distance  from  the  others.  In  this  case,  we  can  obviously 
consider  the  terms  (AC)*,  (BC)*,  and  (.AC)  (BC)  in  e.xpression  (33.7) 
small  compared  with  the  others.  Then  we  have 

E  —  C  —  1 '(AB)*  —  (AB)  (BC)  —  (ASuAC)  == 

^-C-(AB)  [l  ■  (33.8, 

From  this  equality  it  follows  that  atoms  A  and  B  are  adracled 
(stable  state  of  molecule  AB),  and  the  removed  atom  C  is  repelled 
by  them.  It  will  be  noted  that  this  repulsion  of  the  atom  by  a 
stable  molecule  gives  rise  to  the  necessity  of  aclivalion  in  reactions 
like 

AB+C  =  AC+B, 

which  is  in  complete  agreement  with  experiment.  The  experimen¬ 
tally  observed  aclivalion  energy  is.  obviously,  the  energy  necessary 
to  overcome  the  mutual  repulsion  of  the  reacting  particles. 

Equation  (33.8)  may  likewise  be  regarded  as  proof  of  the  funda¬ 
mental  tact  long  since  established  in  chemistry  of  the  salurallon 
of  chemical  forces,  which  is  manifested  in  a  constancy  of  composi¬ 
tion  of  chemical  compounds  and  in  the  stoichiometry  of  reactions. 
The  saturation  of  chemical  forces  first  received  substantiation  in 
quantum  mechanics. 

Summarising  the  result  of  a  quantum-mechanical  analysis  of  a 
system  of  three  hydrogen  atoms,  we  may  conclude  that  saturation 
is  due  to  mutual  exchange  repulsion  of  electrons  with  parallel 
spins.  To  illustrate  the  correctness  of  this  conclusion  let  us  exam¬ 
ine  the  following  examples.  From  the  fact  that  molecules  HeH 
are  not  observed,  it  follows  that  the  H  atom  and  the  He  atom,  in 
ground  states,  mutually  repel.  Indeed,  in  the  ground  state  of  the 
He  (’S.)  atom  its  two  electrons  have  antiparallel  spins.  When  the 
atoms  He  and  H  approach,  the  hydrogen  electron  can.  generally 
speaking,  exchange  with  each  of  the  He  electrons.  However,  as  a 
result  of  exchange  with  an  electron  with  spin  antiparallel  to  the 
spin  of  the  hydrogen  electron,  there  should  arise  a  state  of  the 
helium  atom  that  is  forbidden  by  the  Pauli  principle  because  in 
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this  stale  both  electrons  have  the  same  quantum  numbers.  Consequent¬ 
ly.  only  the  exchange  ol  electrons  with  parallel  spins  is  possible;  but 
this  leads  to  exchange  repulsion  of  He  and  H  atoms.  Similar  reason¬ 
ing  suggests  the  mutual  repulsion  of  an  H  atom  and  an  H,  mole¬ 
cule.  which  again  is  evidenl  from  (33.8).  Further,  inasmuch  as  the 
electronic  structures  of  the  inert-gas  atoms  are  built  up  of  pairs 
of  electrons  with  antiparallel  spins,  these  atoms  (like  the  helium 
atom)  repel  the  hydrogen  atom  (like  any  other  atom),  thus  account¬ 
ing  for  the  experimentally  observed  inertness  of  Nc.  Ar.  Kr.  and 
the  other  inert  gases.  Of  the  same  nature  is  the  mutual  repulsion 
of  ions  (at  small  distances)  that  have  the  same  electronic  struc¬ 
tures  as  those  of  the  inert  gases,  for  instance,  the  Na^  and  Cl"  ions; 
by  virtue  of  opposite  charges,  these  ions  attract  at  large  distances 
aiid  repel  at  small  distances  when  the  exchange  forces  of  repulsion 
(with  a  small  radius  of  action)  become  predominant  (see  Sec.  32). 
Of  the  very  same  nature  is  the  mutual  repulsion  of  saturated  mole¬ 
cules  that  finds  expression  in  the  extreme  difficulty  with  which 
they  interact  chemically. 

Atomic  and  ionic  molecules.  Thus  far  when  considering  molecules 
to  a  zero  approximation  in  the  electron-pair  theory,  we  have  not 
taken  into  account  such  valence  schemes  as  correspond  to  an  ionic 
■structure  of  the  molecule.  Vet  when  the  Coulomb  attraction  be¬ 
tween  the  ions  is  sufficiently  great,  these  schemes  may  make  a  sub¬ 
stantial  contribution  to  the  energy  of  the  molecule.  Bearing  this 
in  view,  even  when  calculating  the  energy  of  an  H,  molecule,  one 
must  take  into  account  (in  addition  to  the  covalent  scheme  H  —  H) 
the  schemes  H'  — H"  and  H" — H*".  i.e..  instead  of  the  wave 
function  (33.2)  we  must  take  the  function  which  may  be  represented 
by  the  sum 

'K  =  aq>„,-T-bt,.,„  (33.9) 

where,  in  the  zero  approximation  of  the  electron-pair  method, 
is  the  function  (33.2)  while  i)-,,,,,  is  a  wave  function  corresponding 
to  ionic  schemes.  True,  in  the  case  of  H,,  a  very  great  energy  cor¬ 
responds  to  the  ionic  schemes  due  to  the  large  ionisation  potential 
ami  the  low  electron  affinity  of  the  H  atom.  For  this  reason,  the 
coefficient  b  comes  out  much  smaller  than  the  coefficient  a.  From 
an  approximate  analysis  of  the  H,  molecule,  it  follows  that  if  the 
exchange  interaction  of  the  H  atoms  yields  80 "o  of  the  bond 
energy  of  H,,  then  the  energy  due  to  the  ionic  structure  of  the 
mol^ule  amounts  to  only  5%  (the  remaining  15«o  is  accounted  for 
by  the  Coulomb  interaction  ol  the  H  atoms  in  the  H,  molecule). 

However,  in  the  case  of  other  molecules,  the  contribution  of  the 
ionic  valence  scheme  to  the  energy  of  the  chemical  bond  may  be¬ 
come  very  great.  Such,  for  instance,  is  the  case  of  halogen  hydrides. 
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particularly  hydrogen  lluoride,  where,  due  to  the  large  bond 
energy  of  the  HF  molecule  and  the  considerable  electron  alfinity 
of  the  F  atom,  the  energy  corresponding  to  the  ionic  valence  scheme 
(at  distances  close  to  equilibrium)  turns 
out  higher  than  that  corresponding  to 
the  covalent  scheme.  This  is  seen  from 
Fig.  67,  which  gives  the  potential  curves 
(calculated  by  Pauling)  that  correspond 
to  the  ionic  and  covalent  structures  of 
H.\  molecules  (dashed  lines)  together  with 
the  actual  potential  curves  (solid  lines) 
of  these  molectiles.  The  figure  shows 
that  the  calculated  “ionic”  curve  HF  in¬ 
tersects  the  “covalent”  curve.  However, 
if  we  take  into  account  both  the  “cova¬ 
lent"  and  “ionic"  components  of  the 
wave  function,  it  turns  out  that  in  real¬ 
ity  these  potential  curves  do  not  in¬ 
tersect:  one  curve  passes  smoothly  into 
the  other;  the  covalent  curve  passes  into 
the  ionic  curve.  These  new  curves  are 
the  actual  curves  of  potential  energy  of 
the  HF  molecule  (see  Fig.  67).  Whence 
it  follows  that  for  an  HF  molecule  the 
coefficients  a  and  b  in  (33.9)  must  have 
close  values. 

Predominance  of  ionic  structure  is 
particularly  great  in  the  case  of  mole¬ 
cules  of  the  halogen  salts  of  alkali  met¬ 
als.  where,  due  to  the  small  difference 
between  the  ionisation  potential  of  an 
alkali  metal  atom  and  the  electron  af¬ 
finity  of  the  halogen  atom,  the  “ionic" 
curve  in  the  region  of  small  interatomic 
distances  lies  considerably  lower  than  the 
"covalent"  curve.  From  an  analysis  of 
these  molecules  it  follow'S  that  the  energy 
corresponding  to  the  covalent  scheme 
does  not  exceed  several  per  cent  of  the 
total  energy,  i.e.,  the  bond  energy  practically  fits  the  ionic  valent 
scheme.  This  conclusion  is  in  complete  agreement  with  the  theory 
of  ionic  molecules  of  Born  and  Heisenberg  (p.  276  et  seq.).  Fig.  68 
shows  the  potential-energy  curves  of  the  NaCI  molecule.  It  is  seen 
that  the  NaCI  molecule,  the  ground  state  of  which  is  composed  of 
states  of  the  ions  Na*  and  Cl",  dissociates  into  neutral  atoms 


Fig.  67.  Calculated  (dastied 
lines)  and  actual  curves  of 
potential  energy  of  hlX  mol> 
ecules  (X  =  F.  Cl.  Br.  1), 
alter  Pauling 
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We  must  therefore  ascertain  the  absence  of  any  direct  relationship 
between  the  origin  of  terms  of  ionic  molecules  and  the  nature  of 
the  products  of  their  dissociation. 

From  the  foregoing  it  follows  that  the  concepts  of  an  atomic 

molecule  as  a  molecule  the 
ground  state  of  which  is  com¬ 
posed  of  the  states  of  neutral 
atoms,  and  the  concept  of  an 
ionic  molecule  the  ground 
state  of  which  is  composed  of 
the  ionic  states  of  the  atoms, 
are  relative  and  applicable 
only  in  limiting  cases.  The 
ground  states  of  the  molecules 
are  described  by  functions 
(33.9).  Here,  the  following 
three  cases  are  possible:  1) 
a  ^  b.  In  this  case,  the  ground 
level  of  the  molecule  is  deter¬ 
mined  almost  exclusively  by 
the  function  i.e.,  the 

ground  state  of  the  molecule 
originates  from  the  states  of  neutral  atoms  (atomic  molecule). 
2)  a<gb.  In  this  case  the  molecule  is  ionic.  3)  Finally,  it  may 


Fiff.  6H.  Polenti o'-energy  curves  ol  NaCl 
nioivcule  I  is  the  ionisation  potential 
of  a  sodititn  atom.  E  is  the  electron 
affinity  of  a  chlorine  atom 


be  conceived  that  a  and  b  are  of  the  same  order  of  magnitude,  fn  this 
case,  obviously,  the  concepts  of  atomic  and  ionic  molecules  are 
purely  relative;  in  other  words,  w'hen  a  predominates  one  may 
provisionally  speak  of  an  atomic  molecule,  and  when  b  predomi- 
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nates,  of  an  ionic  molecule.  It  may  be  noted  that  the  theoretical 
relationship  between  the  coefficients  a  and  b  is  ordinarily  found 
from  the  minimum  energy. 

The  atomic  or  ionic  character  of  a  molecule  may  sometimes  be 
established  on  the  basis  of  various  empirical  criteria.  For  instance, 
from  the  foregoing  we  get  the  London  criterion.  Let  us  consider 
Fig.  69,  a  and  b.  Fig.  69  a  shows  an  ionic  curve  (I)  and  an 
atomic  curve  (II)  of  potential  energy  of  molecule  AB  for  the  case 
when  the  ionic  level  lies  considerably  higher  than  the  atomic  (atomic 
molecule).  Fig.  69  b  gives  the  same  curves  for  an  ionic  molecule. 
The  horizontal  asymptotes  of  the  ionic  and  atomic  curves  are 
separated  by  a  distance  el — E.  It  is  seen  that  while  in  the  case 
of  the  atomic  molecule  a  continuation  of  the  hyperbolic  branch 
(dashed  line)  of  the  ionic  curve  (I)  intersects  the  abscissa  axis 
(zero  level)  at  a  distance  r^  which  is  comparable  with  theequilih- 
rium  distance  of  the  molecule  r,;  in  the  case  of  an  ionic  molecule, 
this  branch  intersects  the  zero  level  at  a  distance  r,  that  appreci¬ 
ably  exceeds  r,.  Since  the  hyperbolic  branch  of  the  ionic  curve  is 
expressed  by  the  equation 

U(r)  =  -^  +  (el-E). 

for  I,,  which  corresponds  to  U  =  0,  we  have 

r,  =  ji4E.  (33.10) 

Table  29  contains  data  on  determining  the  structure  of  certain 
molecules  on  the  basis  of  the  London  criterion. 

In  the  case  of  two-atomic  molecules,  and  also  nonsymmetric 
polyatomic  molecules,  the  ratio  between  and  (33.9)  and 
the  corresponding  distribution  of  the  density  of  the  electron  cloud 
of  the  molecule  are  frequently  manifested  in  polarity  of  chemical 
bonds.  This  polarity  is  particularly  great  in  ionic  molecules  in 
which  the  chemical  interaction  of  the  atoms  (ions)  can  be  described 
by  means  of  electrostatic  (Coulomb)  forces.  (Conversely,  in  the  H, 
molecule,  as  in  general  in  symmetric  molecules  consisting  of  the 
same  atoms  (tor  instance,  N,,  O,,  F,),  Coulomb  interaction,  as 
well  as  the  role  of  ionic  structures  (ip|„„)  becomes  subordinate  and 
the  chemical  bond  is  mainly  determined  by  exchange  forces:  the 
chemical  bonds  in  such  molecules  are  nonpolar.  But  in  molecules 
that  are  intermediate  between  these  two  extreme  types  (in  the  gener¬ 
al  case,  in  an  AB  molecule  consisting  of  different  atoms) 
and  3p,„„  must  obviously  enter  into  'F  in  comparable  portions,  and 
the  degree  of  polarity  of  the  molecule  must  vary  in  line  with  the 
relationship  of  these  quantities. 
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Table  29 


The  slruclural  nature  ol  molecules  detennined  by  the  London  criterion 


E.  eV 

HI 

", 

13.53 

0.74 

1.12 

0.74 

Atomic 

IIF 

13.53 

3.62 

1.45 

0.92 

> 

13.53 

3.79 

1.48 

1.28 

Atomic 

HBr 

13.53 

3.56 

1 .44 

1.41 

HI 

13.53 

3.19 

1  .39 

1.60 

KF 

4.32 

3.62 

21 

(2.31) 

Ionic 

KCI 

4.32 

3.79 

27 

2.79 

KBr 

4.32 

.3.  .56 

19 

2.94 

K1 

4  32 

3.19 

13 

3.23 

The  more  dilTcrciit  the  electrical  properties  of  the  atoms  compris- 
ini;  a  molecule,  the  more  asymmetric  its  electronic  structure  and 
the  more  substantial  the  contribution,  to  the  bond,  of  Coulomb 
interaction  of  atoms  (ions)  and.  accordingly,  the  greater  the  dipole 
moment  of  the  molecule,  inasmuch  as  absence  of  symmetry  of  the 
electronic  structure  may  be  interpreted  as  the  presence  of  certain 
elTective  charges  in  both  atoms  of  the  molecule. 

The  (legrL’c  of  asymmetry  of  the  electronic  structure  of  the  mole¬ 
cule  and  the  direction  of  shift  of  its  electron  cloud  are  determined 
by  the  relationship  of  eleciroitegalivilies  of  the  atoms  that  make 
up  the  molecule.  According  to  Mulliken,  the  sum  of  the  ionisation 
potential  of  an  atom  and  its  electron  affinity  is  a  measure  of  the 
electronegativity  of  the  atom.  This  may  be  substantiated  as  follows. 
We  consider  the  conversion  of  two  neutral  atoms  A  and  B  into 
pairs  of  ions  A*-)-B'  and  A'-j-B'*^.  In  the  first  case,  the  total 
change  in  energy  is  equal  to  eU  —  Eb.  in  the  second  case,  ela  —  E  a 
(1a  and  Ib  are  ionisation  potentials,  Ea  and  Eb  are  electron 
affinities  of  atoms  A  and  B).  For  identical  electronegativities  of 
both  atoms  these  energy  changes  will,  obviously,  be  equal;  whence 
it  follows  that  eU  +  Ea  =elB  -t-  Eb;  that  is,  the  sums  el  -|-  E  are 
equal.  The  following  is  a  table  of  the  values  of  electronegativities 
for  several  elements  in  kcal/gm-atom  (after  Mulliken)*! 

Element  F  a  Br  I  H  Li 

el-t-E  586  452  418  382  328  135 

It  is  seen  that  the  electronegativities  of  the  halogens  and  hydro¬ 
gen  fall  oil  in  the  order  F>Cl>Br>I>H.  From  this  it  fol- 


•  These  values  were  obtained  by  means  of  the  ionisation  potential  which 
corresponds  to  removal  of  the  sole  unpaired  electron. 
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lows  that  the  electron  clouds  in  molecules  of  haloj^en  hydrides  (HX) 
must  be  displaced  towards  the  halogen,  and  the  more  considerably 
the  lighter  the  halogen.  Consequently,  the  dipole  moments  of  HX 
molecules  should  be  related  as  HF ^  HCl  ^  HBr  ^  H 1.  Indeed, 
experiment  gives  the  following  values  of  dipole  moments  of  these 
compounds;  \.7A  (HF).  1.03  (HCI),  0.79  (HBr).  and  0.38  (HI)  de- 
byes.  In  contrast  to  halogens,  the  electronegativity  of  alkaline 
elements  is  less  than  that  of  hydrogen.  From  this  we  conclude 
that  the  electron  cloud  in  the  hydride  molecules  of  the  alkaline 
elements  must  be  shifted  towards  the  H  atom.  * 

The  difference  in  electronegativities  is  particularly  great  in  the 
case  of  halogens  (X)  and  alkaline  elements  (Me).  For  this  reason, 
in  MeX  molecules  the  electron  cloud  of  the  pair  of  valence  electrons 
is  so  much  shifted  towards  the  X  atom  that  it  practically  localises 
on  this  atom,  so  that  grounds  appear  for  speaking  of  the  ionic 
structure  of  the  molecule  .Mc^X~.  An  experimental  confirmation  of 
this  conclusion  is  the  close  agreement  of  measured  values  of  the 
bond  energy  and  of  other  molecular  constants  of  alkaline-halogen 
salts  with  these  values  computed  on  the  assumption  that  MeX  mole¬ 
cules  are  built  up  from  Ions,  the  electrostatic  interaction  of  which 
is  responsible  for  the  chemical  bond  in  the  molecule  (see  Sec.  32). 

From  the  foregoing  we  can  conclude  that  Ionic,  or  electrovalent, 
bonding  is  a  limiting  case  of  chemical  bonding,  when  the  electron 
cloud  of  a  pair  of  electrons  that  are  responsible  for  the  chemical 
bond  is  shifted  to  such  an  extent  towards  the  electronegative  atom 
that  these  electrons  will  actually  belong  to  the  latter.  But  in  the 
overwhelming  majority  of  cases  the  cloud  of  valence  electrons  is 
only  more  or  less  shifted  towards  one  of  the  atoms  from  the  sym¬ 
metrical  position  that  it  would  occupy  if  the  electrical  properties 
of  atoms  comprising  the  molecule  were  the  same.  Bearing  in  mind 
both  limiting  cases  (the  symmetric  electron  cloud  and  the  ionic 
structure),  one  may,  in  a  relative  way,  speak  of  the  real  structure 
of  a  molecule  as  a  certain  intermediate  structure  between  these 
limiting  structures. 

Due  to  the  difference  in  physical  and  chemical  properties  of  mole¬ 
cules  with  covalent  and  electrovalent  bonds,  and  also  insofar  as 
the  limiting  cases  of  purely  ionic  or  purely  covalent  bonds  are 
comparatively  rare,  it  is  meaningful  to  speak  of  the  degree  of 
electrovalence  or  the  degree  of  polarity  of  chemical  bonds.  The 
natural  measure  of  this  latter  quantity  is  the  e/ec/nc  d/po/e  momen/ 
(see  Sec.  46)  inherent  in  the  bond. 

*  This  is  corroborated  by  X-ray  studies  of  crystal  lattices  of  the  hydrides 
of  alkaline  elements  in  which  the  H  atom  is  negative.  Related  to  this  is 
also  the  large  dipole  moment  of  hydride  molecules:  thus,  tfie  computed  mo¬ 
ment  of  LiH  comes  out  equal  to  6.04  debyes. 
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34.  Theory  ot  Valency 

Valence  theory  (within  the  framework  of  the  electron-pair  theory). 
The  most  important  generalisation  of  the  results  of  a  quantum- 
mechanical  analysis  of  simple  molecules  is  the  theory  of  etedron 
pairs  (frequently  called  the  theory  of  spin  valence),  which  under¬ 
lies  present-day  views  of  covalent  bonds.  The  formal  precursor  of 
the  spin  theory  is  the  theory  of  Lewis  and  Langmuir,  in  which  a 
pair  of  electrons  is  correlated  with  each  valence  line  in  classical 
chemistry  (simple  bond).  This  view  is  supported  by  the  experiment¬ 
al  fact  that,  with  few  exceptions,  all  unsaturated  and,  for  this 
reason,  chemically  unstable  compounds  have  an  odd  number  of 
electrons.  The  molecules  of  such  compounds  have  a  series  of  specific 
properties,  for  instance,  a  marked  ability  for  dimerisation;  they 
usually  have  intense  coloration,  a  paramagnetic  moment  and  other 
properties  characteristic  of  a  chemically  unstable  molecule.  Such, 
for  example,  are.  lor  the  most  part,  free  radicals  (and  also  free 
atoms).  In  contrast,  saturated  compounds  have  an  euen  number  of 
electrons,  yet  are  diamagnetic,  etc. 

A  common  feature  of  the  Lewis-Langmuir  theory  and  the  earlier 
considered  Kossel  theory  (p.  273)  is  the  concept  of  a  tendency  of  the 
atoms  towards  an  eight-electron  outer  shell  (octet).  However,  unlike 
the  Kossel  theory,  the  Lewis-Langmuir  theory  allows  for  the  partic¬ 
ipation  of  a  single  electron  simultaneously  in  two  octets.  Thus, 
using  Lewis’  symbolism,  where  each  outer  electron  is  represented 
by  a  dot.  the  chlorine  molecule  may  be  represented  schematically 
as  follows: 

:<:i:  Ci: 

Here,  the  pair  of  valence  electrons  that  takes  the  place  of  the 
valence  line  of  classical  chemistry  (Cl — Cl)  belongs  simultaneously 
to  both  atoms,  the  electron  shells  of  which  thus  acquire  the  needed 
completion.  In  exactly  the  same  way,  the  CCl,  molecule  is  repre¬ 
sented  in  the  form 

:d: 

:CI:C:  CT: 
rCi: 

where  in  the  carbon  octet  there  participate  four  chlorine  electrons 
that  are  simultaneously  part  of  the  octets  of  the  respective  chlorine 
atoms. 

In  the  Lewis-Langmuir  theory,  double  and  triple  bonds  are 
designated  by  two  and  three  pairs  of  dots,  respectively;  for 
example, 
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H  H 
C:;C  and 
H  H 

We  now  have  four  and  six  electrons  each  participating  in  two 
carbon  octets.  The  remaining  four  and.  accordingly,  two  electrons 
of  each  carbon  octet  are.  at  the  same  time,  involved  in  a  two- 
electron  shell  of  two  hydrogen  atoms  and.  respectively,  one  hy¬ 
drogen  atom. 

A  two-electron  shell  that  corresponds  to  a  stable  two-electron 
shell  of  the  He  atom  is  accomplished  in  the  H,  (H:H)  molecule. 

Using  Lewis  symbolism,  the  ionic  molecule  NaCI  may  be  repre¬ 
sented  as 

Na-"  ;CI:-. 

Here,  in  contrast,  for  instance,  with  the  homopolar  molecule  Cl,, 
each  electron  participates  only  in  one  octet  (the  inner  electrons  of 
the  Na*  ion  are  not  shown). 

The  nature  of  homopolar  bonding,  which  remained  unsettled  in 
the  Lewis-Langmuir  theory,  was  solved  as  follows  in  the  quantum- 
mechanical  theory.  From  an  analysis  of  the  hydrogen  molecule  and 
certain  other  of  the  simplest  molecules,  we  may  draw  the  general 
conclusion  that  the  underlying  factor  in  the  chemical  interaction 
of  atoms  is  electrical  interaction  of  the  component  electrons  and 
nuclei  and  that  a  simple  chemical  bond  (for  example.  H — H  or 
Cl — Cl)  is  represented  by  a  pair  of  electrons  with  antiparallel 
spins. 

The  possibility  of  correlating  the  valence  line  of  classical  chem¬ 
istry  with  the  electron  pair  (at  least  in  the  case  of  the  simplest 
molecules)  gives  theoretical  substantiation  to  the  Lewis-Langmuir 
theory,  which  is  corroborated  in  general  outline  by  experiment. 
Since  in  the  case  of  homopolar  bonding  each  pair  of  connecting 
electrons  includes,  as  a  rule,  electrons  belonging  to  different  atoms, 
the  valence  of  the  atom  should  be  determined  by  the  number  of 
its  unpaired  electrons  (V).  Since  this  number  also  determines  the 
total  spin  of  an  atom  in  a  given  quantum  state,  equal,  obviously, 
to  S=I/2V.  we  must  have  the  following  relation  between  the 
valence  of  the  atom  and  its  spin  or  the  multiplicity  of  the  cor¬ 
responding  term  M  =  2S+1: 

V  =  M— 1.  (.34.1) 

which  means  that  the  valence  of  the  atom  in  the  given  state  must 
be  less  than  the  multiplicity  of  the  corresponding  term  by  unity. 
The  semi-empirical  view  of  valence  electrons  as  unpaired  outer 
electrons  of  an  atom  turns  out  to  be  extremely  fruitful  in  clari¬ 
fying  various  peculiarities  of  chemical  bonds.  And  those  cases  when 
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a  formal  use  of  this  concept  leads  to  contradictions  with  the  facts 
hel(>  to  extend  our  knowledge  of  the  nature  of  chemical  linkage. 

According  to  spectroscopic  findings,  the  following  terms  corre¬ 
spond  to  the  ground  states  of  elements  of  the  second  and  third 
scries  of  the  Periodic  Table  (see  Table  18): 

Li.  Na  Be.  Mg  B.  Al  C.  Si  N.  P  O.  S  F.  Cl  Ne.  Ar 

,S  IS  jp  "P  <S  ‘P  'P  'S 

Whence,  on  the  basis  of  (34.1).  we  find  that  Li,  Na,  B,  Al,  F, 

and  Cl  must  be  univalent,  C,  Si,  O,  and  S.  bivalent,  N  and  P, 

trivalent,  while  the  valence  of  Be,  Mg,  Ne,  and  Ar  must  be  equal 
to  zero.  As  regards  the  valences  of  Li,  Na,  O,  F,  Ne,  and  Ar,  the 
theoretical  values  coincide  with  the  experimentally  found  values. 
But  in  other  cases,  the  theoretical  valences  are /ess  than  the  experi¬ 
mental. 

Thus,  from  (34.1)  we  find  V  =  0  for  the  valence  of  Be  and  Mg, 
while  in  reality  these  elements  are  bivalent.  This  discrepancy  be¬ 
tween  theory  and  experiment  is  accounted  for  by  the  fact  that  in  the 
formation  of  a  chemical  compound  both  spins  of  a  closed  pair  (s’) 
of  outer  electrons  of  Be  and  Mg  become  parallel,  which  must 
involve  the  excitation  of  one  of  the  electrons  (for  example,  we  may 
assume  that  a  2s-electron  of  Be  becomes  a  2p-electron,  and  a 
3s-electron  of  Mg,  a  3p-electron).  Thus,  in  reality  we  have  ejcc/7a- 
tton  of  valence  in  the  process  of  chemical  interaction  (Mecke). 

The  supposition  of  excitation  of  valence  of  the  “nonvalent”  atoms 
Be  and  Mg  during  the  formation  of  molecules  from  these  and  other 
atoms  is,  obviously,  tantamount  to  the  as.sumption  that  the  ground 
states  of  the  corresponding  molecules  should  arise  out  of  the  exc<7- 
ed  stales  of  "nonvalent”  atoms.  The  following  facts  support  this 
view.  The  ground  state  of  the  BeO  molecule  (the  same  goes  for 
the  MgO  molecule)  is  a  singlet  (S  =  0).  If  this  state  were  composed 
of  ground  states  of  the  atoms  Be(Mg)  and  O,  which  are  the  states 
'S(L  =  0)  and  ’P(S=1),  it  would  have  to  be  a  triplet.  But  when 
the  0(’P)  atom  interacts  with  an  excited  Be  (or  Mg)  atom,  for 
instance,  with  an  atom  in  the  state  ’P(S=  1),  we  get  states  of  the 
BcO  (MgO)  molecule  with  spin  2,  1,  or  0,  that  is,  quintet,  trip¬ 
let.  and  singlet  states,  one  of  which  (the  singlet)  is  the  ground 
state  of  the  molecules  BeO  and  MgO. 

The  assumption  that  the  ground  state  of  the  BeO  molecule  (and 
this  goes  for  the  molecules  MgO,  CaO,  SrO,  BaO,  ZnO,  CdO,  HgO 
too)  is  a.ssociated  with  an  excited  state  of  the  Be  atom  (Mg,  Ca. 
Sr,  Ba,  Zn.  Cd,  Hg,  respectively)  is  likewise  confirmed  by  the 
following  data.  For  example,  considering  the  foimation  of  mole¬ 
cules  BeCI  and  BeCI,  as  a  reaction  of  atoms  Be  and  Cl  and.  respec¬ 
tively,  the  reaction  of  a  Cl  atom  with  a  BeCI  molecule,  we  should 
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expect  that  due  to  the  expenditure  of  energy  associated  with  exci¬ 
tation  of  the  valence  of  Be.  the  thermal  elTect  of  the  Be  +  CI^ 
—  BeCI(D,)  reaction  should  be  substantially  less  than  that  of  the 
reaction  BeCI +CI  =  BeCI,(D,). 

Since  there  are  no  experimental  -i  >  <•  . 

data  for  BeCI  and  BeCI,. 
we  take  the  appropriate  data 
for  the  halogen  salts  Zn.  Cd. 
and  Hg  as  given  in  Table  30. 

From  this  table  it  follows  that 
D,  are  indeed  much  less  (by  a 
factor  of  2  to  4)  than  D,. 
which  is  naturally  accounted  for 
on  the  basis  of  excitation  of 
valence. 

The  participation  of  excited 
slates  in  a  chemical  bond  is  a 
very  common  occurrence.  For  in¬ 
stance.  according  to  Atecke.  va¬ 
lence  4  of  carbon,  which  is  a  component  part  of  organic  com¬ 
pounds,  is  due  to  the  excited  state  ‘S  (the  excitation  energy  of 
which  is  95.9  kcal  gm-atom).  As  we  saw  earlier,  a  carbon  atom 
in  the  ground  state  (’P)  must  be  bivalent.  The  valence  excitation 
of  the  C  atom,  when  it  passes  from  the  bivalent  state  to  the  tet- 
ravalent  state,  follows  directly  from  a  comparison  of  the  thermal 
effects  of  the  reactions  C  +  0=C0-(-256  kcal.tnol  (D,)  and 
C0-^0  =  CX),-1- 126  kcal/mol  (D,).  We  note  here  that  unlike  the 
earlier  considers  cases  of  formation  of  halogen  compounds  Zn, 
Cd,  and  Hg  from  atoms,  D,  turns  out  not  less  but  more  than  D,. 
This  is  connected  with  valence  excitation  in  the  second  stage  of 
the  reaction  instead  of  the  first  stage. 

Further,  halogen  valences  above  1  should  also  be  considered  as 
associated  with  excited  states  of  the  atom,  like  the  valences  of 
elements  of  the  sixth  group  that  exceed  2.  Comparing  the  excita¬ 
tion  energy  of  the  lowest  state  ''P(V  =  3)  of  atoms  F.  Cl,  and 
Br,  equal  to  292.7  ,  205.6,  and  180.3  kcal/gm-atom,  we  see  that  the 
excitation  energy  of  the  F  atom  is  roughly  1’/,  times  the  excita¬ 
tion  energy  of  Cl  and  Br.  There  is  just  about  the  same  difference 
in  the  case  of  excitation  energies  of  the  lowest  state  ’S(V  =  4) 
of  atoms  O,  S,  Se.  and  Te.  which  are  210.8,  150.4,  137.7,  and 
126.5  kcal/gm-atom.  respectively.  As  was  first  shown  by  London, 
it  is  with  this  difference  that  we  should  connect  the  fact  that 
whereas  F  and  O  have  only  valences  1  and  2,  respectively,  all 
the  other  elements  of  the  seventh  and  sixth  groups  have  difleient 
(including  higher)  valences. 


The  separation  energy  of  halogen 
atoms  in  the  molecules  .MeX  and 
MeX.  (in  kcal  mol) 


Me 
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Cd 

Cd 

Hr 
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Hg 
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Cl 

Cl 

I 
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Another  illustration  of  valence  excitation  is  the  activation 
energy  in  certain  reactions  where  atoms  combine  directly.  Thus, 
an  investigation  of  the  thermal  decomposition  of  nitrous  oxide 
N,0  shows  that  this  reaction,  which  proceeds  as  N,0 — -N,  +  0. 
involves  an  activation  energy  of  about  60  kcal'mol.  Whence,  since 
the  separation  energy  of  an  O  atom  from  the  N,0  molecule  is 
38.7  kcal'mol,  we  find,  for  the  activation  energy  of  the  reverse 
reaction,  i.e.,  N,+0  =  N,0.  60  —  39  =  21  kcal/mol.  In  this 

case,  the  necessity  of  activation  is  evident  from  Fig.  70,*  which 


(NftO) 


Fif!  70.  Interaction  between  N,  molecule  and 
O  atom  in  the  formation  of  an  N,0  molecule 


shows  schematically  the  curves  of  potential  energy  of  the  system 
N,  +  0:  the  repulsion  curve  corresponding  to  an  absence  of  chem¬ 
ical  interaction  between  the  nonvalent  molecule  N,(‘i)  and  the 
atom  O  and  a  curve  corresponding  to  the  stable  molecule  N,0 
formed  from  the  bivalent  excited  molecule  and  the  atom  O. 

According  to  Fig.  70.  N,  and  O,  which  are  in  the  ground  state, 
mutually  repel;  however,  the  system  overcomes  this  repulsion  (at 
the  expense  of  activation  energy)  and  passes  into  a  stable  ground 
state  of  the  molecule  N,0.  It  is  further  seen  that  the  necessary 
activation  energy  represents  but  a  comparatively  small  portion  of 
the  excitation  energy  of  the  nitrogen  molecule.  Similar  ratios 
occur  also  in  other  cases,  which  explains  the  comparative  ease  of 
valence  excitation. 

The  participation  of  excited  states  in  chemical  linkage  (this 
gives  rise  to  the  higher  valences  of  a  number  of  elements)  shows 


•  strictly  speaking,  the  potential  energy  ol  the  triatomic  molecule  N,0 
as  a  function  of  the  distances  between  atoms  is  denoted  by  potential  surfaces 
and  not  curves.  Therefore  Fig.  70  is  schematic.  In  its  construction  it  was 
taken  that  the  distance  between  the  nitrogen  atoms  remains  constant,  which 
enables  us,  approximately,  to  regard  this  molecule  as  a  diatomic  molecule 
and  represent  its  energy  by  potential  curves. 
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that  formula  (34.1)  is  of  limited  value  and  is  applicable  only  in 
cases  when  the  tjeneration  of  energy  during  formation  of  new  chem¬ 
ical  bonds  does  not  cover  energy  expenditure  connected  with 
valence  excitation,  i.e.,  when  valence  excitation  is  energetically 
impossible  and  for  this  reason  actually  does  not  take  place,  other¬ 
wise  there  is  or  can  be  valence  excitation,  as  a  result  of  which 
the  valence  of  the  atom  will  be  greater  than  the  number  of 
impaired  electrons  in  its  ground  stale. 

Hybridisation.  However,  only  in  certain  cases,  in  particular, 
in  the  case  of  weak  fields,  is  it  permissible  to  identify  a  given 
valent  state  of  an  atom  in  a  molecule  with  some  electron  stale  of 
an  isolated  atom.  In  the  general  case  these  states  must  be  distin¬ 
guished.  Essentially,  this  diderence  lies  in  the  fact  that  to  both 
indicated  states  there  correspoiul  ilifferenl  clec/rnn  ciinligiiralians 
because  lor  an  isolated  atom  the  latter  (lor  instance,  conligur.'.- 
tions  sp,  sd.  sp’.  sp’.  etc.)  do  not,  generally  speaking,  correspond 
to  the  valent  states  of  an  atom.  Let  us  illustrate  this  using  ele¬ 
ments  of  the  second  group.  As  we  have  already  seen,  from  the 
viewpoint  of  the  theory  of  spin  valence,  valence  2  of  these  elements 
is  associated  with  an  excited  triplet  state  to  which  an  electron 
configuration  sp  corresponds.  If  this  configuration  corresponded  to 
a  bivalent  state  of  the  atom,  one  would  have  to  conclude  that 
one  of  the  valence  electrons  is  an  s-electron.  while  the  second  is 
a  p-electron.  Hence,  chemical  bonds  accomplished  with  these 
electrons  (both  the  Hg  —  Cl  bonds  in  the  HgCI,  molecule,  for 
example)  would  have  to  be  nonequivalent,  but  this  contradicts 
experimental  findings.  Thus,  from  the  experimental  fact  of  the 
equivalence  of  these  bonds  there  follows  the  identity  of  the  states 
of  both  valence  electrons  in  the  valent  state  of  the  atom.  In  the 
quantum-mechanical  theory  of  chemical  bonding  this  fact  is  inter¬ 
preted  as  follows,  fn  the  valent  state  of  the  atom,  which  corre¬ 
sponds  to  the  excited  electron  state  sp.  each  of  the  two  valence 
electrons  is  in  a  mixed,  so-called  hybridised,  state  and  not  in  the 
s-  or  p-state.  The  hybridised  state  is  obtained  from  these  two  states 
and  is  described  by  a  wave  function  that  is  a  linear  combination 
of  functions  corresponding  to  the  s-  and  p-states.  .Analysis  shows 
that  hybrid  functions  ensure  maximum  overlapping  of  electron 
clouds  and,  hence,  the  strongest  linkage. 

fn  the  same  way,  the  electron  configuration  of  the  tetravalent 
state  of  carbon  is  not  identical  with  the  sp’  configuration  of  the 
excited  atom  C  (’S)  that  corresponds  to  it,  and  it  is  not  true  to 
state  that  three  of  the  four  valence  electrons  of  the  C  atom  are 
p-electrons,  while  the  fourth  is  an  s-electron.  Actually,  all  four 
electrons  of  tetravalent  carbon  are  the  same  because  due  to  hybrid¬ 
isation  there  are  four  identical  hybridised  states  in  place  of  three 
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p-  and  one  s-state;  in  particular,  this  is  apparent  from  the  identity 
of  all  four  C  —  H  bonds  in  the  CH,  molecule,  the  C  —  Cl  bonds 
in  the  CCl,  molecule,  etc. 

Sigma-  and  pi-bonds.  All  the  foregoing  examples  have  to  do 
with  the  case  of  a  simple  chemical  bond,  also  called  sigma-bond 
in  this  instance.  The  electron  cloud  of  the  electrons  that  effect 
this  bond  is  distributed  symmetrically  about  the  line  connecting 
the  nuclei.  Experimental  proof  of  such  symmetry  of  an  electron 
cloud  in  the  sigma-bond  is  the  possibility,  found  in  the  thermo- 


Fig.  71.  Model  of  double  (o-|-n)-bond 

dynamic  and  other  properties  of  the  molecule,  of  a  free  (usually 
somewhat  inhibited)  rotation  of  one  part  ol  the  molecule  relative 
to  the  other,  which  is  connected  with  it  via  a  sigma-bond  (see 
P.3‘19).  To  take  the  simplest  possible  example,  we  have  the  ethane 
molecule  H,C  —  CH,. 

The  sigma-bond  may  be  formed  both  by  s-  and  p-electrons.  The 
chemical  bonds  in  all  saturated  compounds  are  always  sigma-bonds. 

In  contrast  to  saturated  compounds,  unsaturated  and  aromatic 
compounds  possess,  together  with  sigma-bonds  that  bind  the  skel¬ 
eton  of  the  molecule,  a  special  type  of  bond  called  pi-bonds.  The 
peculiarity  of  these  bonds,  which  are  formed  by  a  pair  of 
p-electrons,  is  due  to  the  absence  of  axial  symmetry  of  the  electron 
cloud  that  they  form.  As  a  result  of  mutual  overlapping  of  electron 
clouds  of  the  two  p-(n-)electrons.  there  are  formed  (on  both  sides 
of  the  line  connecting  the  nuclei)  two  “bridges"  that  impart  a 
specific  rigidity*  to  the  pi-bond.  Every  double  bond,  for  instance, 
a  bond  between  carbon  atoms  in  the  ethylene  molecule  H,C=CH„ 

•  The  electron  cloud  ol  the  pi-bond  has  two  planes  of  symmetry  that 
pass  through  the  line  connecting  the  nuclei. 
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consists  of  a  sigma-  and  a  pi-bond  (Fig.  71).  Because  of  this  rigid¬ 
ity  of  the  pi-bond,  the  relative  rotation  of  parts  of  the  molecule 
connected  by  a  double  bond  becomes  impossible  and  is  actually 
not  observed. 

This  is  found,  in  particular,  in  cis-lrans-isornerism  that  is,  in 
the  existence  of  substances  of  identical  composition,  but  of  dilTer- 
ent  geometry  expressed  in  a  different  relative  arrangement  of  the 
parts  of  the  molecule  and  leading  to  differences  in  the  physico¬ 
chemical  properties  of  the  isomers.  Cla  sical  examples  of  cis-trans- 
isomerism  are  fumaric  acid: 


and  maleic  acid: 


HOOC  ,  H 

,C  =  C  (trails) 

H  ^COOH 


HOOC 


CCOH 

H 


(cis). 


The  rigidity  of  the  C  — C-bond  in  this  and  similar  cases  is  so 
great  that  the  transition  of  one  isomeric  form  into  another  is  not 
observed  under  ordinary  conditions.  It  can  occur  only  when  the 
molecule  is  acted  upon  by  a  sufficiently  strong  agent  that  weakens 
the  double  bond,  for  instance,  absorption  of  light  by  the  molecule 
(photochemical  isomerisation).  It  may  be  presumed  that  at  least 
as  regards  photochemical  reactions  tautomeric  conversion  is 
accomplished  as  a  result  of  the  transformation  of  the  double  bond 
into  a  simple  bond  (when  the  molecule  is  excited),  which  trans¬ 
formation  leads  to  the  po.ssibility  of  free  rotation.  In  this  case, 
the  reaction  scheme  may  be  represented  as  follows: 


R 

H 


\ 

/ 


C  = 


-/ 


H 


H 


/ 


C— —  ^c  =  c 


R 

h’ 


Directed  valency.  The  peculiarities  of  symmetry  of  the  cloud 
of  p-electrons  also  explains  the  experimentally  observed  phenom¬ 
enon  of  directed  valence  bonds  (directed  valences)  which  is  the 
underlying  principle  of  stereochemistry,  or  the  theory  of  the 
geometric,  spatial  structure  of  chemical  compounds.  The  first 
experimental  proof  of  the  spatial  structure  of  compounds  was 
obtained  by  van’t  Hoff  and  LeBel,  who  correlated  the  phenomenon 
of  optical  isomerism  with  the  spatial  structure  of  isomeric  mole¬ 
cules.  thus  laying  the  foundations  of  stereochemistry,  which  has 
become  an  integral  part  of  the  theory  of  chemical  structure.  At 
present,  as  a  result  of  numerous  experimental  investigations  into 
the  geometric  structure  of  molecules,  it  has  been  established  that 
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in  addition  to  molecules  of  linear  and  planar  form  we  find  trian¬ 
gular  and  pyramidal  molecules,  tetrahedral  molecules,  zigzag, 
catenary,  ring-like  molecules,  etc.  This  diversity  of  molecular 
shapes  was  explained  on  the  basis  of  wave  mechanics  (Pauling), 
which  proved  exceedingly  fruitful  in  this 
question. 

One  can  obviously  speak  of  the  spa¬ 
tial  molecular  structure  due  to  directed 
valence  bonds  in  the  case  of  molecules 
with  more  than  two  atoms,  that  is. 
beginning  with  triatomic  molecules. 
Since  both  xalence  electrons  of  the 
oxygen  atom  are  p-electrons,  the  cloud 
of  which  has  two  mutually  perpendi¬ 
cular  directions  of  maximum  charge 
density,  as  shown  in  Fig.  72.  the  O — H 
bonds  in  the  HjO  molecule  should  be 
at  an  angle  close  to  90’.  in  other 
words,  a  water  molecule  should  have  a  triangular  shape.  This 
follows  from  the  principle  of  quantum  mechanics  that  a  maximum 
overlapping  of  electron  clouds  corresponds  to  the  formation  of  a 
chemical  bond,  as  a  result  of  which  the  H  atoms  should  be  added 
to  the  O  atom  in  the  directions  of  the  axes  of  the  p-electrons  of 
the  O  atom,  as  is  shown  in  Fig.  72.  This  conclusion  is  fully 
corroborated  by  experiment,  in  accordance  with  which  the  H,0 
molecule  has  the  shape  of  an  equilateral  triangle  with  an  angle 
H — O — H  of  105’.  Similar  in  structure  are  the  molecules  H,S 
(angle  H— S— H  equal  to  92’),  H.Se  (angle  H— Se— H.  91’),  F.O 
(angle  F — O — F.  104  ).  CIjO  (angle  Cl — O — Cl,  111’),  CI,S  (angle 
Cl  — S— Cl.  100  ),  etc. 

The  fact  that  in  molecules  of  this  type  the  angles  between 
the  same  bonds  are,  in  most  cases,  greater  than  90°  is  explained 
by  the  mutual  repulsion  of  electrons  with  parallel  spins  belonging 
to  different  atoms  in  the  molecule. 

Unlike  the  molecules  under  consideration,  molecules  of  type 
MeX,  (the  Me  atom  is  that  of  an  element  of  the  second  group. 
X  =  F.  Cl,  Br.  I)  and  also  of  type  AteXR  (R  is  a  radical),  in 
which  the  valence  state  of  the  central  atom  corresponds  to 
sp-hybridisation  (see  p.  305),  have  a  symmetric  linear  structure.* 

Further,  the  occurrence  of  directed  valences  of  the  atoms  of 
nitrogen,  phosphorus,  arsenic,  and  antimony  with  their  three 
valence  p-electrons  is  manifested  in  the  pyramidal  shape  of  the 


Fiff.  72.  l>iruclc<l  valency 
(o.x\gen  atom) 


•  •  We  note  that  also  the  (FHFJ"  ion  with  bivalent  hydrogen  H‘,  the 
valence  electrons  of  which  are  s-electrons,  has  a  linear  structure. 
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molecules  NH,,  PH.,  NF,.  PF..  PCI,.  PBr,.  A.sF,,  A.sCI,.  .AsBr,, 
SbCI,.  etc.  However,  the  molecules  of  analo^jous  compounds  of 
elements  of  the  third  group  (BCI,,  BBr,.  AlCI,.  etc.)  have  a  pla]ie 
symmetric  shape  due  to  the  tact  that  in  the  trivalent  state  of 
the  central  atom,  as  a  result  of  hybridisation  of  one  electron 
s-state  and  two  p-states.  there  appear  three  identical  states  to 
which  there  correspond  three  electron  clouds  with  a.xes  in  a  single 
plane  spaced  120"  apart.  The  molecules  CIF,  and  BrF,  are  also 
plane,  but  unlike  the  molecules  of  elements  of  the  third  group 
they  are  not  symmetrical. 

The  four  directed  carbon  valences  are  tetrahedral  (which  has 
been  known  since  the  time  of  van’t  HofI  and  LeBel)  and  are 
manifested  in  the  tetrahedral  structure  of  molecules  of  such 
compounds  as  CH..  CCI,  (and  analogous  compounds  of  silicon, 
titanium,  germanium,  and  tin).  This  is  also  due  to  structural 
peculiarities  of  the  electron  cloud  of  the  valence  electrons  of  the 
C  atom;  as  we  have  already  pointed  out,  as  a  result  of  the 
hybridisation  of  one  s-state  and  three  p- 
states  there  appear  tour  identical  electron 
states,  to  which  four  identical  bonds  of  a 
tetrahedral  C  atom  correspond.  These  bonds 
are  directed  along  the  diagonals  of  a  reg¬ 
ular  tetrahedron  and  form  angles  of  109"28' 
between  each  other. 

In  complete  agreement  with  experiment¬ 
al  findings,  it  follows  from  quantum-me¬ 
chanical  analysis  that  in  diHerenl  com¬ 
pounds  the  carbon  atom  may  be  in  dijjeren' 
valence  slates  with  a  characteristic  (for  each 
of  (hem)  structure  of  the  electron  cloud.  Thus, 
in  saturated  compounds  the  C  atom  always 
has  a  tetrahedral  electron-cloud  configu¬ 
ration  corresponding  to  four  sigma-bonds; 
whence  the  tetrahedral  structure  of  molecules  like  methane  and  the 
other  structural  peculiarities  of  saturated  compounds.  In  unsaturat¬ 
ed  compounds  with  double  bond,  the  C  atom  forms  three  sym¬ 
metric  sigma-bonds  that  lie  in  one  plane  at  angles  of  120"  and 
one  pi-bond;  the  cloud  of  each  of  the  p-electrons  effecting  (his 
bond  has  an  axis  of  symmetry  normal  to  the  plane  of  the  sigma- 
bond.  as  shown  in  Fig.  73.  In  compounds  of  this  type  and  also  in 
aromatic  compounds,  the  C  atom  is  called  trigonal  (in  contrast 
to  tetrahedral).  * 


*  The  valence  state  of  the  C  atom  in  diamond  corresponds  to  letralicd- 
ral,  and  in  graphite,  to  trigonal  carbon. 


Fig.  7,3.  Tr  igon.Ti  atom  of 
carbon,  (iloiid  or  p-  (a-) 
electron  stiown  by  daslied 
line  (schematic).  Axis  of 
electron  is  perpendicular 
to  plane  of  drawing 
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The  triple  carbon  bond  C  =  C  consists  of  two  pi-bonds  and  one 
sifjnia-bond.  The  simplest  molecules  with  triple  bonds  are  linear 
III  form.  Such,  for  example,  are  the  acetylene  molecules  HC  =  CH,* 
the  molecules  of  pru.ssic  acid  HC^:N.  dicyanoyen  N  =  C  —  C  =  N. 
etc. 

The  loref;oin|7  facts  are  a  brilliant  illustiation  of  the  valuable 
contribution  that  quantum  mechanics  has  made  to  the  theory  of 
the  spatial  structure  of  molecules  by  giving  a  physical  substantia¬ 
tion  to  many  important  principles  of  stereochemistry. 

Valence  theory  (within  the  framework  of  the  method  of  molecular 
orbits).  The  theory  of  spin  valence  and  its  equivalent  method  of 
electron  pairs,  which  is  one  of  several  possible  approaches  to  the 
problem  of  chemical  bonding,  do  not  provide  a  complete  solution 
to  this  problem.  Above  all.  this  method  is  limited  by  the  existence 
of  bonds  which  arc  not  provided  lor  by  pairs  of  electrons  with 
antiparallel  spins.  Such,  for  instance,  is  the  bond  in  the  molecular 
hydrogen  ion  H,'*'  that  is  eHecled  by  a  single  electron  and  has 
rather  considerable  strength  (the  heat  of  dissociation  of  H+  is 
Gl  .l  kcal  mol.  which  is  more  than  that  of  halogen  molecules:  the 
heat  of  dissociation  of  the  strongest  of  these  —  chlorine  —  is 
.57. ^  kcal  mol).  The  0  =  0  bond  in  the  oxygen  molecule  is  effected 
by  a  single  pair  of  electrons  with  antiparallel  spins  and  one  pair 
with  parallel  spins  (which,  for  example,  is  manifested  in  the  para¬ 
magnetism  of  O,).  With  regard  to  the  O,  molecule,  it  should  be 
pointed  out  that  the  demand  for  antiparallelness  of  spins  in  each 
pair  of  bonding  elecirons  (which  demand  also  follows  from  the 
necessity  of  satisfying  the  Pauli  principle)  is  obligatory  only  in 
those  cases  when  the  s-electrons  are  valent.  But  when,  for  example, 
the  p-electrons  are  valeni,  as  in  the  case  of  the  O,  molecule,  the 
Pauli  principle  can,  generally  speaking,  be  satisfied  even  without 
the  mutual  compensation  of  spins  of  the  pair.  However,  such  cases 
are  rather  rare. 

Further,  we  know  of  cases  of  chemical  bonds  effected  by  three 
electrons  (lor  instance,  the  bond  between  C  atoms  in  the  benzene 
molecule).  There  are  other  kinds  of  bonds  that  do  not  fit  into  the 
theory  of  electron  pairs  (in  the  zero  approximation  of  this  theory). 
The  inadequacy  of  the  latter  theory**  is  also  evident  from  the 
following  facts:  the  failure  to  find  molecules  of  second-group 
elements  and  hydrogen  containing  two  H  (MeH,)  atoms  with 


•  However,  in  the  excited  slate,  the  C,H,  molecule  is  bent  with  an  anele 
C— C— H  equal  to  120°. 

••  We  should  bear  in  mind  here  that  to  a  higher  approximation  the  meth¬ 
od  ol  electron  pairs  may  be  used  to  describe  all  types  of  chemical  linkage. 
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considerable  (physical)  stability  of  unsaturated  molecules  (Atoll 
radicals),  the  chemical  stability  of  molecules  with  an  odd  number 
of  electrons,  such  as  NO  and  CIO,,  the  stability  of  free  radicais. 
for  instance,  the  radical  of  triphenylmethyl  (C,H,),C.  etc.  All 
these  and  similar  facts  can  be  interpreted  on  the  standpoint  that 
a  very  significant  role  in  the  formation  of  chemical  bonds  is 
played  by  energy  relationships,  which  are  not  always  taken  into 
account  in  the  qualitative  conclusions  of  the  primitive  theory  of 
spin  valence.  In  the  final  analysis,  the  decisive  factor  determinint> 
the  stability  of  a  given  chemical  compound  or  the  possibility  of 
its  existence  is  the  change  in  energy  associated  with  the  formation 
of  the  compound. 

From  this  point  of  view,  the  most  general  approach  is  Ural 
developed  by  Mulliken.  Hund.  Her.iberg.  and  Lennard- Jones,  which 
states  that  all  the  electrons  in  a  molecule  are  divided  into  honihng 
electrons,  the  energy  of  which  diminishes  during  the  formation  of 
a  molecule,  and  anlibonding  electrons,  the  energy  of  which  increases 
during  the  process.  Mulliken  introduced  yet  another,  intermediate, 
group  of  nonbonding  electrons,  the  energy  of  which  practically 
does  not  change  during  the  formation  of  a  molecule.  In  the  first 
place,  these  are  the  electrons  of  the  inner,  most  strongly  bound, 
groups.  In  accordance  with  the  Pauli  principle,  both  the  bonding 
and  the  anlibonding  electrons  ordinarily  occur  in  the  molecule  in 
the  form  of  pairs  with  antiparallel  spins,  it  is  necessary,  however, 
to  stress  the  fact  that  in  contrast  to  the  theory  of  spin  valence, 
the  valence  line  here  does  not  necessarily  correspond  to  a  pair  of 
electrons  with  antiparallel  spins  (cf.  the  O,  molecule,  p.  310)  and 
the  unpaired  electron  is  not  necessarily  a  valence  electron.  On  this 
view,  the  chemical  stability  of  an  “unsaturaled"  (according  to  the 
theory  of  spin  valence)  NO  molecule  or  the  chemical  activity  of 
the  “saturated”  molecules  P  =  P*  or  BH,  is  readily  accounted  for. 
For  example,  the  activity  of  BH,.  which  is  manifested  in  the 
fact  that  the  chemically  saturated  molecules  are  the  molecules 
B,H,  and  not  BH,.  should,  obviously,  be  attributed  to  the  pres¬ 
ence.  in  the  BH,  cloud,  of  electrons  capable  of  becoming  bonding 
electrons  in  the  formation  of  B,H,  out  of  two  BH,  molecules. 
With  respect  to  electronic  structure,  the  BH,  molecule  may  be 
likened  to  an  oxygen  atom  with  the  same  number  of  electrons  (8). 


•  The  chemical  instability  of  P,  as  compared  with  N,  Is  evident  from 
the  fact  that  in  phosphorus  vapour  at  moderately  high  temperatures  we  find 
P,  molecules  and  not  P,  molecules.  Accordingly,  the  heat  of  formation  of  P, 
out  of  two  P,  is  positive  and  equal  to  54.5  kcal/mol.  whereas,  due  to  the 
absence  of  N,  molecules,  we  must  consider  the  heal  of  their  formation  out 
of  two  N,  molecules  as  close  to  zero. 
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From  this  viewpoint,  to  a  saturated  boron  hydride  one  can  assign 
the  structure  =  which  is  similar  to  the  structure  of  an 
o.xygen  molecule  0  =  0.*  The  radicals  CH,  and  NH,  to  which 
(verything  said  of  BH,  is  applicable,  are  analogues  of  BH,.  Simi- 
larlyu  we  can  also  interpret  the  radicals  CN.  NO.  CO,  CCI,,  etc., 
by  attributing  the  chemical  activity  f<>  the  radical  not  to  the 
efectionic  structure  of  the  atoms  C  or  N  but  to  the  radical  as  a 
whole. 

The  presence  of  bonding  and  antibonding  electrons  in  molecules 
follows  directly  from  a  correlation  of  the  heats  of  dissociation  of 
neutral  and  ionised  molecules.  For  e.vample,  from  the  fact  that 
the  heat  of  di^^ociation  of  a  molecular  ion  of  hydrogen  (2.65  eV) 
is  Ic-'S  than  that  of  the  molecule  H,  (4.48  eV),  we  can  conclude 
that  both  electrons  in  the  stable  state  of  the  H,  ('2)  molecule 
that  form  the  bond  H  —  H  are  bonding  electrons.  In  contrast  to 
the  '2  state,  in  the  unstable  state  ’2  of  the  H,  molecule,  one 
electron  is  a  bonding  electron  and  one  is  an  antibonding  electron 
(inasmuch  as  the  Pauli  principle  requires  that  one  of  the  electrons 
should  pass  to  a  two-quantum  level:  this  involves  a  considerable 
rise  in  the  energy  of  the  molecule),  as  a  result  of  which  there  is 
no  bond.  For  the  same  reason  there  is  no  bond  in  the  He,  mole¬ 
cule  where  we  have  two  bonding  and  two  antibonding  electrons. 
Insofar  as  chemical  bonding  is  ordinarily  effected  by  a  pair  of 
electrons,  it  may  be  concluded  that  the  kind  of  chemical  bond 
(the  number  of  valence  lines)  is  determined  by  the  difference 
l)etween  the  number  of  pairs  of  bonding  electrons  and  the  number 
of  pairs  of  antibonding  electrons.  Equality  in  the  number  of  both 
sets  of  electrons  signifies  that  there  is  no  bond.  This  rule  is,  of 
course,  purely  qualitative  because  the  same  bonding  effect  (in  the 
sense  of  bond  energy)  or  the  same  antibonding  effect  is  attributed 
to  each  pair  of  electrons. 

Disregarding  the  inner  K-electrons  and  finding  the  distribution 
of  electrons  in  the  molecules  of  N,  and  CO  (taking  into  account 
the  Pauli  principle),  we  may  show  that  there  should  be  four  pairs 
of  bonding  and  one  pair  of  antibonding  electrons  in  the  electronic 
structure  of  these  molecules  in  the  ground  state,  whence  we  have 
a  triple  bond,  as  in  the  molecule  N,  and  in  CO.  The  predomi¬ 
nance  of  bonding  electrons  among  the  most  weakly  bound  electrons 
in  these  molecules  is  evident  from  a  comparison  of  the  heats  of 
dissociation  of  the  latter  with  the  heats  of  dissociation  of  ionised 
molecules,  which  can  be  calculated  on  the  basis  of  the  circular 
process 


■  We  should,  however,  point  out  that  the  motecule  is  diamagnetic 

whereas  oxygen  is  paramagnetic. 
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AB 

D|  el  I 
A4-B< - A  +  B*+e 

Irom  known  ionisation  potentials  of  atoms  (i)  and  molecules  (1,„) 
trom  the  equation 

D^  =  D  +  el— el„.  (34.2) 

The  values  of  ionisation  potentials  of  a  number  of  molecules  and 
atoms  are  given  in  Table  31,  from  which,  using  (31.2),  we  find 
D.,  <[D  for  the  molecules  N,  and  CO.  The  decrease  in  heat  of 
dissociation  when  passing  from  a  molecule  to  an  ion  is  an  indi¬ 
cation  that  a  bonding  electron  has  been  removed. 


T  .n  b  1  c  31 

Ionisation  potentials  of  some  molecules  and  atoms 


•Molecule 

N, 

CO 

Oj 

NO 

Cl, 

Bfj 

*■ 

IICI 

M[Jr 

Hi 

In,.  V 

15.43 

12.08 

9  23 

11.48 

10.55 

■i 

II 

N 

C 

1 

Cl 

I.  V 

13.53 

14.46 

11.22 

13.55 

12,96 

In  contrast  to  molecules  H,,  N,,  and  CO,  in  all  other  cases 
D^.>D,  whence  we  must  conclude  that  the  antibonding  electrons 
are  removed  in  ionisation  of  the  molecule. 

The  concept  of  bonding  and  antibonding  electrons  is  mathemat¬ 
ically  formulated  in  the  method  of  molecular  orbits,  the  physical 
essence  of  which  consists  in  the  following.  To  bare  nuclei,  which 
are  visualised  as  fixed  at  a  specific  and  constant  distance  from 
one  another  (when  considering  a  diatomic  molecule),  we  add 
electrons,  one  after  the  other,  and  determine  the  configuration 
of  the  resultant  electronic  system;  here  we  are  guided  by  the  Pauli 
principle  and  the  facts  about  electron  configurations  obtained 
from  atomic  spectra.  The  state  of  each  electron  is  described  by 
a  certain  wave  function  that  characterises  an  appropriate  molec¬ 
ular  orbit,  the  properties  of  which  determine  the  role  of  the 
given  electron  in  the  chemical  bond.  The  mathematical  solution 
of  the  molecular  problem  via  the  method  of  molecular  orbits 
reduces  to  finding  the  wave  function  of  the  molecule  (which 
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is  expressed  in  terms  of  molecular  orbits  of  the  electrons)  and  to 
calculating  its  energy. 

The  state  of  a  given  electron  in  an  isolated  atom  A  is  charac¬ 
terised  by  the  wave  function  <|)a  {alomic  orbit).  When  another 
atom  B  approaches  atom  A  the  state  of  the  electron  changes.  For 
a  .sufficiently  large  distance  between  atoms  A  and  B.  this  altered 
state  may  be  approximately  described  by  the  wave  function 
(molecular  orbit),  which  is  a  linear  combination  of  the  functions 
<)  a  and  <);b  corresponding  to  the  occurrence  of  the  electron  in 
atoms  A  and  B  respectively  (atomic  orbits),  i.e.,  by  the  function 
it  ,,  =  i)iA  -t-rliB  or  the  function  =  — <(>8  .'  The  first  of  these 

functions  (<|)*)  corresponds  to  the  state  of  a  bonding  electron 
because  in  this  case  we  have  '|)'  =  '|)a 4-2»|)a’I>b.  i.  e.,  an 
increase  in  the  density  of  the  electron  cloud  in  the  space  between 
the  nuclei  of  atoms  A  and  B,  which  enhances  their  mutual 
attraction.  Function  corresponds  to  the  state  of  an  antibond¬ 
ing  electron;  the  probability  of  its  occurrence  between  nuclei  A 
and  B  is  reduced  (the  minus  sign  in  the  expression  ip’),  which 
signifies  a  tendency  of  the  electron  to  pass  into  an  atomic  orbit 
with  consequent  decrease  in  stability  of  the  molecule. 

As  has  already  been  pointed  out,  the  molecular  orbits  of 
electrons  are  calculated  in  terms  of  the  atomic  orbits  of  the 
respective  atoms.  However,  there  is  another  approximate  way  of 
finding  the  molecular  orbits.  We  imagine  the  nuclei  to  be 
merged,  thus  obtaining  an  atom  that  corresponds  to  the  initial 
molecule,  which  may  be  called  a  united  atom.  Here,  the  molec¬ 
ular  orbits  and  the  respective  molecular  terms  pass  into  orbits 
and  terms  of  the  corresponding  united  atom.  We  thus  obtain  an 
approximate  picture  of  the  molecular  orbits  in  terms  of  the  atomic 
orbits  of  a  united  atom.  Calculation  of  molecular  orbits  by  this 
method  is  the  more  precise  the  smaller  the  distance  between 
nuclei.  Since,  on  the  contrary,  the  molecular  orbits  calculated 
by  means  of  the  first  method,  i.e.,  in  terms  of  the  atomic 
orbits  of  the  atoms  comprising  the  molecule,  give  the  most 
precise  description  of  the  actual  state  of  the  molecule  only  for 
large  distances  between  nuclei,  it  may  be  assumed  that  the 
molecular  orbits  for  internuclear  distances  close  to  equilibrium 
may  be  obtained  by  interpolating  between  the  molecular  orbits 
obtained  by  these  two  methods.  The  interpolation  method  plays  a 
particularly  large  part  in  determining  the  character  and  order  of 
the  terms  of  diatomic  molecules. 


’Strictly  speaking,  these  fcrmulas  hold  only  for  the  case  when  atoms  A 
and  B  are  the  same.  In  the  general  case  of  difTerent  A  and  B,  each  of  the 
lunctions  ip^  *"<•  'I'b  “  multiplied  by  the  factors  and  Cb,  respectively. 


Sec.  3<1 
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To  determine  the  intenelations  of  the  method  of  molecular 
orbits  and  the  method  of  electronic  pairs,  we  correlate  these  two 
methods  by  applying  them  to  the  hydrogen  molecule.  As  we  saw 
earlier  (p.  289),  the  wave  function  corresponding  to  a  stable  stale 
of  the  H,  molecule  may  be  written,  to  a  first  appro.ximalion,  in 
the  electron-pair  method  as 

<1)  =  'l-A  (  1  )  <l>,.  (2)  +  >|)„  (  I  )  <)'A  (2). 

Expressing  the  molecular  orbits  of  both  electrons  in  terms  of 
atomic  orbits  and  assuming  the  motion  of  one  electron  as  inde¬ 
pendent  of  that  of  the  other,  i.e.,  disregarding  interaction  of 
electrons,  we  have,  in  the  method  of  molecular  orbits  (to  the 
same  first  approximation). 

'!>  =  ('l-'A  V I)  +  'I’u  ( I ))  ('t>A  (2)  +  itsu  (2)1  =  1)Ia  ( 1 )  >|’ii  (2)  -|- 
+  ’{’11  (1)  ’{'a  (2)  +  lllA  ( I )  it’A  (2)  +  (1 )  IpH  (2). 

Comparing  these  two  expressions,  we  see  that  the  wave  function 
calculated  by  the  method  of  molecular  orbits  contains  two  terms 
other  than  those  corresponding  to  the  location  of  one  electron 
near  nucleus  A  and  the  other  near  nucleus  B.  The.se  terms 
correspond  to  finding  both  electrons  near  one  or  the  other  of  the 
nuclei,  i.e,,  to  two  possible  ionic  structures  of  the  molecule: 
H"H'’  and  H*H'.  which  were  not  taken  into  consideration  in 
the  method  of  electron  pairs  (however,  see  p.  289). 

In  the  expression  of  the  wave  function  calculated  by  the  method 
of  molecular  orbits,  the  terms  corresponding  to  ionic  structures 
appear  with  the  same  coefficient  (I)  as  the  first  two  terms. 
Taking  into  consideration  the  fact  that  mutual  repulsion  of 
elg-ctions  (which  we  disregard  in  this  method)  must  diminish  the 
probability  of  both  electrons  being  near  one  nucleus,  i.e..  the 
probability  of  accomplishing  ionic  structures,  their  role  in  the 
method  of  molecular  orbits  must  be  considered  exaggerated.  One 
of  the  consequences  of  this  fact  is  that  the  method  of  molecular 
orbits  is  inadequate  to  account  for  the  saturation  capacity  of 
chemical  forces.  We  thus  arrive  at  the  conclusion  that  both 
methods  (that  of  electron  pairs  as  employed  by  Heitler  and 
London,  and  that  of  molecular  orbits)  are  one-sided  and.  for  that 
reason,  inadequate.  Their  restricted  nature  lies  in  the  fact  that 
the  first  method,  which  precludes  the  possibility  of  two  elections 
being  located  simultaneously  at  one  nucleus,  underestimates  the 
role  of  ionic  structures  of  molecules,  whereas  the  second  method, 
which  ignores  the  mutual  repulsion  of  the  electrons  and.  for  this 
reason,  allows  for  an  equal  probability  of  finding  both  electrons 
near  each  one  of  the  nuclei,  overestimates  the  ionic  structuies. 
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Obviously,  a  more  precise  solution  of  the  problem  of  choosing  the 
wave  function  that  would  be  in  better  agreement  with  reality 
should  lie  in  between.  To  a  zero  approximation,  such  a  solution 
in  the  general  form  appears  to  be  expression  (33,9): 

'K  =  ait)„+bil)i„„ 

where  tlic  first  term  denotes  the  atomic  component  of  the  wave 
function,  i.c..  those  particular  solutions  of  the  wave  equation 
(with  appropriate  coefficients)  which  correspond  to  finding  the 
electrons  near  different  nuclei,  the  second  term  denotes  the  ionic 
component,  which  corresponds  to  a  simultaneous  location  of 
a  pair  of  electrons  near  a  single  nucleus.  As  was  pointed  out 
above  (p.  296).  the  relation  between  coefficients  a  and  b  is  found 
from  tile  minimum  of  potential  energy  of  the  molecule. 


CHAPTER  8 

MOLECULAR  SPECTRA 

35.  Electronic  Terms  ot  Molecules 

Origin  of  molecuiar  terms.  Experiment  shows  that  molecules 
have  electronic  levels  or  terms  similar  to  the  terms  of  atoms. 
Above  (p.  269)  we  saw,  in  the  case  of  the  ab.sorption  spectrum  of 
mercury  solutions,  that  a  molecular  field  causes  the  same  split¬ 
ting  of  atomic  terms  as  is  found  in  an  electric  field  (Stark  effect). 
From  this  we  drew  the  conclusion  that  a  molecular  field  is 
electrical  in  nature.  Here  we  shall  examine  another  case  that 
confirms  this  conclusion  and  is  closely  related  to  the  problem  of 
the  origin  of  molecular  terms.  Studies  of  fluorescence  spectra 
of  Hg,  Tl,  Na,  K.  Rb,  and  Cs  in  the  presence  of  inert  gases  (at 
a  sufficiently  large  partial  pressure  of  the  latter)  show  that  under 
these  conditions  in  addition  to  the  ordinary  lines  of  metals,  there 
appear  weak  sateltiles.  For  example,  according  to  the  data  of  Kuhn 
and  Oldenberg,  in  the  fluorescence  spectrum  of  mercury  vapours 
excited  in  the  presence  of  argon  or  krypton,  fa'o  weak  diffuse 
satellites  adjoin  the  resonance  line  HgX2537A(‘P, — ‘S,)  on  the 
short  wavelength  side.  Here,  the  number  of  satellites  turns  out 
equal  to  the  number  of  components  of  Stark  splitting  of  line 
2537  A  (see  p,  269).  Since  in  other  cases,  too,  the  number  of  satellites 
of  each  line  equals  the  number  of  components  of  Stark  splitting 
of  the  respective  line,  it  may  be  concluded  that  whereas  ordinary 
lines  are  emitted  by  isolated  atoms,  the  satellites  are  emitted  by 
the  same  atoms  during  collisions  with  atoms  of  the  inert  gases. 
It  is  the  action  of  the  electric  field  of  the  latter  that  gives  rise 
to  Stark  splitting  and  the  shifting  of  lines.  * 

Obviously,  at  the  instant  of  collision  we  can  consider  each 
atomic  pair  as  a  quasi-molecule.  The  energy  levels  (terms)  of  such 


*  This  effect  is  observed  only  in  the  case  of  inert  gases  due  to  the  fact 
that  other  gases  have  a  strong  quenching  action  {quenching  of  fluorescence). 
For  this  reason,  when  excited  atoms  collide  with  the  molecules  of  these 
gases,  the  energy  of  excitation  converts  into  other  forms  of  energy,  in 
particular  into  thermal  energy. 


318 


MOLECLI.AR  SPECTRA 


(Ch  t 


a  quasi-molecule  are  precisely  those  that  arise  from  the  levels  of 
the  colliding  atoms  as  a  result  of  electrical  splitting  of  these 
levels.  Whence  it  follows  that  the  greater  the  magnitude  of  this 
■splitting,  i.e.,  the  stronger  the  interaction  of  the  colliding  atoms, 
the  more  considerably  the  levels  of  the  quasi-molecule  must  differ 
from  the  levels  of  these  atoms.  Under  the  conditions  at  hand 
(lluorescence),  the  interaction  energy  has  an  order  of  magnitude 
KT.  which  is  several  hunderds  of  calories  per  gram-molecule.  For 
this  reason,  the  levels  of  the  quasi-molecule  are  very  close  to  the 
atomic  levels,  and  corresponding  lines  are  detected  in  the  form 
of  satellites  of  ordinary  lines  of  the  given  element.  However,  in 
interactions,  the  energies  of  which  are  e.xpressed  in  thousands  and 
tens  of  thousands  of  calories  (tenths  of  an  eV  and  eV’s),  which 
is  the  case  when  a  given  pair  of  atoms  forms  a  stable  compound, 
the  diHerence  in  the  energy  levels  of  the  molecule  and  of  the 
corresponding  isolated  atoms  may  become  so  large  that  the  spectra 
of  both  will  lie  in  dilTerent  regions. 

Table  32  gives  the  lower  levels  of  certain  molecules  (E„),  for 
which  the  characteristic  feature  is  a  comparatively  weak’ interaction 
of  the  constituent  atoms,  *  together  with  the  levels  of  the  respective 
atoms  (E  ,).  **  The  energy  levels  of  these  molecules  are  not  so 
close  to  the  levels  of  their  constituent  atoms  as  in  the  case  of  the 
quasi-molecules  KAr,  HgAr,  etc.;  however,  the  genetic  relation 
between  atomic  and  molecular  levels  is  obvious  here. 

In  contrast  to  the  comparatively  unstable  molecules  of  this 
kind,  in  the  molecules  O,.  N,.  NO.  CO.  etc.,  the  heats  of  dissoci¬ 
ation  of  which  exceed  100,000  cal/mol  (D>5eV),  the  genetic 
relation  of  molecular  levels  with  the  levels  of  the  corresponding 
atoms  is  masked  by  an  intense  distortion  of  the  atomic  levels. 
Nevertheless,  even  here  this  relation  can  in  many  cases  be  estab¬ 
lished  unambiguously  (see  below). 

We  thus  arrive  at  the  following  basic  conclusion:  Ihe  electronic 
levels  of  molecules  originate  from  the  levels  of  the  atoms  that 
constitute  the  molecule  as  a  result  of  Stark  splitting  in  the 
electric  field  of  the  molecule. 

Systematics  of  terms  of  diatomic  molecules.  Molecular  terms  may 
be  calculated  theoretically.  In  the  simplest  case  of  a  molecule 
with  one  electron  (molecular  ion  H?")  the  wave  function  depends 
upon  Ihe  coordinates  of  the  electron  x.  y,  z,  the  distances  between 


•  Here,  as  usual,  the  measure  of  atomic  interaction  is  the  heal  of  dis¬ 
sociation  (D)  given  in  the  second  column  in  Table  32. 

*.*  Quantities  and  E,  are  the  energy  differences  between  the  given 
and  Ihe  ground  levels  of  the  respective  molecule  or  atom.  The  symbols  of 
Ihe  corresponding  levels  (terms)  are  given  in  parentheses. 
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the  nuclei  r  and  the  angles  0  and  <p.  which  determine  the  direction 
of  the  axis  of  the  molecule. 


Table  32 

Lower  molecular  levels  of  relatively  unstable  molecules  and  lewis 
of  atoms  (in  eV);  (D  is  the  heat  of  dissociation) 


Molvcdlc 

D.  cV 

Em 

C., 

Li. 

I.U 

1.74  (T)  1 

2.54  (Tl)  / 

I  .85  (2M>— 2*S) 

Na, 

0.76 

1.81  (*2)  1 

2.51  (‘H)  f 

2.09  (3*P— 3*S) 

K, 

0.51 

1.44  CS)  \ 

1  .90  (*11)  / 

1.60  (4*P— -PS) 

CdH 

0.68 

2.82  (MI)  \ 

3.50  (»2)  f 

5.25  (*2) 

3.94  (6*P— 5'S) 

5.40  (5'P— r>'S) 

HgH 

0.37 

3.32  (»n)  \ 

4.20  (*2)  / 

4.87  (6*P-6'S) 

Assuming  an  approximate  separation  of  variables,  we  may  put 
=  y.  Z.  r,  ■&.  <j>)  =  't>,,(x,  y,  z)\|),|b(r)»|),„,(d.  <p). 

In  this  case,  the  energy  of  the  molecule  can  also  be  approximately 
represented  as  the  sum  of  the  electronic,  vibrational,  and  rotational 
energies:  £  =  E.it  +.Eioi-  Hence  we  get  three  differential 
wave  equations,  the  solution  of  which  will  give  the  electronic, 
vibrational,  and  rotational  energies.  E^,,  is  obtained  by  solving 
the  wave  equation  tor  the  function  (electronic  wave  function). 

The  molecule  as  a  quantum-mechanical  system  differs  from  an 
atom  in  the  sense  that  in  the  molecule  the  electrons  occur  in  the 
field  of  two  or  several  nuclei  and  not  one.  For  this  reason,  even 
in  the  case  of  a  single  electron  in  a  molecule  (H^")  the  field  acting 
on  it  will  not  have  central  symmetry.  Considering  the  distance 
between  nuclei  (protons)  r  as  a  certain  constant  parameter,  we 
will  have  the  following  Schrodinger  equation: 

A't>.,  +  ^(E.,-V)t|).,  =  0.  (35.1) 

In  (his  equation,  V'  is  the  potential  energy  of  the  electron  in  the 
field  of  both  nuclei, 

t 


V= 
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where  r,  and  r,  are  the  distances  of  the  electron  from  the  first 
and  second  nuclei,  respectively. 

From  an  analysis  of  equation  (35.1)  it  follows  that,  like  the 
wave  equation  lor  an  atom  with  one  electron,  it  has  solutions 
for  any  positive  value  of  energy  and  only  for  certain  discrete 
values  of  negative  energy.  The  first  solutions  (positive  E)  corre¬ 
spond  to  the  unstable  state  of  the  ion  Hr  divided  into  the  H  atom 
and  the  ion.  which  are  separated  by  the  distance  f  and  have 

an  energy  in  e.vce.ss  of  that  of  their  interaction  for  r  =  oo,  the 
second  solutions  (negative  E)  correspond  to  discrete  (quantised) 
states  of  the  Ht  ion.  The  set  of  these  negative  eigenvalues  of 
energy  E  is  what  corresponds  to  the  energy  levels  of  the  H?"  ion 
(for  a  given  distance  r  between  nuclei).  The  wave  functions 
(eigenfunctions)  corresponding  to  these  values  of  E  may  be  called 
orbital  or  nu'lccttlar  (see  p.  314). 

The  eigenfunctions  of  equation  (35.1)  depend  not  only  on  the 
coordinates  but  also  on  three  quantum  numbers,  of  which  only 
one  has  precise  physical  meaning  for  all  values  of  the  parame¬ 
ter  r.  This  number,  denoted  by  the  letter  X.  determines  the 
projection  of  the  orbital  angular  momentum  of  the  electron  on 
the  axis  of  the  molecule  (ion)  equal  to  ±hX.  The  number  X  can 
take  on  values  0,  1, 2,  . .  .;  depending  upon  these  values  the  electron 
i,*-  called  a  o-.  .n-,  6-,  ...  electron.  The  two  other  quantum 
numbers  can  be  expressed  in  terms  of  the  principal  (n)  and 
orbital  (/)  quantum  numbers  that  characterise  the  given  system 
in  one  of  two  limiting  cases:  in  the  case  of  r  =  0  (merged  nuclei) 
and  in  the  case  of  r  =  oo  (separated  nuclei).  In  the  first  case,  the 
terms  of  the  system  are  obviously  the  terms  of  the  He'^  ion.  in 
the  second,  the  terms  of  the  H  atom.  When  the  numbers  n  and  / 
arc  used  for  a  system  of  merged  nuclei,  the  states  of  the  electron 
in  H;*"  arc  designated  by  the  symbols  Isa,  2so,  2pa,  2pn,  etc., 
and  when  the  quantum  numbers  are  used  for  a  separated  system, 
by  ols,  o2s.  a2p.  n2p,  etc. 

In  the  case  of  a  (Jiatomic  molecule  with  the  number  of  elec¬ 
trons  greater  than  one,  an  exact  solution  of  the  wave  equation 
(35.1)  is  not  possible.  However,  we  may  examine,  approximately, 
the  motion  of  each  individual  electron  in  the  averaged  field  of 
the  remaining  electrons,  which  field  is  superposed  on  the  field  of 
the  nuclei.  In  such  a  treatment  (cf.  the  Hartree-Fok  method,  p.  204), 
each  electron  in  the  molecule  may  be  roughly  characterised  by 
quantum  numbers  n,  f,  and  X  (and  also  by  a  fourth — spin  quantum 
number  o  =  m,=  ±  1/2);  as  in  the  case  of  an  atom,  electrons  with 
the  same  values  of  the  quantum  numbers  n  and  I  are  called 
equivalent.  By  virtue  of  the  Pauli  principle,  the  number  of  equiv- 
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alent  electrons  cannot  exceed  (wo  for  X  — 0  and  four  for  X  -0. 
Indeed,  in  the  first  case  (o-electrons)  we  have  n,  =  n., 

X,  =Xj  =  0  and  o,  =  — o,=  l  2.  in  the  second  case  (.T-.  6-,  etc., 
electrons)  n,  — n,  =  n,  =  n,.  /,  —  /.  =  /,  =  /,.  X,  —  X,  =  X. 

X,  =  X^  =  —  X  and  a,  =  o,  =  —  o.  =  — o^=l  2.  Here,  two  equiv¬ 
alent  a-  or  four  n-  (or  four  6-,  etc.)  electrons  form  a  closed 
electron  subgroup  characterised  by  the  values  .\  =  ^Xj  =  0  anil 
S  =  0.  Thus,  the  electronic  structure  of  (he  molecule,  like  (hat 
of  the  atom,  is  built  up  of  discrete  (>roups  and  subyroups  contain¬ 
ing  definite  nunibers  of  electrons.  The  electron  configuration  of 
(he  molecule  and.  hence,  its  energy  states  or  electronic  terms  are 
determined  by  the  entire  assemblage  of  molecular  orbits,  i.e., 
by  the  set  of  quantum  nunibers  of  all  (he  electrons  of  the 
molecule. 

In  (he  overwhelming  niajority  of  cases  (see  below),  the  following 
quantum  number  can  be  made  fundamental  to  (he  systematics  of 
electronic  terms  of  diatomic  and  also  linear  polyatomic  molecules: 

A  =  2^1  (35.2) 

(summation  is  performed  over  all  electrons  of  the  molecule);  this 
number  determines  the  absolute  value  of  the  projection  of  the 
total  orbital  angular  momentum  on  the  axis  of  the  molecule. 
Depending  upon  the  value  of  A  =  0,  I,  2,  etc.,  the  terms  of  the 
molecule  are  designated  bj  the  symbols  2.  11.  A.  etc. 

Let  us  consider  certain  states  of  a  molecule  that  result  from 
given  states  of  the  electrons.  In  the  case  of  a  single  fr-electron 
(the  remaining  electrons  in  the  molecule  form  closed  .subgroups) 
we  have  the  term  ‘2(.V  =  X  =  0,  S  =  s=l  2).  One  n-electron 
yields  a  'FI-term  (.)=X=I,  5=12),  one  6-electron,  a  'A-term, 
etc.  Two  equivalent  c-electrons  (designated  by  the  symbol  o') 
yield  the  term  '2(a,  =  l  2.0,  =  — 1,2).  two  nonequivalent  o-elec¬ 
trons  (oo).  the  terms  '2(S  =  0)  and  '2(S=I).  One  o-  and  one 
n-electron  (on)  yield  ‘FI-  and  'FF-terms.  Two  equivalent  jt-elec(rons 
(n’)  yield  the  terms  '2.  '2  (.\  =X, -j-X,  =  1  —  1=0,  S  =  0,I)  and 
the  term  'A  (.)  =  X, +X,=  1 -j- 1  =2,  S  =  0),  The  term  'A.  as  one 
that  contradicts  the  Pauli  principle  (X,  =X,  o,  =o,),  is  excluded. 
But  in  the  case  of  two  nonequivalent  n-electrons  (jut)  we  have 
also  the  'A-term  in  addition  to  the  terms  indicated  for  the  case 
of  Jt*.  Thus  we  see  that  here,  as  in  the  case  of  an  atom,  the  Pauli 
principle  introduces  an  appreciable  correction  into  the  number  of 
possible  terms  (see  also  below).  - 

Of  practical  interest  is  the  problem  of  finding  all  molecular 
terms  that  are  formed  from  the  various  atomic  terms.  This  prob¬ 
lem  is  solved  by  means  of  known  rules  of  space  quantisation. 
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As  w.'is  pointed  out  in  Chapter  6.  in  a  strong  electric  field 
the  vectors  L  (orbital  angular  momentum)  and  S  (spin)  are  quan¬ 
tised  independently,  and  the  projection  of  L  on  the  direction  of 
the  electric  field  takes  on  2L-^1  values  in  accordance  with  the 
iiumber  o(  possible  separate  values;  ±L,  ±  (L — 1) . 0.  How¬ 

ever,  due  to  the  fact  that  the  terms  corresponding  to  the  values 
1,  and  — L.  (L — 1)  and  — (L — 1).  etc.,  have  the  same  energy 
in  an  electric  field,  we  obtain  only  L-|-l  different  terms.  In  the 
same  way  the  number  of  projections  of  the  S  vector  on  the  field 
direction  is  equal  to  2S+  1  in  accordance  with  the  values  ±S, 
•j;  (S — 1).  ...  It  must  be  pointed  out  that  the  S  vector  does 
rot  experience  any  direct  effect  from  the  electric  field.  However, 
as  in  the  case  of  the  L  vector,  here  too  one  can  speak  of  S 
projections  on  the  field  direction,  since,  due  to  precession  of  the 
vector  L  about  the  direction  of  the  electric  field,  the  mean  value 
of  the  magnetic-field  component  L.  normal  to  the  electric  field, 
is  zero,  and  S  is  actually  oriented  with  respect  to  the  component  L 
along  the  field,  i.e,  with  respect  to  the  direction  of  the  electric 
field. 

Let  us  now  examine  the  levels  that  appear  when  two  atoms 
approach  each  other.  If  the  atoms  are  separated  by  a  sufficiently 
small  distance  (comparable  with  the  distance  between  the  atoms 
in  the  molecule),  splitting  of  atomic  terms,  which  is  a  measure  of 
the  interaction  of  the  atoms,  may  be  interpreted  as  splitting  in 
a  strong  electric  field.*  We  must  then  take  into  account  the  orien¬ 
tation  of  each  of  the  vectors  L,  and  L,  of  both  atoms  with  respect 
to  the  line  connecting  the  centres  of  the  atoms  (axis  of  the  mole¬ 
cule)  and  determining  the  direction  (axis  of  symmetry)  of  the 
intramolecular  electric  field.  Designating  the  absolute  values  of 
projections  of  all  vectors**  on  the  axis  of  the  molecule  in  terms  of 

(cf.  p.  268)  .\,  =  L,.  L.— 1 . 0  and  .t.  =  L..  L,— 1.  0, 

respectively,  for  the  total  projection  we  get  (L,>L,): 


..  1.  0 
.  I.  0 
.  1,  0 
.  I.  0 
.  I.  0 


•  It  must  be  said  that  this  does  not  always  occur.  Very  often  the  molec- 
ular  terms  correspond  to  splitting  of  atomic  terms  in  a  weak  electric  field 
(see  below). 

_  ••  Here,  as  before,  in  a  number  of  analogous  cases  we  express  the  pro¬ 
jections  of  the  vectors  in  units  of  h. 


A  =  .\,  -j-  t,= 

=  L,  +  L..  L.-I-L.-l.  L.  +  L.-2 


,-I-L.-l.  L.  +  L.-2 . L,-L.. 

,-1-L-l.  L.  +  L.-2 . L,-L.. 

L.  +  L.-2 . L.-L.. 


See.  351 
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The  quantity  may  be  obtaiiml  in  a  somewhat  diflerent 
manner.  Assuming  interaction  of  the  atomic  vectors  L,  and  L,. 
which  leads  to  the  resultant  vector 

L  =  l-.  +  L.. 

we  get,  for  the  absolute  magnitude  of  the  projections  of  the  latter 
on  the  axis  of  the  molecule,  values  expressed  by  (35.3).  We  ca:i 
therefore  define  .t  as  the  absolute  value  of  the  projection  of  the 
total  orbital  angular  momentum  of  the  molecule  on  its  axis.  This 
quantity  is  obviously  also  identical  with  that  in  (35.2). 

Further,  denoting  the  absolute  value  of  the  projection  of  the 
total  spin  of  the  molecule* 

s  =  s,  +  s. 

on  its  axis  in  terms  of  S  and  considering  2  positive  when  the 
projections  of  L  and  S  have  the  same  sign,  and  negative  when  the 
signs  of  the  projections  of  these  vectors  are  opposite,  we  can  build 
up  a  sum  out  of  A  and  2: 

n  =  A±2.  (35.5) 

(Comparing  this  expression  with  expression 

J  =  L  +  S 

(p.  210),  which  appears  in  the  systematics  of  atomic  terms,  we  see 
that  the  numbers  Q,  A.  and  2  are  definitely  related  to  the  num¬ 
bers  J.  L,  and  S;  namely,  the  latter  express  the  total,  orbital, 
and  spin  angular  momenta,  respectively,  while  the  numbers  S>,  A 
and  ±2.  the  projections  of  these  angular  momenta  on  the  axis  of 
the  molecule.  This  makes  it  possible  to  build  a  classificalion  of 
molecular  terms  by  starting  with  the  quantum  numbers  A, 
and  2. 

Generally  speaking,  the  molecular  terms  characterised  by  the 
quantum  number  A>0  are  split  into  a  series  of  components 
(natural  splitting)  in  accordance  with  the  different  orientation  of 
the  total  spin  S  relative  to  the  axis  of  the  molecule;  and,  as  in 
the  case  of  atomic  multiplets,  the  multiplicity  of  the  molecular 
term  is  determined  by  the  number  2S+1.  We  see  that  the  fine 
structure  of  molecular  terms  is  of  the  same  origin  as  the  fine 
structure  of  atomic  terms:  it  is  caused  by  the  magnetic  interac¬ 
tion  of  spin  and  orbital  angular  momentum. 

To  characterise  each  separate  component  of  a  molecular  mul- 
tiplet,  it  appears  natural  to  take  advantage  of  quantum  number  Q 


•  We  note  that 


S  =  S,-|-S..  S,-|-S.-  1 . |S,  -S.|. 


(35. -1/ 
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(il  corresponds  to  number  J,  which  plays  the  same  part  in  the 
systcmatics  of  atomic  terms).  Thus,  as  a  symbol  for  a  molecular 
term.  like  the  atomic  symbol 

we  get  the  symbol  * 

which,  in  separate  cases,  is  deciphered  as  '2,  ’2,  ’2,  ’ll,  ‘Hi/,, 
'II  ,,  '11.,  ’ll,,  ’ll,,  etc.  In  the  case  of  2-terms,  i.e..  .1  =  0,  the 
spin  orientation  relative  to  the  a.xis  of  the  molecule  is  absent, 
as  a  result  ol  which  the  quantum  numbers  2  and  Q  are  devoid 
of  physical  meaning. 

By  way  of  illustration  let  us  consider  the  terms  of  the  OH 
molecule  that  are  obtained  from  the  normal  terms  of  the  atoms 
0(’P)  and  H('S).  In  this  case  we  will  have:  =  1 ,  Lh=0, 

S„  =  l,  and  Sn  =  '/,.  whence,  on  the  basis  of  equations  (35.3) 
and  (.35,4),  we  find;  A=l.  0  and  S  =  ’,,,  ’  in  other  words, 
the  terms  ’ll,  'tl,  '2,  '2.  In  the  following  manner  we  find  the 
values  of  number  Q  that  are  necessary  in  order  to  distinguish  the 
components  of  the  multiplet  terms  *n  and  ’ll.  In  the  case  of 
S  =  ’,  (the  quadruplet  term  *11).  for  the  projection  2  we  get 
2  =  ’,,  ’  ,  and  in  the  case  of  S  =  ';,  (doublet  term  ’n), 
2  =  '  Consequently,  on  the  basis  of  (35.5)  we  have  for  term 
’11:0  =  ’/,.  >1^,  ■  and  for  the  term  ’n:Q  =  »/^, 

Thus,  we  finally  get  the  following  set  of  terms:  *2,  ’2,  ’11^., 
‘llv  ,  ’n./,.  ’ll-.;,,  ’n.;,,  and  ’n./,.  We  note  that  according  to 
c.xperimental  data  the  term  *11  is  the  ground  term  of  the  OH 
molecule. 

Properties  of  symmetry  of  molecular  terms.  As  is  evident  from 
equation  (35.3)  the  number  of  all  2-,  all  11-.  etc.,  terms  obtained 
Irom  a  given  pair  of  atomic  terms  is  determined  by  how  many 
ways  (for  given  L,  and  L,)  one  can  obtain  the  appropriate  num¬ 
ber  The  terms  of  each  group  differ  in  the  kinci  of  symmetry  of 
the  wave  functions  that  correspond  to  them,  namely,  from  a  so¬ 
lution  of  the  wave  equation  for  a  molecule  it  follows  that  whereas 
in  the  case  of  certain  terms  called  positive  terms  the  wave  func¬ 
tion  does  not  change  with  rever,sal  of  the  sign  of  all  coordinates 
of  the  nuclei  and  electrons,  in  the  case  of  other  terms  (negative) 
the  function  i);  does  change  its  sign  in  this  process.  This  separation 
of  terms  into  positive  and  negative  is  particularly  important  in 
the  case  of  2-terms.  Here,  if  the  number  of  all  terms  obtained 


Here.  {Lj  and  (A)  designate  S.  P,  D  and  2,  11.  A,  ...  in  accordance 
with  the  values  ol  the  numbers  L  and  A  equal  to  0,  I,  2... 


icc.  35>| 
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from  a  given  pair  of  atomic  terms  is  even,  halt  of  them  is  posi¬ 
tive  (2'^)  and  half,  negative  (2").  For  an  odd  number  of  terms, 
the  number  of  2"^  terms  is  greater  than  that  of  2'  terms  when 
the  sum  L, L, 21,, 21,,  is  even,  and  less  than  the  number 
of  negative  terms  when  this  sum  is  odd.  Each  of  the  sums  2I|, 
and  2li,  is  the  sum  of  the  orbital  quantum  numbers  of  all  elec¬ 
trons,  respectively,  of  both  atomic  terms  (out  of  which  the  2-terms 
under  consideration  arise).  Let  it  be  noted  that  the  atomic  terms 
with  even  21,  are  called  coc/i  and  are  designated  by  the  symbol  (L)-. 
while  the  terms  with  odd  21,  are  odd.  {L)„. 

As  for  the  terms  that  correspond  to  values  V^O,  they  also 
split,  each  into  two  terms -|- and — ;  however,  this  splitting  (called 
•V-type  donb/fng)  is  found  only  when  a  molecule  is  in  rotation 
(see  Sec,  36).  Thus,  the  terms  11,  A,  etc.,  turn  out  to  he  doubly 
degenerate  because  in  the  absence  of  rotation,  two  states  and 
(A)”  with  identical  energy  correspond  to  each  of  the  terms.  This 
degeneracy  is  connected  with  the  fact  that  in  the  absence  of 
rotation  the  states  with  projections  of  L  on  the  a.xis  of  the  mol¬ 
ecule  (identical  in  absolute  magnitude  but  dilTerent  in  sign) 
have  the  same  energy  (see  p.  322). 

Molecular  terms  obtained  from  appropriate  atomic  terms  are 
given  in  Table  33  (after  Wigner  and  Witmer,  after  Atulliken,  and 
after  Herzberg). 

Table  3.A 

Molecular  terms  obtained  from  appropriate  aiomic  lerins  (after  Wigner  and 
Witmer,  after  Mulliken.  after  Herzberg) 


Atomic  terms 

>\o1cculAr  terms 

St»  or  Su  -j-  S„ 

2  + 

s'-FS„ 

£• 

Sc  +  Pe  or  S„-FP„ 

ri 

s,  -1-  P..  or  S..  -h  P„ 

z*.  n 

-F  Dj  or  S„  +  D„ 

11.  A 

+  D„  or  S„  +  Dj 

X".  n.  A 

Sj  -F  F„  or  S„  F  F.: 

X-.  II.  A.  <t) 

s'-FF,'  or  S,.-FF„ 

r  +  .  11.  A.  o 

P  -F  Pj  or  P„  -F  P„ 

1*  (2),  Z-.  n  (2).  A 

P'  +  Pa 

X  +  .  X’  (2).  n  (2).  A 

Pj  -F  D_  or  P„  -F  D„ 

X  +  .  X'(2).  11  (3).  A(2).a) 

Pj  +  dS  or  P„  +  D„ 

X  +  (2).  X‘.  n  (3).  A  (2).  (D 

The  foregoing  reasoning  is  totally  applicable  to  molecules 
composed  of  different  atoms.  But  in  the  case  of  molecules  with 
the  same  nuclei  (these  include  CI*‘CI“,  CI"CI",  0“0'‘. 


MOI  liCUI-AH  SI’ECTRA 


[Ch  A 


320 


N'*N‘*.  N”N'‘.  etc.,  and  theii  ions;  however,  molecules  consisting 
of  dilTcrent  isotopes,  for  instance.  CI**CI**,  0“0'*  or  N“N“,  belong 
to  the  earlier  considered  category)  the  number  of  terms  turns  out. 
in  general,  to  be  twice  as  great  as  for  molecules  built  up  from 
dilTerent  atoms  (or  different  isotopes  of  a  single  element).  This 
doubling  of  the  number  of  terms,  however,  only  occurs  when  the 
initial  atomic  states  are  ctiffereiit.  It  is  associated  with  degeneracy 
of  the  initial  stale  (isolated  atoms).  Indeed,  when  considering,  for 
example,  the  formation  of  a  molecular  ion  of  hydrogen  from  an  H 
atom  in  the  ground  stale  and  from  a  proton  H'^.  we  can  proceed 
from  a  system  in  which  an  electron  is  connected  with  one  of 
tire  H*  nuclei,  say  the  first,  i.  e..  of  a  system  (H), -(-(H*),  or  of 
a  system  (H*), +(H),.  Obviously,  in  both  cases  the  energy  of  the 
initial  stale  will  be  the  same.  The  presence  of  two  slates  of  a 
system  corresponding  to  one  and  the  same  energy  is  an  indication 
of  its  degeneracy.  The  degeneracy  in  the  case  at  hand  is  called 
resonance,  or  exchange  degeneracy  (see  p.  198).  Solution  of  the  wave 
equation  shows  that  when  nuclei  approach,  both  slates  obtain 
different  energy,  which  is  what  leads  to  the  above-mentioned 
doubling  of  the  number  of  terms. 

The  wave  functions  corresponding  to  each  pair  of  terms  differ 
in  the  kind  of  symmetry:  some  change  their  sign  upon  transposi¬ 
tion  of  the  nuclei,  others  do  not.  Terms  of  the  first  group  are 
called  odd  and  are  designated  by  the  symbol  {A},„  of  the  second 
gioup,  even,  Thus,  to  determine  the  number  and  character 
of  the  molecular  terms  obtained  from  dilTerent  (unlike)  atomic 
terms,  we  may  take  advantage  of  the  data  of  Table  33,  by  replac¬ 
ing  in  it  each  term  by  two  terms;  Z* — 2u,  2* — 2J, 
n— n^,  n,„  etc. 

As  has  already  been  pointed  out.  in  the  case  of  molecular 
terms  that  arise  from  the  same  terms  of  identical  atoms,  doubling 
of  terms  does  not  occur,  though  here  too  the  division  of  terms 
into  even  and  odd  remains.  From  the  set  of  terms  lesulting  from 
the  scheme 

,V  =  .\,-1-A,  =  2L,  2L  — 1.  2L  — 2 
2L  —  I.  2L  — 2. 

2L  — 2. 


we  have  an  even  number  of  terms  that  correspond  to  an  odd  value 
■of  t(l.  3.  5.  ...).  Half  of  these  terms  is  even,  half  is  odd. 
The  remaining  terms  (with  the  exception  of  2-terms)  available 


I.  0. 
I  0. 
1  0, 
I.  0, 
1.  0. 
0, 


(35.6) 


See.  35( 
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in  the  odd  quantity  (2N-)-l)  are  distributed  as  follows:  N  terms 
turn  out  to  be  even  and  N  odd;  the  surplus  term  is  even  in  tlie 
case  of  even  S  (sinf'lels.  quintets,  .  .  .)  and  odd  in  the  case  of  odd 
S  (triplets,  septets,  .  .  .).  As  (or  2-ternis,  of  all  the  2L -I-  I  il-terms, 
L+l  are  S'*  terms,  the  remaining  L,  S'-terms;  and  in  the  singlet 
and  quintet  systems  the  2*  terms  are  even,  .  and  the  terms 
are  odd.  2,7.  while  in  the  triplet  and  septet  systems  the  situation 
is  rere.sed. 

By  way  of  illustration  let  us  consider  terms  that  result  from 
the  same  atomic  terms  ’P,  for  e.xample,  from  terms  of  the  ground 
state  of  two  oxygen  atoms.  In  this  case  we  have  L„--  I  and, 
hence  (see(35.6)).  .t=2.  I,  I,  0,  0,  0,  i.e..  we  have  A-,  If- and 
2-terms.  Further,  from  the  multiplicity  of  the  initial  terms  ’P  we 
find  S  =  2.  1.  0,  i.e..  quintets  (S  =  2),  triplets  (S=l),  and 

singlets  (S  =  0).  On  the  basis  of  the  foregoing  rules,  (or  terms 
arailable  in  an  even  quantity,  i.e.,  for  ll-terms,  we  have  Ml,,, 
‘ri„.  ’rii,.  TI,,.  Mlj.  and  'n„.  The  A-terms  are  terms  ‘A„.  'Aj,  (S  is 
even)  and  ’A„  (S  is  odd)  and  2-terms  are  terms  ‘Zg  .  ‘2,7,  ’25  , 
‘2g,  '2,7,  '2g  (quintet  and  singlet  systems)  and  ’2,|,  ‘2g  and 
’2,t  (triplet  system). 

Hund’s  cases  of  molecular  terms.  The  sy.stematics  of  molecular 
terms,  the  basis  of  which  was  given  above,  does  not  however 
embrace  the  entire  ensemble  of  quantum  states  even  of  a  single 
molecule.  Primarily,  the  underlying  principle  of  this  systematics 
is  the  assumption  that  the  molecular  electric  field  which  gives  rise 
to  splitting  of  appropriate  atomic  terms  is  sufficiently  strong  to 
disrupt  the  coupling  between  the  vectors  L,  and  S,  in  the  separate 
atoms.  This,  obviously,  should  not  always  be  the  case.  Moreover, 
in  constructing  this  systematics  we  did  not  take  into  account  the 
rotation  of  the  molecule  with  which  the  appearance  of  a  magnetic 
field  normal  to  the  axis  of  the  molecule  is  a.ssociated.  Later  on  we 
shall  see  that  this  field  exerts  an  appreciable  effect  on  the  inter¬ 
action  of  vectors  in  the  molecule. 

For  this  reason,  with  the  aim  of  extending  and  generalising  the 
systematics  we  shall  examine  the  main  types  of  interaction  of  the 
different  vectors  that  are  characteristic  of  the  vector  model  of  a 
diatomic  molecule.  Here,  we  shall  also  take  into  account  the  mo¬ 
mentum  associated  with  the  rotation  of  the  molecule  (vibration  of 
nuclei  do  not  enter  into  this  consideration,  inasmuch  as  vibration¬ 
al  motion  has  no  momentum).  In  the  main,  these  types  were 
considered  by  Hund  and  are  known  as  Hund’s  cases  of  molecular 
terms  a.  b.  c.  and  d. 

Case  a.  The  electric  field  of  a  molecule  is  so  strong  that  we 
may  disregard  the  interaction  of  individual  L|  with  individual  Sj, 
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which  interaction  we  designate  as  (L,.  SJ,  as  compared  with  the 
interaction  of  dilTerent  and  as  compared  with  the  interaction 
of  L,  with  the  electric  field  of  the  molecule.  As  a  result  of  the 
latter  and  also  due  to  space  quanti.sation  of  the  S  vector  in  the 
magnetic  field  of  the  component  of  electronic  orbital  angular  mo¬ 
mentum  along  the  axis  of  the  molecule,  we  have  \  and  2  that 
together  yield  the  quantity  Q.  We  thus  see  that  the  above-con¬ 
structed  systematics  of  molecular  terms  corresponds  completely  to 
lluiid's  case  a. 


fip.  74.  \sctor  model  of  diatomic  molecule.  Hand's  cases  a,  b.  and  c 


The  vector  fl  directed  along  the  axis  of  the  molecule  interacts, 
further,  with  the  nuclear  momentum  vector  tUl  (rotation  of  the 
molecule),  as  a  result  of  which  we  get  a  resultant  vector  J  that 
characterises  the  total  angular  momentum  of  the  molecule  (but 
without  account  of  nuclear  spins).  Interaction  of  vectors  XI  and  SSI 
leads  to  their  precession  about  J.  The  mutual  positions  of  the 
vectors  A.  S>1  and  J  are  shown  in  Fig.  74  a.  We  note  that  the 
quantum  number  J,  which  corresponds  to  the  vector  J.  takes  on 
integral  values  when  2  and  <)  are  integers;  this  occurs  when  there 
is  an  even  number  of  electrons. 

Denoting  the  electric  field  of  the  molecule  by  Z  we  can  sym¬ 
bolically  represent  vector  interaction  corresponding  to  case  a  as 
follows: 

{|(L.  Z).  SI.  m). 

Case  b.  This  case  may  be  symbolically  represented  as 
{l(L.  Z).  tUI).  S) 

(see  Fig.  74  b).  In  this  case,  according  to  Fig.  74  b.  A  and  IBS 
yield  the  resultant  vector  K.  which  with  S  forms  the  vector  J. 
We  see  that  here  the  quantum  number  2.  and  with  it  also  Q, 
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become  meaningless.  However.  (liven  siiificienlly  lar(;c  K  (and  in 
the  case  of  S-terms,  for  any  K)  wo  can  introduce  a  new  qnantinn 
number  2.  which  corresponds  to  a  projection  of  spiti  on  the  axis 
of  rotation  of  the  molecule.  Like  i.  2  assiunes  the  values  --S. 

(S — 1).  ...  We  note  that  when  nuclear  rotation  is  increased 
(increase  in  K)  a  transition  is  possible  from  case  a  to  ease  h. 
Experiment  shows  that  a  considerable  portionof  the  electronic  terms 
of  a  diatomic  molecule  belon(’s  to  this  transitional  type. 

Ca,si>  c.  This  type  of  interaction  of  vectors  is  accomplished  in 
a  weak  electric  field  that  is  )iol  capable  of  disrupti)i(;  the  inter¬ 
action  of  vectors  L,  and  S,.  As  we  sec.  it  corresponds  to  the  Stark 
effect  in  a  weak  electric  field.  In  this  case,  the  vector  J  ,  I  'atomic  " 
an(>ular  momentum),  which  is  composed  of  vectors  J|.  is  as  a  whole 
oriented  relative  to  axis  z  (Fi)'.  74  c(.  To  summarise,  .\  and 
as  independent  numbers  are  here  devoid  of  any  meanin(t.  But 
number  Q,  which  determines  the  projection  of  vector  J,  on  the 
axis  of  the  molecule,  is  retained.  Interaction  of  vectors  SI  and  30 
lead  to  a  resultant  vector  J.  This  type  of  interaction  is  sytnboli- 
cally  depicted  as 

{1(J,,  J,),  Z|,  4t.M- 

Obviously,  transition  from  the  earlier  cases  to  case  c  should  be 
important  in  separation  of  nuclei. 

Case  tl.  As  lor  the  fourth  coupling  case,  which  occurs  only  in 
the  case  of  a  comparatively  small  number  of  molecules  and,  for 
this  reason,  is  least  significant,  we  only  indicate  that  it  corre¬ 
sponds  to  a  predominance  of  interaction  of  the  vectors  L,  with 
rotation  of  nuclei  over  interaction  of  the  remaining  vectors. 

Obviously,  the  earlier  introduced  symbol  for  (lesignating  mo¬ 
lecular  terms. 

is  suitable  only  for  case  a.  If  we  have  case  b,  the  numbers  S  and 
<>  are  devoid  of  any  meaning.  Therefore,  we  have  here,  as  the 
symbol  designating  the  term, 

As  has  already  been  pointed  out,  the  separate  components  of  the 
multiplet  differ  in  the  values  of  the  quantum  number  2,  which 
corresponds  to  the  number  2.  Frequently,  2  taken  in  brackets 
is  placed  next  to  the  symbol  of  the  term: 

Finally,  in  case  c.  where  the  numbers  A  and  2  disappear,  the 
terms  are  distinguished  by  the  number  S2.  which  retains  physical 
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ineaniiig.  The  terms  belonging  to  this  case  are  designated,  accord¬ 
ing  to  Mulliken.  by  the  symbol 


The  foregoing  rules,  which  determine  the  number  and  character 
of  molecular  terms  are,  obviously,  applicable  (to  the  same  extent) 
to  Hund’s  cases  a  and  b.  Analogous  rules  are  operative  in  regard 
to  case  c.  The  total  number  of  terms  that  arise  out  of  two  atomic 
terms  characterised  by  the  numke's  J,  and  J,  is  determined  here 
by  the  scheme  (J,>J,): 


n  =  J.  +  J„  J.-t-J.-l . J.-J. . ■/.  or  0, 

J.  +  J.-l . J.-J . '/.  or  0, 

. . .  ,  J,  —  J . '/,  or  0, 

J,  — J . '/,  or  0. 


(3S.7) 


In  the  case  of  Q  =  0,  we  also  have  positive  and  nega/itie  terms 
0*  and  0",  the  number  of  which  is  the  same  for  an  even  number 
of  0-lerms.  Tlie  surplus  term  for  an  odd  number  of  terms  is  the 
term  0*  or  0  \  depending  on  whether  the  sum  J,  +  Jt  "h  "f-Sl, 
is  an  even  or  odd  number. 

In  case  of  the  same  atoms  in  diffc'enl  states,  the  number  of 
terms,  as  before,  is  doable-,  one  half  of  them  is  even,  {QL,  and 
the  other  half,  odd, 

The  number  and  character  of  terms  in  the  case  of  identical 
stales  of  the  same  atoms  are  obtained  directly  from  the  following 
schemes: 

=  {2J-1>, . 0+ 

i2J-l> . 0„-. 


and 

{S>}  =  (2J}„.  {2J-11 . 0- 

<2J-1}, . 0+. 

0*+ 


The  first,  (35.8),  has  to  do  with  the  case  of  integral  J,  the 
second,  (35.9),  of  half-int^ral  J. 

Thus,  guided  by  the  above  rules  it  is  possible  to  find  the  entire 
set  of  terms  of  any  diatomic  molecule.  Using  these  rules,  it  is 
possible,  in  a  number  of  cases,  to  solve  also  the  reverse  problem 
(which,  practically,  is  no  less  important)  of  determining  the  quan* 
turn  states  of  atoms  that  arise  in  the  dissociation  of  the  molecule. 
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It  may  be  noted  that  niolecniar  electrons,  like  molecular  lercns. 
display  specific  properties  of  symmetry  (in  the  <ense  of  symmetry 
of  appropriate  wave  functions).  For  instance,  we  distinguish  even 
(o^-,  n^-,  etc,)  and  odd  (o,.-,  .n,,-,  etc.)  electrons,  the  former  bcini’ 
electrons  to  which  there  correspond  even  /  (lor  e.xample,  so,  do  - 
— dn  -  -  n^.)  and  the  remaining,  odd  (po,  fo— »o,  ,  pn,  fn  •  n, ). 
Even  electrons  with  even,  or  odd  with  odd,  form  an  even  molecular 
term  (Zl  is  even),  and  even  with  odd,  an  odd  term  (Z/  is  odd). 

So  far  we  have  hardly  touched  on  the  question  of  the  relative 
arrangement  of  molecular  terms,  ^et  this  question  is  of  prime 
importance  for  molecular  spectroscopy.  As  already  pointed  out, 
it  is  solved  theoretically  by  quantum-mechanical  methods.  How¬ 
ever,  the  finding  of  numerical  values  of  lerms  and  their  sequence 
in  a  given  molecule,  even  in  the  case  of  comparatively  simple 
molecules  containing  a  small  number  of  electrons,  pre.sents  great 
mathematical  difficulties.  For  this  reason,  one  frequently  has  lo 
confine  oneself  to  the  construction  of  a  more  or  less  reliable 
qualitative  picture  of  the  terms.  Use  is  made  of  one  of  the  follow¬ 
ing  semi-empirical  methods. 

The  first,  ihe  mel hod  of  interpolation  (Hund,  Herzberg,  Mulliken) 
consists  in  the  following.  If  in  the  Schrodinger  equation  we  as.sume 
the  distance  between  nuclei  r  equal  lo  oo.  we  obtain  two  equa¬ 
tions  that  correspond  to  two  isolated  atoms  (cf.  p.  285).  The  set 
of  terms  corresponding  to  this  limiting  stale  of  the  molecule  (dis¬ 
sociated  molecule)  will  obviously  be  represented  as  a  simple  sum 
of  appropriate  atomic  terms  (the  terms  of  a  separated  system), 
which  may  be  found  either  by  solving  atomic  wave  equations  or 
may  be  taken  directly  from  experiment.  When  the  atoms  approach, 
we  have  Stark  splitting  of  the  terms  in  the  electric  field  of  the 
partner.  The  set  of  splitting  components  of  atomic  terms  is  pre¬ 
cisely  the  set  of  molecular  terms  that  corresponds  lo  the  given 
(large)  values  of  r.  Here,  the  relative  arrangement  of  terms  is 
roughly  in  accord  with  the  arrangement  of  components  of  Stark 
splitting  in  an  external  electric  field  and  can  be  determined  from 
experiment. 

On  the  other  hand,  in  a  wave  equation  of  a  molecule  we  can 
put  r  =  0.  We  then  get  an  equation  for  an  atom  that  is  isoelec- 
tronic  to  the  molecule  under  consideration,  the  terms  of  which 
are  also  known.  Separating  the  nuclei  mentally,  we  obtain  a  field 
with  axial  symmetry  (an  intramolecular  electric  field),  in  which 
the  terms  of  the  isoelectronic  atom  (a  system  of  merged  nuclei) 
experience  Stark  splitting.  The  set  of  components  of  this  split¬ 
ting  obviously  also  corresponds  to  the  terms  of  the  given  molecule 
(for  small  r).  As  in  the  case  of  an  almost  separated  system  (large  r). 
the  relative  positions  of  the  terms  can  here  be  taken  from  exper- 
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imciit.  Knowing  molecular  terms  for  large  and  small  r.  we  can, 
obviously,  by  means  of  inlerpolalion  determine  the  more  or  less 
probable  relative  positions  of  the  terms  of  the  given  molecule. 
The  scheme  of  molecular  terms  thus  obtained  is  verified  by  com¬ 
paring  it  with  e.vperiment. 

By  way  of  illustration,  let  us  consider  the  molecule  CH.  In  this 
case"  tire  terms  that  correspond  to  two  limiting  cases  are  obtained 


i. 

A, 


0  0.5  W  15  2.0  2.5  2.0  25 

r,4 

Fiff.  75.  Origin  of  energy  Il-vcIs  of  CH  molecule 


as  a  set  of  terms  of  the  atoms  C-f-H  (separated  system)  and  the 
terms  of  the  N  atom  (merged  nuclei).  The  lowest  terms  of  the 
C  +  H  system  are  ’P  (ground  state  of  the  C  atom)  plus  'S  (ground 
state  of  H)  and  'D  +  'S;  the  lowest  terms  of  atom  N  are  *S  (ground 
slate  of  atom  N).  ’D  and  'P.  From  these  terms  of  the  system 
C+H  there  arise  the  following  terms  of  molecule  CH:  from 
’P  +  “S  — ’2.  ’ll.  ’n,  and  from  'D  +  ’S— .'2.  ’H.  ’A;  from 
the  terms  of  atom  N.  the  terms:  ’2  from  ’S,  ’2,  ’TI,  ’A  from 
’D  and  ’2,  ’IT  from  ’P; 

The  problem  then  reduces  to  correlating  terms  of  the  system  of 
almost  separated  nuclei  with  terms  of  the  system  of  almost  merged 
nuclei  and  to  finding  the  relative  positions  of  the  terms.  However, 
since  this  problem  has  no  entirely  unambiguous  solution,  to  find 
the  terms  of  the  molecule  we  have  to  be  guided  by  various  kinds 
of  additional  data,  such  as:  data  on  the  relative  positions  of  the 
atomic  terms  (for  instance,  quadruplet  terms  as  a  rule  lie  lower 
than  doublet,  etc.),  on  the  electron  configuration  of  the  molecular 
terms  (terms  corresponding  to  one  electron  configuration  of  an 
almost  separated  system  pass  into  terms  of  the  same  configuration 


Soc.  351 


I  I'CTRONIC  OF  3\ol  Lol.  LF^ 


ot  a  sysleni  of  almost  merged  nuclei),  on  noncrossing  of  feniis 
(terms  corresponding  to  a  configuration  ot  electrons  with  the  same 
quantum  numbers  /  and  \  do  not  cross),  etc.  l-'inally,  c.xperimeu- 
tal  data  dealing  with  the  optical  properties  of  the  molecule  under 
consideration  in  its  various  states  help  to  estahlish  a  genetic 
relationship  between  molecular  terms  and  the  terms  of  ll)e  cor¬ 
responding  atonis  in  the  separated  system. 

Fig.  75  shows  the  levels  of  the  CH  molecule  (in  (he  form  ot 
curves  of  potential  energy)  for  various  r  with  an  indication  of 
their  origin  from  levels  C  +  H  and  N  (alter  .'lullihen).  Of  (he  terms 
shown  here,  four  are  experimentally  known,  namely,  ’ll.  ’A 
and  and  the  lowest  one  is  the  term  ’II.  In  this  given  case, 

the  ambiguity  of  the  picture  of  molecular  levels  found  by  means 
of  the  interpolation  method  is  evident  from  the  fact  that  on  the 
basis  solely  of  these  data  it  is  impossible  to  assign  (u  ith  complete 
justification)  the  term  'fl  to  the  ground  state  of  (lie  CH  molecule. 
Here,  the  chief  difficulty  is  connected  with  the  lack  of  a  cojnbination 
between  the  doublet  and  quadruplet  systems  (which  is  due  to  the 
lightness  of  the  CH  molecule);  this  does  not  permit  localising  the  quad¬ 
ruplet  levels  CH  relative  to  the  doublet  levels  (see  footnote  on  p.  4.57). 

Another  semi-empirical  method  of  finding  the  pattern  of  molec¬ 
ular  terms  was  developed  by  Atulliken  and  is  similar  to  the  Jnethod 
employed  by  Bohr  in  the  study  of  atomic  terms.  The  essence  of 
this  method  as  applied  to  a  molecule  is  as  follows.  To  bare  nuclei , 
which  are  conceived  of  as  being  fixed  at  a  definite  and  constant 
distance  from  each  other,  we  successively  add  electrons  and  deter¬ 
mine  the  configuration  of  the  systems  that  emerge;  we  are  guided 
by  the  Pauli  principle  and  by  data  on  electron  configurations  that 
are  known  from  atomic  terms.  In  this  way,  the  nature  of  the  molec¬ 
ular  terms  is  obtained  as  a  consequence  of  the  configuration  of 
electrons.  Mathematically,  this  method  is  a  method  of  molecular 
orbits  (see  p.  310  et  seq.). 

The  distribution  of  electrons  (due  to  the  Pauli  principle)  into 
definite  subgroups  (like  atomic  electrons)  gives  rise  to  a  certain 
similarity  in  the  properties  of  the  atoms  and  molecules.  This  simi¬ 
larity  also  plays  a  significant  role  in  an  experimental  determination 
of  the  relative  arrangement  of  molecular  terms.  It  is  particularly 
striking  when  we  compare  a  molecule  with  an  atom  having  the 
same  total  number  of  electrons  {isoelectronic  systems)  or  the  same 
number  of  outer  electrons  {isosleric  systems),  for  example,  the  atoms 
C.  N,  O,  F,  and  Ne  and  hydrides  isoelectronic  to  them,  that  dis¬ 
play  a  remarkable  similarity  of  chemical  and  other  properties. 
In  particular,  this  similarity  finds  expression  in  the  law  of  dis¬ 
placement  of  hydrides  established  by  Grimm.  Here,  the  hydride 
of  a  given  element  that  has  lost  one  atom  of  hydrogen  acquires 
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the  same  first  three  terms  (which  are  identically  arranged):  *2, 
'FI.  and  'Ji  (see  Fig.  76).  These  correlations  are  valuable  in  that 
they  can  serve  as  a  basis  (or  predicting  the  optical,  chemical,  and 
other  properties  o(  molecules  which  have  not  yet  been  studied 
experimentally  in  these  aspect.s. 

This  identity  in  the  structural  principle  of  electronic  shells  of 
atoms  and  molecules  explains  the  fact  that  molecular  terms  can 
fre(|uently  be  described  by  a  formula  similar  to  the  Rydberg  equa¬ 
tion  01  the  Ritz  equation,  by  which  atomic  terms  are  represented. 
To  illustrate.  Rydberg  series  were  observed  in  the  spectra  of  H., 
N',.  O,.  NO,  CO,  HI.  NH..  C,H..  (CH.).CO,  and  C.H..  As  in  the 
case  of  atomic  spectra,  from  the  limit  of  the  Rydberg  .series  of 
molecular  spectra  we  can  calculate  the  ionisation  potential  of  the 
molecule.  For  example,  for  acetone  Watanabe  obtained  the  formula 


=  78,280- 


R 


(111  -(-0.97g 


m  =  2,  3.  4. 


rom  which  it  follows  that  1  =  9.700  V,  whereas  I,  obtained  by 
another  method,  comes  out  to  9.705  V. 

Of  other  general  regularities  in  the  electronic  terms  of  a  mole¬ 
cule,  we  mention  the  following.  Despite  the  fact  that  the  number 
of  possible  molecular  terms  must  be  considerably  greater  than  the 
number  of  terms  of  the  atoms  of  which  the  given  molecule  consists 
(for  instance,  from  the  states  ’P-|-’P  of  two  atoms  of  oxygen  or 
carbon  in  the  ground  state  there  arise  18  molecular  states),  the 
number  of  actually  ob.served  molecular  terms  is  ordinarily  small. 
The  reason  for  this  is  that  many  of  the  molecular  terms  correspond 
to  unstable  states  of  the  molecule  or  to  such  states  that,  by  virtue 
of  certain  selection  rules,  do  not  combine  with  the  more  accessible 
terms  and,  for  this  reason,  escape  observation. 

Selection  rules.  As  in  the  case  of  the  atom,  all  the  principal 
physical  and  chemical  properties  of  a  molecule  are  determined  by 
the  character  of  its  terms.  Above  all.  this  applies  to  the  spectro¬ 
scopic  properties  of  molecules.  The  structure  and  peculiarities  cf 
molecular  spectra  will  be  considered  in  detail  in  Secs.  36-41. 
Here,  we  shall  merely  touch  on  the  selection  rules  necessary  for 
an  understanding  of  the  structure  of  molecular  spectra,  which  rules 
are  obeyed  by  optical  transitions  in  molecules.  Without  going  into 
the  proofs  of  the  selection  rules  that  are  established,  as  in  the 
ca.se  of  atoms  (see  Sec.  28).  by  calculating  appropriate  quasi-mo¬ 
ments,  we  confine  ourselves  to  a  simple  enumeration  of  these  rules. 
Changes  in  the  quantum  numbers  A,  2,  and  fi  obey  the  following 
selection  rules: 


AA  =  0,±F. 


(35.10) 
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A2  =  0,  (35.11) 

A<2  =  0,il.  (35.12) 

According  to  the  first  rule,  only  the  following  terms  can  combine: 
Z<— 2,  ri— -ri,  A«— A.  2--II,  n— A;  the  combinations  2-->A, 
ri*— •fp  are  forbidden.  In  the  same  way,  according  to  rule  (35.12) 
the  combinations  0--0,  I--1,  2- — -2,  0--1,  !• — >2,  are  possible 
and  0^-2,  1— -3  are  forbidden.  Rule  (35. 1  1 )  and  the  analogous  rule 

A2  =  0  (35.13) 

(Hund’s  case  b)  are  essential  for  an  understanding  of  the  peculi¬ 

arities  of  the  fine  structure  of  molecular  spectra. 

Further,  we  give  the  rule 

AS=^0, 

which  is  identical  to  the  rule  (28.19),  according  to  which  combi¬ 
nations  are  forbidden  between  terms  of  different  multiplicity 
(intercombinations).  We  saw  that,  for  atoms,  prohibition  of 
intercombination  is  rigorously  fulfilled  only  in  the  case  of  those 

with  small  nuclear  charges  when  multiplet  splitting  is  slight.  The 
same  occurs  in  the  case  of  molecules. 

Also  very  essential  are  the  selection  rules  connected  with  the 
kind  of  symmetry  of  the  molecular  terms.  These  rules  state  that: 
positive  terms  (-)-)  combine  only  with  negative  ( — )  and  even 
terms  (g)  combine  only  with  odd  terms  (u). 

Other  important  selection  rules  will  be  dealt  with  in  the  sections 
that  follow.  .Also,  we  shall  not  here  examine  the  selection  rules 
that  refer  to  combinations  of  terms  of  complex  molecules.  The 
only  thing  that  need  be  said  is  that,  in  part,  these  combinations 
obey  the  same  rules  as  those  given  above  (for  instance,  the  rule 
AS  =  0,  g-- u)  and  the  like. 

Terms  of  complex  molecules.  Up  till  now  we  have  considered 
mainly  the  electron  terms  of  diatomic  molecules.  Naturally,  the 
theory  of  polyatomic  molecules  is  much  less  developed  than  that 
of  diatomic  molecules.  Without  going  into  details,  we  note  that, 
in  complete  agreement  with  experiment,  we  can  deduce  from  theory 
the  existence  of  discrete  electronic  levels  of  polyatomic  molecules, 
similar  to  the  levels  of  diatomic  molecules  or  atomic  levels. 

The  problem  of  systematics  of  terms  of  complex  molecules  is 
somewhat  simplified  by  the  fact  that  the  principal  features  of  the 
systematics  of  diatomic  molecules  are,  to  some  extent,  retained 
also  in  the  case  of  complex  molecules.  Primarily,  this  has  to  do 
with  linear  molecules  such  as  CO,,  CS,.  N,0,  'C.H,,  C,N,,  etc. 
Since  the  molecule  has  an  axis,  the  quantum  numbers  here  A  and 
Q.  generally  speaking,  retain  their  meaning,  and  so  the  systematics 
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of  terms  of  linear  complex  molecules  can  be  constructed  on  the 
same  basis  as  the  systematics  of  diatomic  molecules.  Thus,  for 
e.xample,  the  terms  of  complex  linear  molecules  are  designated  by 

the  same  symbols,  Z.  H,  A . as  the  terms  of  diatomic 

molecules. 

The  situation  of  all  complex  molecules  possessing  ox/a/  symmetry 
(the  molecules  NH,.  NCI,,  CH,I,  and  others,  for  instance)  is  roughly 
the  same  as  that  of  linear  molecules  because,  due  to  the  axis  of 
symmetry,  the  numbers  A  and  Q  retain  their  meaning,  approxi¬ 
mately. 

In  large  measure,  the  electronic  levels  of  polyatomic  molecules 
are  determined  by  the  properties  of  molecular  symmetry,  which 
play  the  main  part  also  in  the  systematics  of  molecules.  From 
this  viewpoint,  Mulliken  examined  various  types  of  complex 
molecules  in  numerous  studies  devoted  to  problems  of  systematics 
of  molecular  terms.  Without  going  into  details,  we  note  that  in  the 
Mulliken  classes  of  symmetry  of  the  terms  of  complex  molecules 
we  have  certain  analogues  of  positive  and  negative  and  also  even 
and  odd  terms  of  diatomic  molecules. 

It  may  also  be  added  that  irrespective  of  the  form  of  the  com¬ 
plex  molecule,  the  quantum  number  S  retains  its  physical  meaning; 
S  takes  on  the  values  S  =  S,  -j-S, -f-  . . . .  S,  -f-  S,  -j-  .  .  .  —  1.  S,-\- 

-j-S, 4“  •  •  •  —  2,  etc.,  where  S,,  S . are  the  spin  quantum  numbers 

of  the  atoms  comprising  the  molecule.  The  number  S  determines 
the  miilliplicily  of  terms  of  complex  molecules  as  in  the  case  of 
diatomic  molecules  and  atoms. 

36.  Rotational  Terms 

Rotational  terms  of  diatomic  molecules.  Rotation  of  a  molecule 
is  manifested  in  the  heat  capacity  of  gases  and  in  the  structure 
of  molecular  spectra.  The  so-called  fine  structure  of  these  spectra 
indicates  that  this  molecular  motion  is  quantised.  The  same 
result  is  obtained  from  a  solution  of  the  wave  equation  that 
describes  rotational  molecular  motion. 

In  a  mechanical  sense,  the  problem  of  rotation  of  a  diatomic 
molecule  is  identical  with  that  of  the  rotation  of  an  electron  and 
nucleus  about  their  common  centre  of  gravity  in  the  hydrogen 
atom.  For  this  reason,  the  rotational  motion  of  a  diatomic  mole¬ 
cule  (on  condition  of  separation  of  variables  in  the  wave  equation) 
is  described  by  the  Schrodinger  equation  of  the  same  type  as  in 
the  case  of  the  hydrogen  atom,  i.e. ,  an  equation  of  the  form* 

•  Like  equation  (23.4),  this  equation  is  obtained  directly  from  wave 
equation  (23.3)  by  substitution  ol  X  =  h/prw  (the  de  Broglie  relation)  and 
E  =  pr*®*/2  (<i)  is  the  angular  velocity  of  the  atoms). 
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I  I  2n 

“r  dy*  '  ^  '  F 


Eml'l>  =  0 


(36.1) 


where  )i  is  the  reduced  mass  of  the  molecule  equal  to 


|i 


ni|  +  m. 


(m,  and  m,  are  the  masses  of  the  atoms)  and  x,  y,  z  are  the 
relative  coordinates  of  the  nuclei  (x  =  x,  —  x,.  y  =  y,  —  y,, 
z  —  z, — z,)  connected  with  the  internuclear  distance  r  by  the 
relation 

r*  =  x-4-y'  +  z*. 

To  a  first  approximation,  it  may  be  considered  that  the  dis¬ 
tance  between  the  nuclei  remains  unchanged  when  the  molecule 
rotates  (rigid  rolalor)  and  is  equal  to  the  equilibrium  distance  r„. 
Introducing  the  spherical  coordinates  r,.  6,  <p,  which  are  connected 
with  the  rectangular  coordinates  x,  y,  z  by  the  relations 

x  =  r,  sin  6cos  q),  y  =  r,  sin  dsin  q).  z  =  r„cos9, 


and  designating  the  constant - — 5 —  (I 

inertia  of  the  molecule  equal  to  l,  =  prj)  by 


is  the  moment  of 

(36.2) 


we  transform  equation  (36.1)  to  the  form 


1  d  /  .  ^'l>  )  I  I 

sill  ^  ^Sin  J  I  silt*  ^  dq>* 


lr>=o- 


(36.3) 


It  will  readily  be  seen  that  this  equation  is  identical  with 
equation  (24.4)  and  may  be  obtained  from  it  by  substituting  qi 
in  place  of  function  S  and  E,„,/hB,  in  place  of  the  constant  X. 
Whence  it  follows  that  the  solutions  of  equation  (36.3)  are 

q,  =  0(d)(l)(qi). 

which,  after  taking  into  account  the  functional  relationships  of 
0  and  <P.  are  written  as  follows: 

i!lL  HI + 

’I>,01==  tJM  =(1  —  X*)  *  — l)Je'MT,  x  =  cosd  (36.4) 

(cf.  (24.8)  and  (24.10)).  Here,  J  and  M  are  integers,  and  from 
(36.4)  it  follows  that  M^^J. 
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The  energy  values  E„,  that  correspond  to  the  fundamental  func¬ 
tions  (36.4)  are  of  the  form 

E,„  =  hB,J(J  +  l).  (36.5) 

It  will  be  noted  that  this  formula  may  be  obtained  without  solving 
equation  (36.3).  Indeed,  noting  that  the  number  J  plays  the  part 
of  number  /.  which  appears  via  a  solution  of  the  Schrodingcr 
equation  for  the  H  atom,  and  substituting  /  =  J  and  X=E„,/hB, 
into  equality  (24.9),  which,  obviously,  holds  true  also  in  the 
given  case,  we  arrive  directly  at  expression  (36.5). 

The  number  J,  which  takes  on  the  values  0,  1.  2 . is  called 

the  rotational  quantum  number  and  according  to  (36.5)  determines 
the  rotational  energy  of  the  molecule.  The  number  M  characterises 
the  magnitude  of  the  projection  of  vector  J  on  a  given  direction 

(9  =  0),  and  M=±J.  ±(3  —  1) . 0.  If  this  direction  is 

specified  by  an  external  magnetic  field,  M  is  the  magnetic  quantum 
number  (cf.  p.  251).  Since,  in  the  absence  of  an  external  field,  each 
rotational  state  of  a  molecule  represents  2J  +  1  states  with  the 
same  energy,  which  states  are  characterised  by  appropriate  values 
of  M,  the  statistical  weight  of  the  given  rotational  state  is  equal 
to  2J-I-1. 

Designating  the  angular  momentum  vector  of  a  rotating  molecule 
by  SPJ.we  can  represent  the  energy  of  rotation  as 


Comparing  this  expression  with  expression  (36.5),  we  get,  for  the 
angular  momentum, 

©  =  hl/J  (J+  1) 

(cf.  (24.20)). 

As  follows  from  (36.5),  the  rotational  energy  of  a  molecule  is  a 
quantised  quantity;  on  the  basis  of  this  expression  for  rotational  terms 

T„.  =  %-  =  B,J(J  +  1)  (36.6) 

we  get  the  following  values: 

J  0  1  2  3  4  5  ... 

T„,  0  2B.  6B.  I2B.  20B,  30B,  . . , 

The  corresponding  levels  are  shown  in  Fig.  77. 

Expression  (36.5)  for  the  rotational  energy  of  a  molecule  is 
obtained  on  the  assumption  that  the  internuclear  distance  remains 
constant  (rigid  rotator).  In  reality,  however,  due  to  a  centrifugal 
force  the  molecule  is  somewhat  stretched,  and  the  equilibrium 
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distance  is  dependent  on  the  quantum  number  J.  In  this  case, 
calculation  of  the  rotational  energy  of  a  molecule  (to  a  second 
approximation)  leads  to  the  expression 

E„„  =  hB,J  (J  +  I)  +  hD.J’  (J  +  I )’  (36.7) 


where  D,  is  a  constant  (D,  B„).  Due  to  the  smallness  of  D„,  the 

difference  between  the  more  precise  expression  (36.7)  and  expres¬ 


sion  (36.5)  is  not  essential  for  not  too  large  J. 

Fine  structure  of  rotational  terms.  The  rota¬ 
tional  energy  of  a  molecule  is  expressed  by  for¬ 
mula  (36.5)  only  in  the  relatively  rare  case  when 
the  total  angular  momentum  of  the  molecule  J 
is  completely  deterinined  by  the  rotation  of 
the  nuclei.  In  the  general  case,  however,  the 
vector  J  is  composed  (in  addition  to  the  angular 
momentum  vector  of  nuclei  tUt)  of  vectors  that 
characterise  the  motion  of  the  electrons  in  the 
molecule,  as  may  be  seen  from  Fig.  74.  Thus,  for 
the  three  cases  (Hund's  cases  a,  b,  and  c)  consi¬ 
dered  in  the  previous  section,  we  have: 


a)  J  =  )»J  +  Q, 

b)  J=a»J-t-.V  +  S  = 

c)  j='ioi4-n. 


--K  +  S. 


) 
■  5 


- f 

- 0 

Ftf(.  77-  Rolalioiidl 
terms  of  diatomic 
molecule 


Accordingly,  for  the  rotational  energy  of  nuclei 

OJI" 


F  — : _ 


we  get ' 


a)  E„,  =  hB.(J(J  +  l)-Q’).  1 

b)  E„.  =  hB.[K(K+l)-A‘].  [ 

c)  E„,  =  hB,[J(J+l)-«')-  J 


(36.8) 


We  note  that  in  the  case  of  A  =  0  and  S  =  0.  i.e.,  in  the  case 
of  '2-ferms  (and  also  0-terms)  all  three  expressions  for  pass 
into  (36.5). 

From  equality  (36.8)  there  follows  the  following  important 
limitation  lor  the  quantum  numbers  J  and  K.  namely,  due  to 
E,„,  ^0,  the  conditions  J^Q  and  K>A  must  be  fulfilled.  And 
so  the  values  J=0  (in  the  case  of  integral  J)  and  K  =  0  are 
possible  only  when  Q  =  0  and,  consequently,  when  A  =  0.  But 


*  The  squares  of  the  vectors  J  and  K  are  equal  to  h*J(J-f-l)  and 
l,>K(K-f-l).  respectively;  whereas  the  squares  o(  Q  and  A.  which  are  projec¬ 
tions  of  vectors  L-j-S  and  L  on  the  axis  of  the  molecule,  are  equal  to 
h*n'  and  h'A'. 
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when  Q^O,  A  >  0.  the  minimum  values  of  J  and  K  are  deter¬ 
mined  by  the  values  of  Q  and  A  (for  example,  for  term  'AK„,„=2); 
here,  the  numbering  of  rotational  terms  must  begin  with  these 
minimum  values  of  J  and  K. 

Now  let  us  turn  directly  to  the  problem  of  the  fine  structure 
of  rotational  terms.  Experiment  shows  that  in  most  cases  the 
rotational  terms  exhibit  a  peculiar  splitting  (fine  structure),  the 
magnitude  of  which  increases  with  J  (or  K).  From  this  fact  alone 
it  follows  that  this  splitting  must  be  connected  with  interaction 
between  the  motion  of  electrons  and  the  rotation 
of  nuclei.  To  prove  this  we  give  the  following  facts.  Splitting  of 
rotational  levels  is  not  observed  in  the  case  of  terms  '2.  where 
the  relationship  between  the  rotational  energy  and  the  quantum 
number  J  is  uniquely  determined  by  formula  (36.5).  This  rela¬ 
tionship  (parabola)  is  graphically  shown  in  Fig.  78a.  From  this 
standpoint,  precisely  in  the  case  of  term  '2  there  should  be  no 
interaction  between  electron  motion  and  nuclear  rotation,  since  in 
this  case  A  =  0  and  S  =  0. 


Fig.  78.  Rotational  energy  ol  molecule  as 
a  function  of  the  rotational  quantum  num* 
ber  in  the  case  ol  electron  terms  *X  (a). 
*2(b).  *2(0 


Further,  experiment  shows  that  the  rotational  levels,  in  the 
case  ol  term  '2,  exhibit  splitting  into  two  components,  the 
magnitude  of  which  increases  with  J.  In  this  case  the  dependence 
of  E,„,  upon  J  is  graphically  expressed  by  two  parabolic  branches 
(Fig.  78  b).  In  the  case  of  the  terms  ’2  we  have  three  such 
branches  (Fig.  78c).  Obviously,  in  the  two  latter  cases  one  can 
only  speak  of  interaction  between  the  vectors  S  and  SBl(S.  SOI), 
because  here  A  =  0.  as  in  the  first  case.  We  can  visua'.ise  this 
interaction  as  follows.  In  a  magnetic  field  imposed  by  rotation 
of  nuclei,  vector  S  is  oriented  in  accord  with  the  laws  of  space 
quantisation,  i.e.,  the  number  of  different  orientations  of  S  and, 
hence,  the  tiumber  of  splitting  components  is  equal  to  2S+1. 
Applying  this  rule  to  the  terms  '2.  '2.  and  ’2.  for  which  S  is 
equal  to  0,  1/2,  and  1,  respectively,  we  find,  for  the  number  of 
components  of  the  fine  structure  of  rotational  levels,  1,  2,  and 
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3  —  in  complete  agreement  with  experiment.  Increase  in  the  mag¬ 
nitude  of  splitting  with  J  is  associated  with  increase  in  the 
magnetic  interaction  of  vectors  S  and  aJl;  this  increase  is  due  to 
a  build-up  of  the  intramolecular  magnetic  field  with  rotation  of 
the  molecule. 

Let  us  examine  some  more  facts.  In  the  case  of  terms  that 
correspond  to  values  A>0.  we  find  splitting  of  each  rotational 
level  into  two  components,  irrespective  of  the  multiplicity  of  the 
term,  as  is  shown  in  Fig.  79  a.  b,  and  c  for  ‘n-,  '11-  and,  ’II- 
terms.  Here,  the  magnitude  of  splitting  also  increases  with  J 
(or  K).  The  fact,  observed  in  these  cases,  that  the  character  of 


Fig.  79.  Rotational  energy  ot  molecule  as  a  function 
of  the  rotational  quantum  number  in  the  case  of 
electron  terms  'll  (aj.  *11  (b).  ’ll  (c) 


splitting  is  independent  of  the  multiplicity  of  the  term  (i.e..  of 
S)  is  an  indication  that  the  splitting  here  should  be  due  to  inter¬ 
action  between  vectors  A  and  ■DM.  The  growth  of  the  magnitude 
of  splitting  with  rotation  of  the  molecule  (J)  indicates,  further,  a 
magnetic  type  of  interaction. 

As  has  already  been  pointed  out  (p.  325),  all  terms  that  correspond 
to  values  A>0,  are  doubly  degenerate  due  to  the  fact  that  the 
same  energy  corresponds  to  the  values  +A  and — A.  For  this 
reason,  when  there  arises  an  intramolecular  magnetic  field  due  to 
the  rotation  of  the  molecule,  each  such  term  is  split  into  two  com¬ 
ponents  {-|-  and  — )  as  is  the  case  when  an  external  magnetic 
field  is  superposed  on  an  electric  field  (see  p.268).  This  type  of 
splitting  ot  rotational  terms  (see  above)  is  called  A-lype  doubling. 

As  regards  the  interaction  of  S  and  9W  in  the  case  of  11-,  A-, 
etc.,  terms,  we  find  that  here,  in  the  case  of  weak  rotation  (small  J), 
there  is  strong  interaction  between  S  and  A,  which  leads  to  term 
splitting  independent  of  rotation  (multiplet  structure  of  a  term 
similar  to  the  natural  splitting  of  atomic  terms).  As  the  rotation 
increases  the  (S,  SIM)  interaction  becomes  stronger;  this,  however, 
leads  only  to  closer  approaching  of  the  components  of  the  multi¬ 
plet  term  (Fig.  79b  and  c). 

Properties  of  symmetry  of  rotational  terms.  Let  us  consider  the 
extremely  important  properties  of  rotational  terms  associated 
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with  the  ^ymnielry  of  appropriate  wave  functions.  If  ipei  denotes 
the  electronic  wave  function  and  the  rotational  wave  function, 
their  product,  t  = ’I’a’I’m! •  >s  'he  wave  function  that  characterises 
the  rotational  term  belonging  to  the  corresponding  electronic 
state  of  the  nioltcule.  Each  of  the  functions  and  may  be 

ymitive  or  negative  depending  on  whether  the  sign  of  the  function 
changes  with  a  change  in  sign  of  all  coordinates  of  electrons  and 
nuclei  (if\,)  and  with  change  of  the  sign  of  the  coordinates  of  the 
nuclei  alone,  i.e,,  when  the  sense  of  rotation  is  reversed 
It  then  turns  out  that  the  functions  \p,„,  corresponding  to  even 
values  of  the  number  J  are  positive,  and  to  odd  J,  negative. 

Therefore,  in  the  case  of  a  positive  electron¬ 
ic  function  ('p.,*).  all  rotational  terms  cor¬ 
responding  to  even  J  will  be  positive:  'p*= 
’I’.i-’l’.'  •••  =  while  the 

terms  corresponding  to  odd  J,  will  be  neg¬ 
ative:  ip.  =  'P.it'P,. 'P.i  +  'pj.  ■  With  a  neg¬ 
ative  electronic  function  (rp,.!-).  'he  case 
is  reversed,  namely:  there  will  be  negative 
rotational  terms  for  even  J:'P- =’pi|.'po. 
't’.-i-’f’s  -•  ••  3nd  positive  for  odd  J:ipj,= 

=  ’I’.i-'t’..  •  ••  Thus,  in  the  case  of 

2-terms,  the  corresponding  rotational  terms 
will  alternately  be  positive  (  +  )  and  neg¬ 
ative  ( — )  as  is  shown  in  Fig.  80a  for 
the  term  2*. 

In  the  case  of  IT-,  A-,  etc.,  terms,  one  of 
the  components  of  A-type  doubling  of  each 
rotational  term  will  be  positive  and  the 
other,  negative  (Fig.  80  b). 

Unlike  molecules  with  different  nuclei,  in 
the  case  of  molecules  with  identical  nuclei, 
a  change  in  sign  of  the  coordinates  of  the 
nuclei  alone  (transposition  of  nuclei)  is  possible  in  addition  to  a 
change  in  sign  of  the  coordinates  of  electrons  and  nuclei,  which 
changes  lead  to  positive  and  negative  electronic  wave  functions  (ip,,.^ 
and  ip,|.)  and.  accordingly  to  “4-"  and  “  — "  electronic  terms. 
As  has  been  pointed  out  above  (p.  326).  this  leads  to  even  (g)  and  odd 
(u)  electronic  terms  of  a  molecule.  If  the  molecule  is  in  rotation, 
we  distinguish  iyrnmetric  (s)  and  antisymmetric  (a)  rotational 
terms,  the  symmetric  being  all  positive  and  even  or  all  negative 
and  odd  terms,  while  the  antisymmetric  are  all  positive  and  odd 
or  negative  and  even  terms.  Thus,  rotational  terms  that  correspond 
to  this  electronic  term  become  symmetric  (s)  and  antisymmetric  (a) 
in  alternation: 
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Fig.  80.  Positive  and  neg¬ 
ative  rotational  terms  in 
the  case  of  electron  terms 
Z*  fa)  and  ft  (b) 
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.  M’.i-,,.  .  't.itu’l:... . •••  —  S. 

't’.i.g'l’,. . .  . 't.i-K'f. . —  a 

The  components  of  A-type  doubling  n-.  A-.  etc.,  terms  have 
different  symmetry  (s  and  a).  To  illustrate  the  properties  of  sym¬ 
metry  of  rotational  terms.  Fig.  81  gives  level-diagrams  of  the 
2^-term  for  cases  when  the  positive  terms  (Fig.  81  a)  and  the 
negative  terms  (Fig.  81  b)  are  symmetric. 

Selection  rules.  A  rotational  quantum  number  obeys  definite 
selection  rules,  like  the  quantum  numbers  that  determine  the 
energy  states  of  atoms.  Since  J  determines  the  wave  function  of 
the  same  type  as  the  orbital  quantum  number  /.  the  selection  rules 
for  both  numbers  must  be  the 
same.  Thus,  for  J  we  have 

AJ  =  ±  1  (36.9) 

(cf.  A/  =  ±  1.  p.  237). 

However,  the  selection  rule 
(36.9)  holds  only  in  the  case  of 
A  =  0.  For  A=^0, 

AJ=0.  ±1.  (36.10) 

We  also  note  that  in  the  case  of 
spectra  of  so-called  Raman  scat¬ 
tering  of  light  (Sec.  39),  the 
quantum  number  J  can  also 
change  by  ±  2. 

Another  important  selection  rule  is  the  rule  for  combining 
positive  and  negative  rotational  terms,  according  to  which  transi¬ 
tions  with  radiation  or  absorption  of  light  can  occur  only  between 
positive  and  negative  terms,  i.e.,  only  the  following  radiative 
transitions  are  possible: 

—  and  — (36.11) 

Fig.  81a  shows  that  this  rule  does  not  contradict  rule  AJ  =  +; 
^1  (36.9).  Moreover,  from  Fig.  81b  it  follows  that  to  each 
transition  J  +  1  — ■  J  in  the  rotational  spectrum  (see  Sec.  38)  of 
a  diatomic  molecule  there  will  correspond  not  four  componenls 
but  two  (-) - ► —  and - '+)• 

For  the  Raman  spectra  we  have  the  reverse  selection  rule, 
namely.  and  — «-* — .  while  combinations  between  posi¬ 

tive  and  negative  terms  are  forbidden.  This  is  also  in  agreement 
with  the  selection  rule  AJ=0,  ±2  for  Raman  scattering  of  light 
(see  p.  381). 


J 

S- 

4~ 

3- 

i- 
/  - 
o- 


aj 


5 

-  $ 

‘*s 

, 

1  Jl 

a 

•  +  s 

— ^  4  a 

bj 


Fig.  SI.  Properties  of  symmetry  of 
rotational  terms  of  the  same  nu.'lei 
in  the  case  of  ii-states  (A=0) 
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In  the  case  of  molecules  with  the  same  nuclei,  on  the  basis  of 
the  selection  rule  +  <-E  —  (36.11)  and  g<-»u  (see  p.  337)  we  also 
have  the  following  selection  rule:  only  symmetric-symmetric  and 
antisymmetric-antisymmetric  combinations  of  terms  are  possible: 

s*-*s  and  a  ♦-►a.  (36.12) 

Following  directly  from  the  selection  rule  (36.12)  in  accordance 
with  the  fact  that  the  rotational  terms  of  a  molecule  are  alternate¬ 
ly  symmetric  and  antisymmetric  is  the  impossibility  of  combi¬ 
nation  of  rotational  terms  of  a  molecule  with  identical  nuclei. 
Consequently,  such  molecules  as  H‘H‘.  0'*0'*,  CI”C1”.  etc.,  cannot 
e.xhibit  a  rotational  spectrum,  in  contrast  to  the  molecules  HD. 
0'‘0''.  CF'CI”.  etc. 

We  note  that  from  the  classical  viewpoint  the  absence  of  a  ro¬ 
tational  spectrum  in  the  case  of  molecules  with  identical  nuclei  is 
due  to  symmetry  of  the  molecule,  as  a  result  of  which  the  dipole 
moment  of  the  molecule  does  not  change  when  passing  from  one 
state  into  another.  But  in  the  case  of  molecules  with  different 
nuclei,  the  electrical  centre  of  the  molecule  does  not  coincide  w'ith 
the  centre  of  gravity  so  that  when  the  state  of  the  molecule  changes 
(with  a  change  in  the  state  of  rotation,  for  example)  its  dipole 
moment  changes.  This  is  what  leads  to  the  nonzero  intensity  of 
the  spectrum. 

Ortho-  and  para-states.  Since  the  combinations  s^-^a  and 
AJ  >  1  are  forbidden,  the  rotational  terms  of  a  molecule  having 
identical  nuclei  are  divided  into  two  groups  of  terms  that  do  not 
combine  (s  and  a).  Taking  into  account  nuclear  spin,  we  must 
assign  to  each  group  of  terms  different  statistical  weights.  Indeed, 
for  a  complete  characterisation  of  the  rotational  term  of  a  mole¬ 
cule  it  is  necessary  that  we  take  into  account  also  the  w'ave  function 
If’,  that  corresponds  to  nuclear  spin  (spin  function).  Allowing  for 
separation  of  variables  in  the  wave  equation,  we  can  write  the 
total  wave  function  of  a  molecule  In  the  form  or 

where  V,  and  'F,  are  wave  functions  that  correspond  to  its  sym¬ 
metric  and  antisymmetric  states. 

Having  in  view  a  molecule  whose  nuclei  have  spin  1/2  (such, 
for  example,  is  the  hydrogen  molecule  H,)  and  introducing,  for 
a  description  of  the  state  of  a  nucleus  corresponding  to  a  positive 
value  of  the  projection  of  spin  (-|-  1,2).  the  spin  function  a.  and 
for  a  state  with  negative  projection  of  spin  ( — 1/2).  the  spin 
function  p.  we  will  have  the  following  four  functions  (cf.  p.  201) 
representing  the  general  spin  factor  of  the  total  wave  function: 

'l>.  =  a(l)P(2)-a(2)P(l). 
tl>.=a(l)P(2)-l-a(2)P(l). 


See.  3f>l 
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ii>,=a(I)a(2). 

Obviously,  the  first  of  these  functions  is  antisymmetric  (since  it 
reverses  its  sign  upon  transposition  of  nuclei)  and  the  other  three 
are  symmetric.  Consequently,  the  total  wave  function  will  he 
symmetric  for  combinations  and  and  antisymmetric 

for  combinations  and  'I'.vJ;,.  However,  since  only  such  states 

of  the  molecule  are  possible  that  correspond  to  antisymmetric 
total  wave  functions,  the  first  two  combinations  are  not  realised 
and  only  the  combinations  and  remain.  Here,  combi¬ 
nation  corresponds  to  rotational  terms  of  a  molecule  with 

even  J  (in  the  case  of  H,)  that  are  symmetric  terms,  while  com¬ 
bination  M'  ipi  corresponds  to  terms  with  odd  J  (antisymmetric 
terms),  .^nd  since  to  function  there  corresponds  the  value  of 
total  nuclear  spin  0  of  the  molecule  and.  hence,  the  statistical 
weight  of  the  appropriate  state  1.  while  to  (unction  <(),  there  cor¬ 
responds  spin  1  and  statistical  weight  3,  the  rotational  terms  will 
alternately  have  a  statistical  weight  of  unity  and  three. 

Terms  with  greater  statistical  weight  (in  the  case  at  hand  they 
are  the  antisymmetric  terms)  are  called  ortho-terms,  while  the 
terms  with  lower  statistical  weight  (the  symmetric  terms  of  the  H, 
molecule)  are  called  para-terms.  This  is  the  origin  of  the  ortho- 
and  para-hydrogen  modifications  that  diilcr  in  a  number  of  physi¬ 
cal  properties.  For  instance,  due  to  the  dilTerence  in  statistical 
weights,  there  is  a  difference  in  the  heat  capacity  of  the  two 
modifications  (it  is  particularly  great  at  low  temperatures).  This 
was  how  the  modifications  were  discovered. 

We  also  point  out  the  manifestation  of  ortho-  and  para-modi- 
fications  of  hydrogen  in  a  peculiar  alternation  of  line  intensity  in 
its  spectrum;  due  to  a  difference  in  the  statistical  weights  of  the 
symmetric  and  antisymmetric  rotational  states,  the  lines  of 
ortho-hydrogen  are  three  times  more  intense  than  the  lines  of 
para-hydrogen.  We  shall  return,  in  Sec.  40,  to  the  problem  of 
variable  intensities  of  spectral  lines  due  to  the  presence  of  ortho- 
and  para-terms. 

Rotational  terms  of  complex  molecules,  in  the  general  case,  a 
polyatomic  molecule  has  three  moments  of  inertia  that  correspond 
to  its  three  principal  axes*  and  are  expressed  by  the  formula 


*  The  principal  axes  are  the  three  mutually  perpendicular  axes  that 
pass  through  the  same  point  (usually  the  centre  ol  gravity);  relative  to 
these  axes  the  moments  of  inertia  of  the  molecule  have  maximum  or  mini¬ 
mum  values.  Plotting  on  the  principal  axes  quantities  that  are  reciprocals 
of  the  square  roots  of  these  moments  of  inertia,  we  obtain  the  eltipsoid  of 
inertia  of  the  molecule. 
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Ii  =  |lni,ri;  (36.13) 

where  m^  is  the  mass  of  the  *th  atom  and  is  its  distance  from 
the  respective  axis.  These  moments  of  inertia  are  called  principal 
momenti  oj  inertia.  In  the  case  of  symmetric  molecules,  the  prin¬ 
cipal  axes  are  always  axes  of  symmetry,  while  the  plane  of  sym¬ 
metry  is  always  perpendicular  to  one  of  the  principal  axes. 

As  in  the  case  of  the  diatomic  molecule,  the  principal  moments 
of  inertia  of  polyatomic  molecules  are  the  main  parameters  that 
determine  their  rotational  energy.  Depending  on  the  geometrical 
structure  of  the  molecule,  we  obtain  different  expressions  for  the 
rotational  energy.  The  simplest  case  is  that  of  linear  polyatomic 
molecules.  Here,  as  for  diatomic  molecules,  when  the  projection 
of  the  momentum  of  the  electrons  on  the  axis  of  the  molecule  is 
zero  (.\  =  0.  S-state),  the  moment  of  inertia  relative  to  this 
axis  may  be  considered  equal  to  zero,  and  the  expression  for  the 
rotational  energy  has  the  form  of  (36.5).  VVe  note  that  the  ground 
stales  01  all  known  linear  polyatomic  molecules  are  2-stales.  For 
stales  having  .\=;=0,  the  rotational  energy  is  expressed  by  for¬ 
mula  (36.8)  a)  or  b).  In  the  case  of  a  linear  molecule,  the  quan¬ 
tities  r,,  in  the  expression  of  the  moment  of  inertia  (36.13)  that 
enters  into  the  rotational  constant  (36.2)  are  distances  of  the 
atoms  from  the  centre  of  gravity  of  the  molecule. 

Equation  (36.5)  also  expresses  the  rotational  energy  of  those 
symmetric  molecules,  all  three  moments  of  inertia  of  which  are 
equal.  Such,  for  example,  are  the  molecules  CH,,  CCI,,  P,,  SF,, 
etc.  It  is  to  be  noted,  however,  that  by  virtue  of  certain  specific 
properties  of  symmetry  the  statistical  weight  of  the  rotational 
levels  of  these  molecules  (called  spherical  top  molecules)  is  not 
given  by  the  formula  2J  I,  which  is  valid  in  the  case  of  diatom¬ 
ic  and  linear  polyatomic  molecules,  but  has  a  more  involved 
expression  that  differs  for  different  types  of  symmetry  of  rotational 
levels. 

Next  in  structural  complexity  of  rotational  levels  of  polyatom¬ 
ic  molecules  is  the  symmetric  lop  molecule.  Molecules  that  belong 
to  this  type  of  symmetry  have  two  different  moments  of  inertia 
(the  moments  of  inertia  relative  to  the  principal  axes,  normal 
to  the  axis  of  the  molecule,  coincide).  The  symmetric-top  type 
includes,  among  others,  all  molecules  with  axes  of  symmetry  of 
an  order  above  two.  for  instance,  BCI,  (planar  molecule),  NH„ 
PCI,  (pyramidal  molecules).  CH.CI,  and  others.  The  rotational 
energy  of  these  molecules  is  expressed  by  the  formula 

E„,  =  hBJ(J-{-l)  +  h(A  — B)K*. 


(36.14) 


See.  36) 
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Here,  A  and  B  are  the  rotational  constants,  equal  to 


A 


h 

4.11,, 


and 


(36.15) 


Ia  is  the  moment  of  inertia  relative  to  the  axis  of  the  molecule, 
1b  is  the  moment  of  inertia  relative  to  the  axes  that  are  perpen¬ 
dicular  to  the  axis  of  the  molecule,  J  and  K  are  the  rotational 
quantum  numbers,  and 

J=K,  K-fl,  K  +  2 .  (36.16) 

K  =  0,  1,  2,  3.  ...  (36.17) 

Finally,  in  the  most  general  case  we  have  molecules  with  three 
noncoinciding  moments  of  inertia.  Such  molecules  belong  to  the 
asymmetric-top  type.  In  the  case  of  the  asymmetric  top.  solution 
of  the  wave  equation  leads  to  polynomials  to  the  power  2J  +  1 
(J  is  the  rotational  quantum  number),  from  which  it  is  possible 
to  calculate  the  rotational  energy  of  the  molecule  as  a  function 
of  its  three  moments  of  inertia.  Thus,  the  rotational  energy  of  an 
asymmetric  top  molecule  may  be  represented  by  a  definite  for¬ 
mula  only  in  the  case  of  small  J.  To  each  value  of  J  there  cor¬ 
respond  2J  +  1  values  of  rotational  energy,  hence,  2J  -|-  1  rotational 
levels.  It  is  common  to  designate  these  levels  by  the  symbols  J,, 

where  t  =  J,  J  —  I,  ...  0 .  — J  +  1.  —  J-  The  lowest 

level  is  J_j,  the  highest,  — Jj. 

In  addition  to  the  rotation  of  a  molecule  as  a  whole,  in  certain 
cases  the  rotation  of  one  part  of  the  molecule  relative  to  another 
is  possible.  Such  internal  rotation  is  evident  from  the  existence 
of  what  is  known  as  rotational  isomerism  of  molecules  with  simple 
bonding,  and  also  from  a  number  of  other  physico-chemical  proper 
lies  of  molecules  with  simple  bonds  (o-bonds).  Theoretical  and 
experimental  investigations  into  internal  rotation  show  that  it  is 
practically  never  completely  free;  due  to  a  certain  potential  bar¬ 
rier  that  separates  different  equilibrium  positions  of  the  rotating 
parts  of  the  molecule  and  is  conditioned  by  the  fact  that,  ordina¬ 
rily,  the  axis  of  symmetry  is  an  axis  of  a  finite  (mostly,  third) 
order,  internal  rotation  is  always,  to  one  degree  or  another, 
hindered  (restricted). 

Calculations  of  the  energy  of  infernal  rotation  show  that  it  is 
quantised  like  the  energy  of  rotation  of  the  molecule  as  a  whole. 
Thus,  in  the  simplest  case  of  a  symmetric  or  nearly  symmetric 
top  molecule  (such,  (or  example,  is  the  molecule  CH,OH)  and  on 
the  assumption  of  free  rotation,  we  have  the  following  expression 
for  the  energy  of  internal  rotation: 

p  _ h  ( k  k— V 

tim.ot  — d  A  V  ■  aJ 


(.36.18) 
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where  k  and  k,  are  quantum  numbers  that  assume  the  follow¬ 
ing  values: 

k=  ±K  and  k,=0,  ±1,  ±2 . 


and  A,  A,,  and  A,  are  rotational  constants  equal  to 


A  = 


l> 

4nlA  ■ 


and 


(36.19) 


Here,  Ia  is  the  moment  of  inertia  of  the  molecule  relative  to  its 
axis,  while  l'"  and  Ij”  are  moments  of  inertia  of  parts  of  the 
molecule  rotating  one  relative  to  the  other  about  the  same  axis. 
Thus,  the  total  energy  of  rotation  of  a  symmetric  top  is  expressed 
by  the  sum 

E,„,  =  hBJ(J  +  l)-fh(A-B)K*  +  h^‘(k,-kA)’.  (36.20) 

Free  rotation  is  one  limiting  case  of  the  internal  rotation  of 
a  molecule.  Another  limiting  case  is  totally  restricted  rotation, 
which,  essentially,  is  torsional  oscillations  (see  below,  p.  361). 
A  theoretical  investigation  of  internal  rotation  shows  that  as  the 
height  of  the  potential  barrier  rises  above  zero  (free  rotation)  to 
a  sufficiently  large  value,  which  increase  leads  to  complete  restric¬ 
tion  of  rotation,  the  levels  of  free  rotation  (36.18)  gradually  pass 
into  levels  of  torsional  oscillations.  Thus,  energy  levels  that  cor¬ 
respond  to  internal  rotation,  which,  as  has  already  been  pointed 
out,  is  always,  to  one  degree  or  another,  hindered  (restricted),  are 
levels  that  are  intermediate  between  those  of  free  rotation  and 
those  of  torsional  oscillations. 


37.  Vibrational  Terms 

Natural  vibration  frequencies  of  molecules.  In  the  least-energy 
state,  the  atoms  of  a  molecule  occupy  certain  equilibrium  positions 
characterised  by  specific  internuclear  distances,  which  are  called 
equilibrium  distances  (r,  and  r„).  if  this  equilibrium  is  upset  the 
atoms  perforrn  vibrational  motion.  If  the  amplitude  of  the  atomic 
vibrations  a  is  small  (small  vibrations),  variation  of  interatomic 
distances  with  time  obeys  the  law 

r  — r,  =  asin  2jT<i)t  (37.1) 

(harmonic  oscillations),  where  o)  is  the  vibrational  frequency  of  the 
molecule.  If  for  the  sake  of  simplicity  we  take  a  diatomic  mole¬ 
cule  and  expand  its  potential  energy  in  a  power  series  of  the  small 
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quantity  r  —  r^: 

(r  -  r..)  +  4  (r  -  rj'  +  . . .  .  (37.2, 

in  the  case  of  small  vibrations  we  can  confine  ourselves  to  the 
first  three  terms  of  the  expansion.  Since 


(the  condi¬ 
tion  o(  equilibrium),  the  second  term  in  this  expression  disappears 
and  the  interaction  force  of  the  atoms  becomes 


,  dU  /dW\  ,  .  ,  , 

f=-ar=-(ap-),=..<'^-^)  =  -Mr-rj 


(37.3) 


(quasi-elastic  force).  Substituting  (37.3)  into  the  equation  of  motion 
<l»(r  —  r,) 


df 


=  f, 


it  will  readily  be  seen  that  the  solution  of  this  equation  can  be 
represented  as  (37.1).  From  this  solution  we  get  the  following 
expression  for  the  vibrational  frequency; 

“=2);/^  (37-1) 

The  quantity  k  is  called  the  quasi-elastic  (force)  constant. 

The  mechanical  problem  of  small  vibrations  can  be  solved  in 
the  case  of  a  polyatomic  molecule  a>  well.  From  the  solution 
of  this  problem  it  follows  that  in  the  general  case  a  molecule 
consisting  of  N  atoms  has  3N — 6  different  vibrational  frequencies. 
This  number  can  also  be  obtained  from  the  following  reasoning. 
An  N-atomic  molecule  has  3N  degrees  of  freedom,  of  which  3  are 
degrees  of  freedom  of  translational  motion  of  the  molecule  as 
a  whole  and  3  are  rotational  degrees  of  freedom.  Deducting  these 
six  degrees  of  freedom,  we  get  3N  —  6  vibrational  degrees  of  freedom 
and,  hence,  in  the  general  case,  3N — 6  different  frequencies.  In 
the  case  of  a  linear  molecule  with  only  two  rotational  degrees  of 
freedom,  the  number  of  vibrational  frequencies  is  3N  —  5.  Further, 
in  the  case  of  symmetric  molecules,  such  as  CO,,  CH,,  CCI,,  etc., 
certain  frequencies  coincide  (degeneracy)  and  the  total  number  of 
different  frequencies  is  less  than  that  calculated  from  previous 
equations.  To  take  an  example,  in  the  case  of  CO,,  the  normal 
vibrations*  of  which  are  depicted  in  Fig.  82.  these  coincident 
frequencies  are  the  two  frequencies  <i),  that  correspond  to  vibrations 


•  Normal  vibrations  are  simple  (linear)  oscillatory  motions  representing 
components  of  the  complex  vibrational  motion  of  the  molecule  as  a  whole. 
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of  the  molecule  in  two  mutually  perpendicular  planes  (bending 
vibrations).  This  vibration  is,  therefore,  degenerate. 

To  a  doubly  degenerate  bending  vibration  of  a  linear  symmetric 
triatomic  molecule  there  corresponds  a  simple  (nondegenerate)  vibra¬ 
tion  of  a  symmetric  triatomic  molecule  of  triangular  shape,  such 


Uf, 


iO 


fig.  82.  Vibrations  oi  linear  triatomic 
molecule 


as  the  molecule  of  water  H,0.  Such  a  molecule  has  three  rotational 
degrees  of  freedom  and,  hence,  3X3  —  6.  or  three  (and  not  four) 
vibrational  degrees  of  freedom.  Three  normal  vibrations  of  the 


fig.  83.  Vibrations  of  symmetric  triatomic  molecule  of  triangular  shape 


molecule  YXY  of  triangular  shape  are  shown  in  Fig.  83.  Of  nine 
normal  vibrations  of  molecule  CH,  (or,  in  the  general  case,  any 
tetrahedral  molecule  of  type  XY,),  one  is  simple,  one  is  doubly 
degenerate  (two  normal  vibrations)  and  two  are  triply  degenerate 
(si.\  normal  vibrations).  And  so  in  place  of  nine  we  have  only 
four  different  frequencies. 

We  note  that  to  a  simple  vibration  there  corresponds  a  statisti¬ 
cal  weight  of  f,  to  a  doubly  degenerate  vibration,  2.  etc.  Fig.  84 
gives  12  normal  vibrations  of  a  planar  molecule  of  type  X,Y. 
(for  example,  C,H,  or  C,D,). 

Vibrational  terms  of  a  diatomic  molecule.  The  vibrational 
energy  of  a  molecule,  which  is  a  quantised  quantity,  may  be  deter¬ 
mined  from  experimental,  mostly  spectroscopic,  data.  The  quantised 
vibrational  energy  is  also  obtained  theoretically,  from  a  solution 
of  the  wave  equation  describing  the  vibrational  motion  of  the 
molecule.  In  the  simplest  case  of  a  diatomic  molecule  (upon 
assumption  of  separation  of  variables),  the  wave  equation  for 


See.  371 
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vibrations  has  the  form 


(r) 

dr* 

—  U(r)]>|)(r)=0 

(37.5) 

or 

d’lfie)  , 
do* 

—  U(Q)l)i)(Q)=0 

(37.5a) 

where 

represents  the  relative  change  in  interatomic  distance  and  I,  is 
the  moment  of  inertia  of  the  molecule.  We  shall  call  function 


Fig.  84.  Normal  vibrations  of  molecule  (the  mass  of  the  X  atoms 
is  greater  than  that  ol  the  Y  atoms) 


tti(r)  or  t|)(e)  the  vibrational  wave  function.  The  quantity  in 
equations  (37.5)  and  (37.5a)  represents  the  vibrational  energy  of 
the  molecule  calculated  from  these  equations.  The  vibrational  levels 
of  the  molecule  are  obtained  as  a  set  of  the  eigenvalues  of  the  prob¬ 
lem  of  molecular  vibrations. 

To  solve  this  problem  we  can  take  advantage  of  the  following 
expression  of  potential  energy  U  (q)  proposed  by  Morse  (/Morse 
function  ): 


U(q)  =  D(1  — e-"')’. 


(37.6/ 
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The  Aiorse  function  gives  a  rough  idea  of  the  dependence  of  poten¬ 
tial  energy  of  a  molecule  on  the  interatomic  distance,  as  may  be 
seen  from  a  correlation  of  the  dashed  potential-energy  curve  of  the 
H,  molecule  (Morse  function)  and  the  solid  curve  calculated  by 
means  of  more  precise  methods  (Fig.  85).  As  is  evident  from 
Fig.  85,  and  also  from  (37.6),  the  difference  U  (oo)  —  U(0)  =  D. 
whence  it  follows  that  parameter  D  is  the  dissociation  energy  of 
the  molecule. 


Fig.  65.  Potential-energy  curves  of  H,  molecule  by  the 
Klein-Rydberg  method  (curve)  and  by  the  Morse  formula 
(dashed  curve) 


For  small  q  (small  vibrations)  the  Alorse  function  reduces  to 
tJ(0)  =  Da’Q*.  which  is  the  potential  of  quasi-elastic  force  f  =  — 
—  2Da*e/r,  =  — kr,,e  where  k  =  2Da’/rJ.  Consequently,  in  this 
case  the  molecule  is  an  harmonic  vibrator  (oscillator).  Substituting 
U  =  Da'o'  =  krjQ’/2  into  (37.5a)  we  obtain  the  equation  of  an 
harmonic  oscillator.  Solution  of  this  equation  yields 

E,i,  =  ha)(v-fi-)  (37.7) 

where 

=  (37-8) 

is  the  natural  frequency  of  the  oscillator.  The  number  v,  which 
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takes  on  the  values  0.  1.2 . is  called  the  vibrational  quan^ 

turn  number. 

From  equation  (37.7)  it  follows  that  the  vibrational  terms  of 
an  harmonic  oscillator 

T,,.  =  “(v+4)  (37.9) 


are  a  system  of  equidistant  terms,  the  difference  of  two  adjacent 
terms  being  equal  to  the  frequency  <o  (see  Fig.  86.  dashed  lines). 
Further,  according  to  (37.7)  the  minimum  value  of  vibrational 


energy  of  a  diatomic  molecule 
is  equal  to  (0)  =  ho>  2. 

E,, 11,(0)  is  called  the  zero  vibra¬ 
tional  energ!/. 

In  Fig.  86.  the  dashed  curve 
is  the  parabolic  potential  of  an 
harmonic  oscillator.  This  curve 
is  close  to  the  Morse  curve  only 
at  small  values  of  o.  It  therefore 
follows  that  equation  (37.7)  for 
the  vibrational  energy  of  a  mol¬ 
ecule  is  roughly  correct  only 
for  small  o.  A  more  precise  e,\- 
pression  for  the  vibrational  ener¬ 
gy  of  a  diatomic  molecule  is 
obtained  by  substituting  the 
Morse  function  (37.6)  into  the 
wave  equation.  In  this  case  the 


Fig.  86.  Vibrational  terms  of  a  dia* 
tomic  molecule;  the  dashed  lines  are 
theharmonic  oscillator,  the  solid  lines, 
the  anharinonic  oscillator  (after  .Worse) 


oscillations  are  no  longer  har¬ 
monic  (anharmonic  oscillator)  and  from  a  solution  of  the  wave 
equation  we  get  the  following  expression  for  the  vibrational  terms: 


Tvib  =  "(  v  +  y)  —  +  .  (37.10) 


In  this  expression,  the  constant  x,  called  the  anharmonicily  con¬ 
stant,  is 


ho) 

^ — iD- 


(37.11) 


The  main  steps  in  the  solution  of  equation  (37.5)  are  as  follows. 
By  means  of  the  Morse  function,  this  equation  transforms  as 

(y=e-“’') 


<l'i|>  I  1  di()  ,  21,  /  E„b  —  D  ,  2D  r.  \  n 

+  - hy-D  j'f'-O. 
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We  then  represent  function  xp  in  the  form  x|j  =  f  (y)/ Ky  and,  com¬ 
puting  and  xt)",  we  transform  the  equation  obtained  to 


where 


r+v(^+?°- 


0 


=  and  Q  = 


.  Eytb  D 


I 

4X*  • 


Let  ns  first  find  the  asymptotic  solution  of  the  latter  equation. 
This  solution  holds  lor  any  high  value  of  y.  Since,  in  this  case, 
w  e  can  ignore  terms  containing  y  in  the  denominator,  the  sought- 
lor  solution  should  satisfy  the  differential  equation 

r  — f=0. 

a* 


As  will  readily  be  seen,  the  solution  to  this  equation  has  the 
form  f,,  =  e'*  or  =  where  p'  =  (X'/a’)D.  Obviously,  only 
the  second  of  the  asymptotic  solutions  (f — -0  when  y — •  oc) 
satisfies  the  necessary  requirement  of  finiteness  of  function  f 
throughout  the  range  of  variation  of  the  variable  y  (cf.  p.  178). 

Appealing  to  the  general  solution  of  the  equation  for  function  f, 
we  gel 

l  =  C(y)e-r''. 

Calculating  f  and  substituting  I  and  f”  into  this  equation,  we 
get  the  following  differential  equation  for  C(y): 

C_2PC'  +  X'(^  +  ^JC  =  0. 


As  we  can  readily  see  by  means  of  simple  substitution,  the  solu¬ 
tion  of  the  latter  equation  has  the  form 

C  =  2b^y’-t-x. 

k 

Substituting  this  polynomial  into  our  differential  equation,  we  get 
(v  +  k)  (v-)-  k  —  1)  y-xx-r  —  2p  2  b,  (v-|-k)  y»-l-x-i  _j_ 

+  2p*  2  b,y ’'+X  - .  -I-  X’Q  2  b^y  +  X  - .  =  0, 

whence,  by  equating  the  coefficients  of  y’  +  x-',  we  find  the 
following  recurrent  equation  for  the  coefficients  of  the  polynomial: 

((v  +  k-f  l)(v  +  k)  +  VQ|b,^,  =  (2P(v  +  k)-2p*|b.. 

Again  taking  into  account  the  necessary  condition  of  finiteness 
of  the  polynomial  C,  we  limit  it  by  the  conditions  b,  =  0  and 
b,«,  =  0.  On  the  basis  of  these  conditions,  we  obtain  (from  the 
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recurrent  equation)  v(v-t-l)  =  —  X*Q  and  v-|-v-|-l  =  p  or.  elim¬ 
inating  V. 

-VQ=(p-v)(p-v-l)  =  p'-2p(v  +  4)+v(v  +  l). 

Substituting,  into  the  latter  equality,  the  value  of  Q  and  noting 
that  p’  =  (X*  a’)D.  we  find 

E.„=2p^^(v  +  i-)_^(v  +  ±)’. 

whence,  due  to  (37.8)  and  (37.11),  we  get 

Evit  =  ho)  (  V  + -i- )  —  hu.x  (  V y 

and,  hence,  arrive  at  (37.10). 

As  can  be  seen  from  expression  (37.10).  the  terms  of  the 
enharmonic  oscillator  are  no  longer  equidistant:  the  distance  be¬ 
tween  two  adjacent  terms  is  equal  to 

AT„„  =  <o  — 2,xo)(v+ 1),  (37,12) 

i.e.,  it  diminishes  with  increasing  quantum  number  v.  The  terms 
of  the  enharmonic  oscillator  are  shown  in  Fig.  86  (solid  lines). 

As  will  be  seen  from  equations  (37.10)  and  (37.12).  the  terms 
of  the  enharmonic  oscillator  converge  to  a  certain  limit  which  is 
determined  by  the  condition; 

AT,, ,,  =  0.  [1-2.  (v„,.-f  l)i  =  0 
or 


Substituting  this  value  of  v„,,  into  formula  (37.10)  and  using 
(37.11),  we  obtain  the  following  expression  lor  the  maximum 
vibrational  energy  of  a  diatomic  molecule- 

hT„„  =  J-;^(I-x’)  =  D(l-x’), 

which,  since  x'<^I  (see  below),  turns  into  the  expression 

hT„„=!^  =  D.  (37.13) 

From  this  expression  it  follows  that  the  vibrational  energy  of 
a  diatomic  molecule  cannot  exceed  its  energy  of  dissociation. 
It  may  be  added  that  the  thermal  dissociation  of  molecules  is 
connected  with  excitation  of  vibrations  which,  upon  attainment 
of  ''man  (convergence  limit  of  vibrational  terms),  leads  to  decom¬ 
position  of  the  molecule. 
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The  approximate  nature  of  the  Morse  function  is  evident  from 
the  fact  that  the  actual  terms  of  a  diatomic  molecule  can  be 
represented  by  formula  (37.10)  only  for  small  v.  From  spectroscop¬ 
ic  data  it  follows  that  the  best  approximation  is  the  formula 

T.,b  =  “(v +4-) —  •’«"(  v  +  y)’  +  y“(''4-4')  +•••  (37.14) 

The  quantities  x.  y,  etc.,  in  this  formula  ordinarily  satisfy  the 
relation  l^x’^y*^... 

Fiq.  87,  for  states  with  v  =  0,  1,  2,  3,  4,  and  10,  gives  the 
eigenfunctions  that  repre.scnt  solutions  of  the  wave  equation  (37,5a) 
in  the  case  of  an  harmonic  oscillator  (dashed  line),  and  also 
functions  which  determine  the  probability  of  finding  atoms 

at  a  distance  r  from  one  another  (solid  curves).  In  the  simplest 
case  of  a  zero  vibrational  state,  function  is  expressed  by 

the  following  formula  (with  an  accuracy  to  the  normalising  factor); 

=  ')>;  =  e-”‘, 

that  is  to  say,  it  is  a  Gauss  error  function.  As  can  be  seen  from 
Fig.  87,  in  the  states  with  v>0,  the  function  ijuf*  has  two  main 
maxima;  these  maxima  correspond  to  turning  points,  i.e.,  points 
at  which  the  relative  velocity  of  motion  of  the  atoms  in  a  classi¬ 
cal  o.scillator  reverses  sign  when  passing  through  zero,  and  sig¬ 
nify  that  the  appropriate  interatomic  distances  are  most  frequently 
realised. 

Vibrational  terms  of  polyatomic  molecules.  For  vibrational 
terms  of  a  triatomic  molecule,  various  authors,  by  solution  of  the 
appropriate  wave  equation,  obtained  an  expression  of  the  form 

T  (v,.  V.,  v,)  =  <.).  (v,-f4-)  +  “.  (v.4-4-)  +  “.  (v.  +  y)  + 

+  x,,  (v,-|--4)  +x„(v,  +  -i^  +*«.(v,  +  y)  + 

+  (v,  +  -^)  +  x„  (v,  4--^)  ^v,-f-4-)+ 

+  x..(v.  +  t)(''.  +  4-)4----  (37.15) 

Here,  v,,  v,,  and  v,  are  vibrational  quantum  numbers,  o),,  o),, 
and  <0,  are  frequencies  of  normal  vibrations  and  Xj^  are  constant  s 
of  anharmonicity  and  constants  of  mutual  coupling  of  vibrations: 
the  constants  x„,  and  x,,  correspond  to  the  anharmonicity 
constant  x  of  a  diatomic  molecule,  the  others  characterise  the 
mutual  coupling  of  vibrations  of  the  molecule.  To  illustrate 


MOLECULAR  SPECTRA 


(Ch.  8 


equation  (37.15).  we  give  in  Fig.  88  a  diagram  of  vibrational 
terms  of  a  molecule  of  water  as  determined  from  spectroscopic  data. 

A  natural  generalisation  of  (37.15)  for  the  case  of  an  N-atomic 
molecule  is  the  equation 


T(v,,  V . )=2“.  (''i  +  4-)  + 


(37.16) 


ir, 

-i- 


ur, 


JO- 
-9 
-8 
-7~ 
-6 
-5- 
-4 
-3 
-Z~ 
- 1 
-0- 


However.  it  must  be  said  that  the  vibrational  terms  have  been 
studied  experimentally  only  for  comparatively  few  triatomic 

molecules,  and  we  know  of  very 
few  molecules  with  the  number 
of  atoms  greater  than  three  for 
which  a  complete  diagram  of 
vibrational  terms  has  been  es¬ 
tablished.  But  for  a  rather  large 
number  of  molecules  we  have  a 
complete  set  of  vibrational  fre¬ 
quencies  exhibited  in  spectra. 

It  also  may  be  added  that  a 
characteristic  feature  of  vibra¬ 
tional  terms  of  polyatomic  mol¬ 
ecules  is  accidental  degeneracy, 
which  is  caused  by  close  coinci¬ 
dence  of  the  energies  of  two 
terms.  For  example,  we  have  such 
coincidence  in  the  case  of  the  CO, 
molecule,  which,  due  to  <i>,  = 
1337cm"' and  2(i),=  1334  cm"', 
has  nearly  coincident  levels  v,  =  l.  v,  =  0.  v,  =  0.  and  v,=0. 
v,  =  2  and  v,  =  0.  Due  to  this  resonance,  called  Fermi  resonance, 
there  occurs  a  mutual  perturbation  of  vibrational  terms,  the 
ellect  of  this  perturbation  being  their  displacement  in  opposite 
directions  (in  "mutual  repulsion”  of  terms).  As  a  result  of  this 
shift,  we  observe  departures  of  the  vibrational  energy  of  the 
molecules  from  the  regularities  expressed  by  equations  like  (37.15). 

In  connection  with  Fermi  resonance,  it  is  essential  to  point 
out  that  mutual  perturbation  of  vibrational  terms  occurs  only  in 
cases  when  these  terms  belong  to  the  same  type  of  symmetry. 
For  instance,  as  is  seen  from  Fig.  88,  two  vibrations  of  the  mole¬ 
cule  H,0  have  close  frequencies  (to,  =  3614  cm"'  and  0),= 
=  3709  cm"');  however,  by  virtue  of  the  fact  that  these  vibrations 
belong  to  different  types  of  symmetry.  Fermi  resonance  is  not 
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fi(i  88-  Vibrational  terms  of  a  mol¬ 
ecule  of  water. 
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observed  here.  In  contradistinction  to  these  two  states  (v,=-:l. 
v,  =  0,  v,  =  0,  and  v,  =  0,  v,  =  0.  v,=  l),  all  states  of  the 
molecule  H,0  v,.  v,.  v,  (with  v,>2)  and  v,  —  2,  v,,  v,-l-2 
having  the  same  symmetry  mutually  perturb  each  other,  according 
to  Darling  and  Dennison. 

Fermi  resonance  was  also  detected  in  the  case  of  COS,  CS,, 
COSe.  ICN,  C,H,,  and  other  molecules. 

Torsional  oscillations.  As  has  already  been  poined  out  (p.  350), 
restricted  rotation  of  one  part  of  a  molecule  relative  to  another 
leads  to  torsional  oscillations  that  appear  when  the  atoms  in 
a  molecule  form  configurations  separated  by  minima  of  potential 


energy.  Such,  for  example,  are  two  energetically  identical  config¬ 
urations  of  the  molecule  C,H,  or  CH,OH.  etc.  The  dependence  of 
the  potential  energy  of  an  ethylene-type  molecule  upon  the  angle 
of  torsion  x  given  in  Fig.  89.  This  figure  also  gives  the. levels 
of  torsional  oscillations  (the  splitting  of  each  level  into  two 
components  is  due  to  the  finite  probability  of  passage  through  the 
potential  barrier). 

When  the  potential  function  of  torsional  oscillations  has  the 
form  shown  in  Fig.  89.  it  is  usually  represented  in  the  form 

U  =  -^U,(1— cosnx)  (37.17) 

where  n  is  the  number  of  identical  minima  and  U,  is  the  height 
of  the  potential  barrier  separating  these  minima.  The  levels  of 
torsional  oscillations  lying  significantly  below  the  barrier  and, 
hence,  corresponding  to  small  oscillations  are  the  levels  of  an 
harmonic  oscillator;  to  them  corresponds  the  formula 

T  =  o>(v-f4).  (37.18) 

because  in  the  case  of  small  oscillations,  i.e.,  small  x.  cos  nx 
may  be  represented  as  1 — then  the  potential  function 
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assumes  the  form  U^(nx2)*,  i.e.,  the  form  of  a  potential  of 
quasi-elastic  force.  In  this  case,  for  the  frequency  of  torsional 
oscillations  we  get  the  following  formula: 

a>  =  n|/yi^  (37.19) 

where  A.  A,,  and  A,  are  rotational  constants  with  the  same 
values  as  those  given  on  p.  350.  For  a  symmetric  molecule  of  the 
type  C,H.  or  C,H,  (since  A,  =  A,  =  2A).  (37.19)  becomes 

a>  =  2n^0^.  (37.20) 

Equations  (37.19)  and  (37.20)  can  be  used  to  determine  the 
height  of  the  potential  barrier  from  the  measured  values  of  oj 
and  A.  In  this  way,  for  the  C,H,  molecule  we  get  U,  =  8700  cm"', 
lor  the  molecule  trans-CH,CH  =CHF,  U„  =  770  cm"'.  Calcula¬ 
tions  of  the  potential-barrier  height  for  molecules  with  simple 
bonds  (C,H,  and  CH,OH)  usually  yield  smaller  values.  For 
e.xaniple,  the  barrier  in  CH.OH  is  388  cm"',  in  H,0,,  113  cm"', 
in  CH.NO,.  2.1  cm"'. 

Due  to  the  finite  probability  of  the  tunnel  process,  the  transi¬ 
tion  of  a  molecule  from  one  position  to  another,  which  corresponds 
to  the  adjacent  minimum  of  potential  energy,  is  possible  also  at 
values  of  energy  of  torsional  oscillations  that  are  less  than  the 
height  of  the  potential  barrier.  Given  an  inverse  relationship 
between  the  vibrational  energy  and  the  barrier  height,  torsional 
oscillations  pass  into  free  rotation.  For  the  molecules  considered 
(C,H,.  etc.)  that  contain  the  same  atoms  in  rotating  groups,  the 
different  interconverting  configurations  are  indistinguishable.  But 
in  molecules  containing  different  atoms,  for  instance,  in  the 
molecule  C,.\BXY.  the  configuration  ABC  =  CXY  and  the  config¬ 
uration  ABC  =  CYX  derived  from  it  have  different  properties 
that  correspond  to  two  different  tautomeric  modifications  of  the 
given  substance.  In  such  cases,  the  rate  of  tautomeric  transfor¬ 
mation  can  serve  as  a  measure  of  the  probability  of  transition 
of  a  molecule  from  one  configuration  to  another. 

Inversion.  In  the  cases  that  we  have  considered,  the  transition 
of  a  molecule  from  one  configuration  to  another  is  a  result  of 
mutual  rotation  of  parts  of  the  molecule.  Cases  are  possible 
when  one  configuration  passes  into  another  not  as  a  result  of 
rotation  but  due  to  inversion,  or  transformation,  which  might 
also  be  called  a  mirror  reflection.  .An  example  is  the  molecule 
NH,(XY,),  for  which  two  configurations  are  possible  that  inter¬ 
transform  by  inversion  and  that  correspond  to  two  possible  posi¬ 
tions  of  the  atom  N  (X)  with  respect  to  the  plane  in  which  the 
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three  H(Y)  atoms  are  situated.  To  these  two  configurations  there 
correspond  two  potential-energy  minima  separated  by  a  poten¬ 
tial  barrier  as  shown  in  Fig.  90.  This  figure  also  shows  the 
vibrational  levels  of  the  molecule  which  are  associated  with 
vibrations  of  the  atom  N(X)  relative  to  H,(Y,).  Due  to  the 
finite  height  of  the  potential  barrier,  we  have  resonance  split¬ 
ting  of  vibrational  levels  (similar  to  the  splitting  of  levels  of 


torsional  oscillations,  p.  361),  and  each  level  consists  of  two  compo¬ 
nents,  the  distance  between  which  rises  rapidly  with  increase  in 
the  quantum  number  v.  Here,  the  magnitude  of  doublet  splitting 
is  directly  related  to  the  probability  of  transition  of  the  mole¬ 
cule  from  one  configuration  to  another,  which  enables  one  to 
calculate  the  probability  of  the  inversion  process  from  the  meas¬ 
ured  doublet  splitting.  For  the  ground  state  of  the  NH,  mole¬ 
cule,  this  calculation  leads  to  a  mean  time  of  inversion  equal 
to  2.5  X  10* "  sec.  This  time  is  700  times  that  of  the  vibration¬ 
al  period  of  the  N  atom  relative  to  the  plane  of  H,.  A  similar 
calculation  for  the  molecule  PH,  yields  a  time  of  1.1X10*’ 
sec,  which  is  greater  than  the  oscillation  period  of  the  atom  P 
relative  to  the  plane  of  H,  by  a  factor  of  3.3X10*.  The  time 
of  inversion  must  be  particularly  great  in  the  case  of  heavy 


364 


MOLECULAR  SPECTRA 


ICh.  8 


atoms  because  the  probability  of  the  tunnel  transition  diminishes 
drastically  with  increase  in  the  mass  of  the  atom. 

Up  to  now  we  have  assumed  that  the  vibrational  and  rotation¬ 
al  motions  of  molecules  are  independent  of  one  another.  In 
reality,  however,  as  a  result  of  vibrations  (just  as  in  the  case 
of  rotation  of  the  molecule)  changes  occur  in  the  mean  distances 
between  the  atoms,  as  a  result  of  which  both  types  of  inter¬ 
nal  motion  of  the  molecule  cease  to  be  independent  of  one 
another.  Accordingly,  in  a  more  precise  theory  that  takes  into 
account  the  mutual  relations  of  vibrations  and  rotation,  the 
rotational  constants  are  dependent  upon  the  vibrational  quantum 
number.  For  small  values  of  v.  this  dependence  leads  to  a  slight 
correction,  whereas  for  sufficiently  large  v  it  exerts  a  significant 
elTect  on  the  energy  of  the  molecule,  which  can  no  longer  be 
expressed  simply  by  the  sum  of  the  vibrational  and  rotational 
energies  (see  Sec.  38).  However,  having  in  view  only  an  eluci- 
dalion  of  the  general  structure  of  molecular  spectra,  in  future 
we  shall  more  frequently  consider  (approximately)  the  energy 
of  a  molecule  as  additively  composed  of  the  electronic,  vibra¬ 
tional,  and  rotational  energies. 


38.  Rotational  and  Rotation- Vibration  .Molecular  Spectra 

Rotational  spectra.  Rotational  spectra  are  due  solely  to  changes 
in  the  rotational  energy  of  the  molecule.  Let  us  first  con¬ 
sider  the  simpler  case  of  diatomic  molecules.  Calculating  the 
frequencies  of  spectral  lines  as  the  differences  of  rotational 
terms  (36.6).  we  get 

v  =  B(J'(J'-|-l)  — J(J-t-l)]  (38.1) 

or,  taking  into  account  the  selection  rule  for  the  rotational 
quantum  number  AJ=±I, 

v  =  2B(J-(-l).  (38.2) 

From  (38.2)  it  follows,  to  a  first  approximation,  that  the 
rotational  spectrum  of  a  diatomic  molecule  is  (since  we  identify 
the  molecule  with  a  rigid  rotator)  a  series  of  equidistant  lines 
with  the  spacing  of  adjacent  lines 

Av  =  2B((J-f  l-t-D  — (J-j-l)]  =  2B.  (38.3) 

11  we  determine  2B  experimentally,  we  can,  from  (36.2),  cal¬ 
culate  the  moment  of  inertia  of  molecule  I,  and  the  equilibrium 
interatomic  distance  r^.  For  example,  from  the  distance  between 
the  lines  of  the  rotational  spectrum  of  HCI,  equal  to  20.68  cm''. 
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we  find  B,=  10.34  cm*',  which,  from  (36.2),  yields  1,,= 
=  2.71X10**'’  g  cm’  and,  since  ^  =  1. 63X10'“  g.  then 
r,,=  1 .29  X  10**  cm. 

Knowing  the  moment  of  inertia  of  the  molecule  (or  at  least 
its  approximate  value),  one  can  solve  the  inverse  problem,  that 
of  calculating  the  distance  between  the  lines  of  a  rotational 
spectrum  and  the  absolute  values  of  the  frequencies,  i.e.,  find 
the  region  of  the  spectrum  in  which  the  rotational  spectrum  of 
the  given  molecule  lies.  We  find  that,  depending  on  the  moment 
of  inertia  of  the  molecule,  this  spectrum  can  lie  within  a  broad 
range  of  wavelengths  measured  in  tens  and  hundreds  of  microns, 
right  up  to  millimetres  and  centimetres  (the  far  infrared). 

The  distribution  of  intensity  between  the  separate  lines  of  the 
rotational  spectrum  is  directly  related  to  the  distribution  of 
molecules  in  rotalional  levels.  If  this  distribution  is  an  equilib¬ 
rium  one  (thermal),  then  the  number  of  molecules  in  the  Vtli 
level  is  determined  by  the  Boltzmann  distribution  law 


n(J) 


(2J  +  I)e 
2(2J  +  l)e 


hBJ  (J-t-i> 
kT 


liBJ  (J-l-0 
kT 


n. 


(38.4) 


where  n  (J)  is  the  number  of  molecules  in  the  yth  rotational 
level,  and  n  is  the  total  number  of  molecules.  The  sum  in  the 
denominator,  which  is  called  the  rotational  sum  of  states,  obvi¬ 
ously  depends  only  on  the  rotational  constant  B  and  on  the 
absolute  temperature  T,  but  is  independent  of  the  number  J. 
We  shall  henceforward  designate  this  sum  Zb; 

J=a>  _  hBJ 

Zb=  2  (2J-i-l)e  “T  .  (38.5) 

j=o 


A  measure  of  the  line  intensity  in  the  absorption  spectrum  is 
its  absorption  coefficient  (i  =  p°n(J).  which  enters  into  the  for¬ 
mula 

l  =  I,e*>'«.  (38.6) 

Here.  I,  and  I  are,  respectively,  the  intensities  of  incident  and 
transmitted  light  and  d  is  the  thickness  of  the  absorbing  layer. 
Since  is  practically  constant  for  all  lines,  from  (i  =  |i‘’n(J)  it 
follows  that  in  the  case  of  thermal  equilibrium  the  distribution 
of  intensity  between  separate  lines  of  the  rotational  spectrum  is 
determined  by  the  Boltzmann  law. 

Rotational  spectra  of  complex  molecules  are  determined  by  the 
molecular  structure.  Linear  molecules  have  the  simplest  structure; 
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the  structures  of  their  rotational  spectra  are  in  no  way  different 
from  those  of  the  spectra  of  diatomic  molecules.  Next  in  com¬ 
plexity  come  the  rotational  spectra  of  molecules  belonging  to  the 
symmetric-top  class.  From  (36.14),  which  expresses  the  rotation¬ 
al  energy  of  a  molecule  of  this  class,  and  from  the  selection 
rules  AJ=0,  ^1  and  AK  =  0,  we  get  a  formula  (for  line  fre¬ 
quencies  of  the  rotational  spectrum)  that  coincides  with  (38.2); 
the  rotational  spectrum  of  a  symmetric  top  then  consists  of 
equidistant  lines  just  as  the  spectrum  of  a  linear  or  diatomic 
molecule.  However,  due  to  the  fact  that  in  reality  each  line  in 
the  spectrum  of  a  symmetric  top  molecule  consists  of  J -|- 1  or¬ 
dinarily  merging  lines,  given  insufficient  resolution  (these  lines 


Fig  91  Part  ol  the  rotational  spectrum  of  a  PH,  molecule  (after 
Wright  and  Randall) 


are  obtained  from  the  more  exact  equation  for  the  rotational 
energy,  which  takes  into  account  the  stretching  of  the  molecule 
under  the  action  of  a  centrifugal  force)  the  intensities  of  equidis¬ 
tant  unresolved  lines  observed  in  the  spectrum  are  no  longer 
determined  by  the  Boltzmann  law,  but  depend  on  the  rotational 
quantum  number  in  a  more  complicated  way.  Fig.  91  shows  the 
rotational  absorption  spectrum  of  a  PH,  molecule  which  belongs 
to  the  symmetric-top  type. 

Unlike  the  spectra  of  diatomic  and  polyatomic  linear  mole¬ 
cules  and  also  the  spectra  of  symmetric-top  molecules,  the  rota¬ 
tional  spectra  of  asymmetric-top  molecules  have  a  very  complex 
structure  due  to  the  complex  dependence  of  the  rotational  energy 
upon  the  rotational  quantum  number  (p.  348).  To  illustrate  the 
structural  complexity  of  the  rotational  spectrum  of  an  asymmetric- 
top  molecule,  we  indicate  that,  for  example,  when  combining  two 
systems  of  levels  characterised  by  the  quantum  numbers  J  =  3  and 
J=4,  respectively,  32  allowed  lines  are  possible:  6  in  combina¬ 
tions  of  different  sublevels  3.  (J  =  3,  different  t),  10  in  combinations 
of  different  sublevels  4,  and  16  in  combinations  of  different  3,  with 
different  4,.  The  structurai  complexity  of  the  rotational  spectra 
of  asymmetric-top  molecules  explains  why  these  spectra  have  been 
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studied  only  in  a  very  limited  number  of  cases,  includini;  the 
water  molecule.  A  detailed  analysis  of  the  rotational  spectrum 
of  H,0  was  given  by  Mecke,  who  obtaini'd  the  following  values 
for  the  three  moments  of  inertia  of  the  H,0  molecule:  1,= 
=  0.995x  I.=  1.908X  10-“.  and  l.  =  2.980  ,<  10-'"  g  cm’. 

As  has  already  been  pointed  out.  rotational  spectra  are  observed 
in  the  far  infrared.  Until  recently,  this  was  one  of  the  most 
inaccessible  regions  of  the  spectrum,  and  only  during  recent 
years  with  the  application  of  radio  methods  has  substantial 
progress  been  made  in  the  study  of  molecular  spectra.  The  in¬ 
frared  is  now  just  as  accessible  as  the  photographic  region  of  the 
spectrum.  During  these  years,  many  radiospectroscopic  studies 
devoted  to  investigations  of  rotational  spectra  and  determinations 
of  various  molecular  constants  have  been  made. 

Rotation-vibration  spectra.  The  distances  between  adjacent 
lines  of  a  rotational  spectrum,  which  distances  we  shall,  for  the 
sake  of  convenience,  call  rotational  quantum,  are  quantities  of 
the  order  of  2B,.  i.e..  of  the  order  of  1  to  10  cm"',  while  the 
distances  between  adjacent  vibrational  levels  (vibrational  quanta), 
which  are  measured  by  the  vibrational  frequency  of  the  molecule, 
are  of  the  order  of  magnitude  of  lOO-lOCO  cm"'.  And  so,  whereas 
rotational  spectra  can  be  observed  in  pure  form,  the  excitation 
solely  of  vibrations  appears  possible  only  in  extremely  rare  and 
special  cases.  In  almost  all  cases  there  is  a  simultaneous  change 
in  the  vibrational  and  rotational  states  of  the  molecule.  The 
spectrum  produced  by  change  in  both  forms  of  internal  energy  of 
the  molecule  is  called  a  ratal ion-vibral ion  ipecirum. 

Disregarding  the  interaction  of  vibrations  with  rotation  (see 
above),  we  express  the  total  energy  of  the  molecule  by  the  addi¬ 
tive  formula 

E  =  E.i-hE„,6+E„, 

where  E,,  designates  electronic.  E,,n  vibrational,  and  E,„,  rota¬ 
tional  energy  of  the  molecule.  In  the  case  of  a  rotation-vibration 
spectrum,  the  electronic  energy  of  the  molecule  does  not  change, 
and  for  the  line  frequencies  of  this  spectrum  we  get  the  expression 


V 


E.iK-E„ 


Vvib+X,,. 


(38.7) 


The  prime  here  corresponds  to  the  upper  rotational  and  vibra¬ 
tional  states,  while  v.ij,  denotes  the  frequencies  of  the  “pure" 
vibrational  spectrum.  Since,  from  the  foregoing,  the  difference 
between  the  rotational  terms  v,„|  =  T^oi  —  T,„,  is  two  to  three  or¬ 
ders  of  magnitude  less  than  v,n,  on  the  basis  of  (38.7)  one  should 
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conclude  that  rotation  does  not  disturb  the  vibrational  structure 
of  a  molecular  spectrum.  As  a  result  of  the  superposition  of  small 
rotational  quanta  on  vibrational  quanta,  the  lines  of  the  vibra¬ 
tional  spectrum  are  converted  into  bands,  groups  of  rotational 
lines.  That  is  how  we  get  the  linear-band  structure  of  the  rota¬ 
tion-vibration  spectrum. 

Disregarding  the  rotation  of  the  molecule,  let  us  first  find  out 
the  nature  of  the  band  (vibrational)  structure  of  the  spectrum. 
Describing  each  band  by  the  frequency  we  get  the  vibrational 
spectrum  of  the  molecule  as  a  set  of  these  frequencies. 

The  vibrational  structure  of  a  spectrum  is  simplest  in  the  case 
of  diatomic  molecules.  A  necessary  condition  for  the  appearance 
of  vibrational  bands  in  the  spectra  of  these  molecules  is  the 
presence  of  a  dipole  moment  or,  more  precisely,  variation  of 
dipole  moment  associated  with  appropriate  quantum  transitions 
of  the  molecule.  Whence  it  follows  that  diatomic  molecules  con- 
.sisting  of  the  same  atoms  cannot  have  rotation-vibraticn  spectra. 
In  this  case,  the  vibrational  frequencies  are  called  optically 
inactive. 

However,  it  is  possible  to  observe  optically  inactive  frequen¬ 
cies  at  high  pressures  when,  due  to  collisions,  the  symmetry  of 
the  molecule  is  upset.  For  example,  at  pressures  of  ISO  atm  and 
higher  we  observe  absorption  bands  v  =  0 — ►v'=l  for  H,,  N,, 
and  O,.  In  the  same  way.  at  pressures  up  to  25  atm  the  absorp¬ 
tion  spectrum  of  acetylene  C,H,  exhibits  an  optically  inactive 
band  co,=  1974  cm"',  which  corresponds  to  symmetric  vibration 
of  the  molecule,  at  which  its  dipole  moment  does  not  change. 
The  intensity  increase  of  this  band  in  proportion  to  the  square 
of  the  gas  density  indicates  that  its  appearance  is  due  to  defor¬ 
mation  of  the  C,H,  molecule  in  collisions. 

It  will  be  noted  that  according  to  the  data  of  a  number  of 
authors,  optically  inactive  frequencies  (for  example,  the  above- 
mentioned  frequency  of  H,)  are  also  observed  during  the  adsorp¬ 
tion  of  gases  on  solid  surfaces.  This  effect  is  undoubtedly  also 
associated  with  the  appearance  of  a  dipole  moment  due  to  defor¬ 
mation  of  the  molecule  in  adsorption. 

Calculation  of  transitional  moments  that  correspond  to  various 
changes  in  the  vibrational  quantum  number  (Av)  lead,  for  an 
harmonic  oscillator,  to  the  following  selection  rule;  Av  =  ±l, 
However,  any  values  of  Av  are  possible  for  an  anharmonic  oscil¬ 
lator.  As  has  already  been  pointed  out  (p.  357),  real  molecules 
are  anharmonic  oscillators,  so  that  any  combinations  of  v«— »v' 
are  permissible.  However,  due  to  comparatively  weak  anharmoni- 
city  of  vibrations  (x*<^l),  band  intensities  in  rotation-vibration 
spectra,  as  a  rule,  diminish  rapidly  with  growth  of  Av. 
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For  vibrational  frequencies  v,i^  =  Tvfb  —  T,,,,.  from  (37.10)  we 
get  the  following  expression; 

'’vib  =  ‘‘>(l  — — V)  —  <i)X  (v  '  —  v').  (38.8) 

According  to  this  expression,  the  vibrational  spectrum  of  a  di¬ 
atomic  molecule  appears  as  a  set  of  series  of  bands  that  correspond 
to  the  transition  of  the  molecule  from  the  given  vibrational  level 
to  adjacent  levels.  Such,  for  example,  is  the  series  resulting  from 
a  transition  from  the  zero  vibrational  level  (v  — 0)  lo  higher-ly¬ 
ing  levels  (absorption  spectrum).  In  the  c.ise  of  this  (!cro)  .series. 
(38.8)  takes  the  form 

'’,11.(0.  v')  =  (.)(l — x)v' — (i)xv'.  (38.9) 

and  we  get  the  following  set  of  lines  (bands): 

v,-=(i>(l — 2x).  V.-  2o)(l — 3x).  v,  =  3<i)(l  —  lx). 

etc.  The  spacing  of  two  adjacent  lines  diminishes  with  increas¬ 
ing  V'  ami.  hence,  with  the  frequency,  as  is  seen  from  the 
differences;  v,  —  v,  =<ii  (I  —  4x).  v,  — v,  =  <i>(l  — 6x).  etc.  .Ml 
the  other  series  have  a  similar  structure.  The  lines  v.,,.  of  each 
series  of  the  vibrational  spectrum  converge  to  a  certain  limit, 
which  corresponds  to  similar  convergence  of  vibrational  levels  of 
the  molecule  (cf.  p.  3.57).  This  convergence  limit  corresponds  to 
dissociation  of  the  molecule. 

The  series  structure  is  also  characteristic  of  vibrational  (rota¬ 
tion-vibration)  spectra  of  polyatomic  molecules.  Due  to  the  com¬ 
plexity  of  the  scheme  of  vibrational  levels  of  these  molecules  (see 
(37.15)  and  (37.16).  and  also  Fig.  88).  the  vibrational  structure 
here  is  naturally  more  complex.  For  example,  due  to  the  simul¬ 
taneous  excitation  of  a  large  number  of  different  levels  (combina¬ 
tion  frequencies)  the  series  structure  in  these  spectra  is  ordina¬ 
rily  not  so  clearcut. 

Inasmuch  as  the  intensity  of  the  infrared  bands  is  entirely  due 
to  change  in  the  dipole  moments  of  molecules,  there  is  a  definite 
possibility  of  finding  the  dipole  moments  of  bonds  from  meas¬ 
urements  of  the  intensities  in  infrared  spectra.  This  possibility 
was  first  pointed  out  by  Mecke,  who  was  also  the  first  to  attempt 
to  determine  the  dipole  moments  of  certain  bonds  from  spectro¬ 
scopic  data  (see  p.  455). 

When  considering  the  rotational  structure  of  rotation-vibration 
spectra,  we  must,  in  the  general  case,  proceed  from  the  expres¬ 
sion  for  the  energy  of  a  simultaneousty  rotating  and  vibrating 
molecule.  Ihis  expression  can  be  obtained  by  solving  the  general 
W'ave  equation  for  the  function  \|)(r.  d,  <p),  i.e.,  without  resorting 
to  an  approximation  associated  with  allowance  for  separation  of 
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variables  that  reduces  the  problem  to  the  solution  of  two  equa¬ 
tions:  the  wave  equation  for  function  rpvibfr)  and  the  wave  equation 
for  function  itVoi  («.  >P)-  Weizel  obtained  the  following  expression 
for  the  energy  of  a  diatomic  molecule,  on  the  well-known  assump¬ 
tion  concerning  the  form  of  function  of  potential  energy  U  and 
by  solving  the  general  equation: 

E  =  E.,+  h  |a)(v  — o)x  (v  +  iy  +  ory  (v  -4-1)  +.  .  .]  + 

4-  h  [B,  J  (J  4-  I )  -f  D,J'  (J  4-  !)•  4-  .  .  (38. 10) 

where 

B.  =  B.  —  av4-YV4-...=-B,,  —  o.(v4-l)4- 

+  Vt  (v -4- -^)  4“  •  •  •  (38.11) 

and 

Dv-D„4-pv4-...  =  D,-|-p.(v  4-1)4-....  (38.12) 

Expression  (38.10)  can.  provisionally,  be  rewritten  in  the 
form 

^  4"  f^vib  4- 

however,  unlike  the  analogous  additive  formula  that  we  have 
already  used,  the  rotational  energy 

E,„,  =  h  (B, J  ( J  4-  1 )  -  D.. J ■  (J  4-  I )« 4-  .  .  .]  (38.13) 

is  in  this  case  dependent  not  only  on  the  rotational  quantum 
number  J.  but.  according  to  expressions  (38.11)  and  (38.12). 
which  take  into  account  the  interaction  of  vibrations  and  rotation, 
also  on  the  vibrational  quantum  number  v.  i.e..  it  is  a  complex 
function  of  the  numbers  J  and  v.  This  dependence  of  the  rotation¬ 
al  energy  of  a  molecule  on  both  quantum  numbers,  which  is 
due  primarily  to  change  in  the  moment  of  inertia  of  the  mole¬ 
cule  when  the  vibrations  are  e.xcited  (because  then  there  is  a 
change  in  the  equilibrium  distance  between  nuclei),  is  the  reason 
for  there  being  no  additivity  of  vibrational  and  rotational  ener¬ 
gies  of  the  molecule. 

But  in  order  to  determine  the  general  nature  of  the  rotational 
structure  of  molecular  spectra  we  can  take  advantage  of  a  still 
simpler  equation: 

V  =  4-  B.  [J '  (J'  -4-  1 )  —  J  ( J  4-  1 )],  (38.14) 

which  is  derived  by  substitution  of  (38.1)  into  (38.7)  and  which 
assumes  additivity  of  the  vibrational  and  rotational  energies  and 
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also  rigidity  of  the  molecule  (D,=0).  It  should  he  pointed  out 

that  due  to  the  smallness  of  the  quantities  D^.  a.  p,  y . 

disregarding  them  leads  to  an  appreciable  distortion  of  the  true 
structure  of  the  spectrum  only  for  sufficiently  large  values  of 
the  quantum  numbers  v  and  J. 

To  study  the  arrangement  of  rotational  lines  in  a  hand  charac¬ 
terised  by  definite  values  of  numbers  v  and  v'.  i.e..  \\j,,==const, 
we  take  the  second  term  of  (38.14).  which  determines  the  fine 
rotational  structure  of  the  hand.  In  the  simplest  case  of  1-states, 
according  to  the  selection  rule  for  the  rotational  quantum  nuni- 
her  (36.9).  we  have  J'  — J  —  I.  When  J'  =  J-|-I,  from  equality 
(38.14)  we  get  a  group  of  lines 

v^.  =  v,i„  +  2B,(J4-I).  (38.15) 

which  is  characterised  by  the  values  v]>\\j,,.  This  group  of  lines 
is  called  the  positive,  or  Rebranch  of  the  hand.  J'-  -J  —  1  yields 
a  group  of  lines  with 

=  (38.16) 

called  the  negative,  or  P-branch. 

The  lines  of  the  latter  group  begin  with  J  — 1,  because  J=0 
corresponds  to  J'  =  J  —  1  —  1,  which  is  meaningless  physically. 

We  thus  obtain  the  following  lines  that  form  R-  and  P-branches 
of  the  given  band: 

JO  1  2  3  ... 

R  v.„+2B  v,,,  +  4B  v.i„-l-6B  v,,,  +  8B  ... 

P  -  v,„-2B  v,„-4B  v.i,-6B  ... 

i.e.,  a  series  of  equidistant  lines  with  a  zero-gap  v,.,,  (called  the 
zero  tine  of  the  band)  and  the  distance  between  adjacent  lines 
equal  to  Av  =  2B. 

The  set  of  lines  thus  obtained  is  graphically  represented  in 
Fig.  92  (for  the  sake  of  clarity,  only  every  other  line  is  shown), 
where  two  straight  lines  denote  the  R-  and  P-branches.  In  reality, 
due  to  interaction  between  rotation  and  vibration  these  straight 
lines  become  curved.  Indeed,  substituting  into  (38.7)  the  values 
of  rotational  energy  (38.13)  and  ignoring  the  constant  D  (and 
also  terms  with  higher  powers  of  J),  we  get  the  following  expres¬ 
sion  for  the  frequency  of  the  rotational  lines  of  the  given  band; 

V  =  v.i,  +  BvJ '  ( J-  -4-  I )  —  B,  J  (J  +  1 ),  (38. 1 7) 

from  which  we  find 

V.. ,  =  v.i,  +  (Bv  +  B.)  ( J  +  I )  +  (B V  -  B.)  (J  +  1)*  (38. 1 8) 


13* 


372 


.MOJ  i:(  I  LAR  MM  CIRA 


iCh.  8 


and 

V- .  =  - (Bv-  +  BJ  J  +  {Bv  -  BJ  J*.  (38. 19) 

It  i.s  readily  seen  that  the  dependence  of  v*,  and  v_,  upon  J 
olitained  from  the.se  formidas  corresponds  to  parabolic  branches 
<i:  the  second  order.  They  are  depicted  in  Fig.  92  by  the  dashed 
lines. 


Fic^.  92.  Distribution  of  lines  of  P-  and  R-branche$ 
in  (he  band  of  a  vibration-rotation  spectrum  without 
rei^ard  for  (solid  hnes)  and  with  regard  for  (dashed 
lines)  interaction  between  rotation  and  vibration 


F\g.  93  shows  an  absorption  band  of  HCl  X  3.5p  (v  =0 — ►  v'  =  1). 
A  striking  thing  here  is  (he  uniform  distribution  of  approximately 
equidistant  rotational  lines.*  a  characteristic  minimum  of  inten- 


•  From  formula  Av  =  ~A>.  it  follows  that  in  passing  from  the  wave¬ 
length  scale  (Fig.  93)  to  the  scale  of  frequencies,  the  distances  between 
rotational  lines  should  differ  less. 
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sity  at  the  point  of  the  zero  line  and  two  inaxiiua  oi  in¬ 

tensity  (one  in  each  of  the  R-  and  P-branches). 

Intensity  distribution  in  bands  (absorption  spectrum).  These 
maxima  are  due  to  the  intensity  distribution  of  rotational  lines 
of  the  band,  which  in  turn  are  determined  by  the  Boltzmann 
distribution  of  molecules  according  to  rotational  levels  and  the 
probabilities  of  appropriate  transitions. 

Distribution  of  molecules  in  rotational  levels  is  expressed  l)y 
equation  (38. -t)  (p.  365).  while  the  measure  of  intensity  of  the 
line  in  the  absorption  spectrum  is  its  absorption  coefficient,  which 
can  be  represented  in  the  form 

_  liD.-l  <1  l> 

H==:n“n  (J)  =  n’'  +  - n  (38.201 

'-n 

where  (i"  is  a  constant  proportional  to  the  probability  of  the 
appropriate  quantum  transition.  Here  we  are  interested  in  the 
relative  probabilities  of  transitions,  which  can  be  determined 
theoretically  with  comparative  ease. 

These  probabilities  are  determined  with  particular  ease  in  the 
case  of  the  terms  '2.  In  this  case,  two  transitions 
(J — -J-l-l  and  J — -J  —  1)  are  possible  from  each  level  with  a 
definite  J  value  (with  the  exception  of  J=0).  We  denote  the 
total  probability  of  these  transitions  by  A,  and  the  probability 
of  each  of  them  separately,  by  A.,  and  A_:  obviously  A„  =  A^  A_ . 
Calculations  show  that  the  A.  remains  approximately  constant 
within  the  limits  of  a  given  band.  Ordinarily,  to  characterise 
the  relative  probabilities  of  transitions  we  introduce  the  so-called 
intensity  factor  i.  which  is  determined  from  the  equality 
i.A,  =  (2J  4- 1)  A.  whence  it  follows  that 

2i  =  i,-+i.=2J  +  l.  (38.21) 

Introducing  the  intensity  (actor  into  the  expression  for  the  absorp¬ 
tion  coefficient  (38.20).  we  obtain 

hB„J  (J  -HI 

p  ^  ^ - = - in.  (38.22) 

The  values  of  intensity  factors  for  various  transitions  in  the 
case  of  'i)-terms  can  be  obtained  on  the  basis  of  the  following 
reasoning.  To  the  transitions  J  — .J'  and  J' — -J  there  correspond 
the  same  values  of  intensity  factors  because  the  numbers  J  and  J' 
enter  symmetrically  into  the  expressions  of  the  appropriate  quasi¬ 
moments.  For  this  reason  (see  also  (38.21)).  we  must  assign  to 
transitions  0 — -1'  and  I' — -0,  i  (0)  =  i+ (0)=  1  (i_  in  this  case 
is  zero),  and  to  transitions  I — .0'  and  0' — .1,  i  (l)  =  i_  (1)  =  1. 
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But  in  the  latter  case,  the  transition  1 — -2  is  also  possible 
from  the  level  J  =  l.  Designating  the  appropriate  intensity  fac¬ 
tor  by  i  j(l),  we  find,  from  equality  (38,21),  i^.(l)  =  3 — 1=2. 
Consequently,  tor  the  transition  2 — -I'  we  also  have  i.(2)  =  2. 
Whence,  for  the  transitions  2  —  3'  and  3 — -2'  we  obtain,  by 
means  of  (38.21),  i *  (2)  =  i .  (3)  =  5  —  2  =  3,  etc.  Generalising 
the  results  of  these  calculations,  we  arrive  at  the  following  equa¬ 
tions  for  the  intensity  factors  of  lines  belonging  to  the  R-  and 
^  branches  of  the  band: 


R:  i,(J)  =  J+l.  I 
P:  i.(J)=J.  ) 


(38.23) 


TaUing  advantage  of  equations  (38.23).  we  can.  from  e.xpres- 
sion  (38.22).  find  the  value  of  J  and.  consequently,  the  frequency 
(or  wavelength)  to  which,  at  the  given  temperature,  there  corre¬ 
sponds  a  muximiim  of  intensity  in  each  branch  of  the  band.  Differ¬ 
entiating  (38.22)  with  respect  to  J.  we  obtain  the  following 
condition  of  maximum: 

;fj  =  i(2J  +  l)a,  a  =  ^, 


which  for  the  R-  and  P-branches  will  be  written  in  the  form: 
2J’  +3J,.-fl  =  l/a(R)  and  2JL  +  J.  =  l,'a(P).  Solving  these 
equations,  we  find  the  values  of  J^.  and  J.,  by  means  of  which 
we  can  determine  the  frequencies  and  v_  that  correspond  to 
the  maximum  intensity. 

We  calculate  the  distance  between  maxima  Av„„.  From  (38.15) 
and  (38.16)  we  find,  for  the  quantity 

'■+  —  =2B,(J^,  4-  J-  +  1). 

Solving  the  quadratic  equations  for  J^.  and  J.  we  obtain 
J,  +  J.  +  I=2a*  and.  hence.  Av„„  =  2B„  2;a.  Substituting 

here  the  quantities  a  =  hB„;kT  and  B„  =  h;4nl„.  we  get 

A'V„=^|/!^.  (38.24) 

A  formula  identical  to  (38.24)  was  proposed  by  Bjerrum  for 
determining  the  moment  of  inertia  of  a  molecule  (I,)  from  the 
distance  between  the  maxima  of  the  bands  Av„^,; 


This  simple  formula  is  oMained  on  the  assumption  that  a<^2,  which  is 
always  the  case  at  room  and  higher  temperatures.  For  different  molecules 
at  room  temperature,  a  ranges  between  0.1  and  0.001. 


See.  .lfl|  ROTATION.M-  .\N[>  VIItRAlION-ROl  ATION  MOI.RCl^I.AR  SPrcIRA 


37,5 


For  this  reason,  bands  with  a  double  inaxiniiirn  in  rotation-vibra¬ 
tion  spectra  are  sometimes  called  lijerruin  douhlels. 

The  Bjerrum  formnia  is  important  in  that  with  its  help  one 
can  determine  the  moment  of  inertia  of  a  molecule  without 
analysing  the  fine  structure  of  the  bands.  True,  it  must  he  said 
that  the  accuracy  of  this  determination  is  usually  not  high,  due 
to  insufficient  accuracy  of  measurement  of  Av,,,,..  However,  the 
Bjerrum  method  is  .sometimes  useful  for  obtaining  tentative  data. 

Let  us  compute  for  the  \  3.5  p  band  of  HCl  given  in 

Fig.  93.  Substituting  into  (38.24)  1„  —  2.71  X  I0"'° g  cm' 

(see  p.  ,365)  and  T  —  273  K.  we  find:  AX,„ =  0. 1 5  p.  Approximately 
the  same  quantity  AX„,,  is  obtained  from  experiment  (see  Fig.  93). 

„  wm  IlK’O  WiO  !SSi!  ICS,?  rnr' 
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Fig.  94.  Fine  structure  of  band  X  9.f>5  p  (31, F  (alter  Benett  and  Ateyer) 

As  tor  the  rotational  structure  of  the  spectra  of  complex 
molecules,  suffice  it  here  to  say  that  the  structure  of  these  spectra 
is.  asarule.  far  more  complicated  than  the  structure  of  the  spectra 
of  diatomic  molecules.  However,  in  some  (true,  comparatix'ely 
rare)  cases,  the  rotational  structure  of  the  spectrum  of  a  complex 
molecule  is  just  as  simple  as  that  of  a  diatomic  molecule. 
A  simple  spectrum  (with  respect  to  its  rotational  structure)  is, 
for  example,  that  of  molecules  that  belong  to  the  symmetric-top 
type,  such  as  NH,.  CH,X  (X  =  F,  Cl,  Br,  I),  and  also  the  spec¬ 
trum  of CH.  (spherical  top  molecule).  In  this  case,  when  the  direction 
of  the  electric  moment  of  the  molecule  coincides  with  its  axis,  the 
rotation-vibration  spectrum  exhibits  bands  with  even  distribution 
of  approximately  equidistant  rotational  lines  similar  to  the 
spectra  of  diatomic  molecules.  However,  unlike,  lor  instance,  the 
above-considered  spectrum  HCl  (Fig.  93),  we  have,  here,  also  a 
zero  line  (vvis)  associated  with  the  transitions  AJ=0,  as  a  result 
of  which  we  ordinarily  get  a  group  of  lines  that  are  close  to  the 
Vvib  line.  This  group  of  lines  forms  the  Q-branch  of  the  band. 
Such,  for  example,  is  the  fine  (rotational)  structure  of  the  X  9.55 
p  band  of  the  molecule  CH,F,  given  in  Fig.  94.  in  which  the 
Q-branch  is  just  as  prominent  as  the  R-  and  P-branches.  We 
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note  tliiit  Ihc  Q-branch  is  also  observed  in  the  case  of  diatomic  mole¬ 
cules  with  A>0.  for  which,  according  to  the  selection  rule 
(iiC.IO),  there  arc  R-,  P-,  and  Q-branches,  The  NO  molecule 
whose  ground  state  is  the  state  ’ri(.\=l)  is  an  instance  of  these 
molecules. 

The  spectrum  of  a  symmetric  top  molecule  has  a  far  more 
comple.s  structure  when  the  electric  moment  does  not  coincide 
with  the  axis  of  the  molecule.  The  complex  rotational  structure 
of  the  bands  is  also  characteristic  of  asymmetric-top  molecules. 
This  can  be  seen  even  from  the  complexity  of  the  structure  of 
the  rotational  spectrum  of  water  (see  p.  366). 


39.  Raman  Spectra 

Vibrational  Raman  spectrum.  When  a  gas.  liquid  or  solid  is 
illuminated  with  a  sufficiently  powerful  linear  source  of  light,  we 
observe  in  the  spectrum  of  scattered  light  not  only  lines  (v„) 
tli.il  belong  to  the  spectrum  of  the  source  itself  (Rayleigh  scat- 
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Fii^.  95.  Scallorinc  spectrum  of  CCI^  (after  Glockler).  The  numbers  under 
the  spectrum  designate  Raman-line  frequencies 

lering  oj  tight)  but  new  lines  displaced  from  the  lines  of  the 
source.  This  phenomenon,  discovered  by  Raman  in  India  and. 
simultaneously,  by  Landsberg  and  Mandelshtam  in  Atoscow  in  1928, 
became  known  as  Raman  scattering  or  the  Raman  effect  (in  the 
Russian  literature,  combination  scattering).  The  displaced  lines 
are  called  Raman  lines  (v,,).  Fig.  95  gives  the  Raman  spectrum 
of  carbon  tetrachloride  CCI,. 

The  very  first  studies  of  Raman  spectra  showed  that  in  most 
cases  the  differences  in  the  frequencies  of  displaced  and  undisplaced 
lines.  V,  —  v^.  coincide  with  the  frequencies  of  the  normal  vibra¬ 
tions  of  the  molecules  of  the  scattering  substance  (more  precisely, 
with  the  frequencies  that  correspond  to  the  vibrational  quanta 
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of  (he  itioleciile.  whicli  in  the  ense  of  diatomic  molecules  arc  equal 
to  a)  =  o)^  (1 — 2x),  I.  e.. 

v„  —  v,.==^-(.).  (39.1) 

The  lines  of  Ranuin  scatterin';  are  frequently  arranged  symmet¬ 
rically  on  both  sides  of  the  Rayleigh  line,  as.  ior  e.xample, 
certain  lines  of  CCI,  (Fig.  95).  The  lines  with  frequencies  less 
than  that  of  v„,  i.e.,  the  lines  -in  are  called  Slokcs 

while  the  lines  with  frequencies  v,',  -  v„ oi  are  im/i-.S7i>A'(’.s 

//lies.  Thus,  the  process  of  the  Raman  scattering  of  light  may  he 
formally  represented  by  the  following  scheme: 

s:  hv„  +  .M(0)  — hv,',-|-.\\(l). 
a:  hv„  -j-  5\  ( I)  —  hvj',  -!■  .Nt  (0). 

where  At  (0)  denotes  a  molecule  of  the  scattering  substance  on  a 
zero  vibrational  level  (v- =0),  A\(l)  is  the  same  molecule  possess¬ 
ing  one  vibrational  quantum.  On  this  scheme,  the  Raman 
•scatterin.g  of  light  shows  a  peculiar  interaction  of  light  and 
matter,  as  a  result  of  which  in  the  first  case  (s)  a  vibrating 
molecule  of  energy  hu)  and  a  scattered  light  quantum  hv,',  are 
generated  at  the  e.xpense  of  the  energy  of  the  quantum  hv„.  In 
the  second  case  (a),  the  interaction  of  the  primary  quantum  hv„ 
with  the  vibrating  molecule  yields  a  molecule  in  the  zero  vibra¬ 
tional  stale  and  a  scattered  light  quantum  with  a  correspondingly 
higher  energy  hv;',  =  hv„ -j- Iud. 

Further,  since  the  intensity  of  the  scattered  light  must  be 
proportional  to  the  number  of  molecules  of  the  scattering  substance, 
and  the  number  of  molecules  At(l)  and  A)(0),  on  the  condition 
of  thermal  equilibrium,  are  related  as  e"'"’ one  should 
expect  that  the  ratio  of  intensities  of  anti-Stokes  and  Stokes 
lines  of  Raman  scattering  will  vary  with  the  temperature  accord¬ 
ing  to  the  law 


This  dependence  of  the  intensities  of  both  types  of  lines  upon 
the  temperature  of  the  scattering  substance  is  actually  observed 
experimentally.  Thus,  by  raising  the  temperalure  one  observes 
anti-Stokes  lines  tl-.at  are  absent  at  lower  temperatures.  Besides, 
one  very  often  finds  that  lines  which  correspond  to  small  vibra¬ 
tional  quanta  are  observed  both  as  Stokes  and  anti-Stokes  lines, 
whereas  lines  corresponding  to  large  quanta  are  observed  only  as 
Stokes  lines. 
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The  theory  of  Raman  scattering  of  light.  In  classical  optics, 
Raman  scattering  of  light  is  interpreted  as  follows.  Under  the 
action  of  the  electric  vector  of  a  light  wave 
t5  =  (S„  sin2nv„t, 

a  dipole  moment  is  induced  in  a  molecule;  this  moment  vibrates 
with  the  frequency  of  the  incident  light  v„.  These  forced  vibrations  of 
the  molecular  dipole  are  the  cause  of  ordinary  Rayleigh  scattering 
of  light.  However,  by  virtue  of  specific  dynamic  conditions, 
a  change  can  occur  in  the  polarisability  of  the  molecule,  this 
change  being  due  to  a  certain  participation  also  of  nuclei  in  the 
vibrations  of  the  dipole.  From  the  standpoint  of  the  electron- 
nuclear  structure  of  the  molecules,  these  dynamic  conditions  are 
due  to  a  force  coupling  of  electrons  and  nuclei,  as  a  result  of 
which  the  forced  vibrations  of  the  electrons  (with  frequency  v„) 
cause  vibrations  of  the  nuclei.  The  vibrations  of  the  latter,  which 
are  much  slower  than  those  of  electrons  (because  of  the  great 
(lilTerencc  in  the  electron  and  nuclear  masses),  are  what  lead  to 
a  change  in  the  polarisability  of  the  molecule.  It  will  readily  be 
seen  that  this  latter  factor  alters  the  frequency  of  the  light  being 
scattered,  i.e..  gives  rise  to  the  lines  of  Raman  scattering. 
Indeed,  designating  the  polarisability  of  a  molecule  (given  vibra¬ 
tions  of  frequency  <«)  by 

a  =  a„-t-a'’sin2na)t  (39.2) 

where  a„  is  the  polari.sability  of  a  nonvibrating  molecule  and  a° 
is  the  amplitude  of  change  in  polarisability  during  vibrations,  we 
have,  for  the  induced  dipole  moment  of  the  molecule, 

P  =  a„(^„  sin  2jtv„t  +  a“(S„  sin  2n(ot  sin  2nv,t. 
Transforming  this  expression,  we  get 

P=  a„(i-„sin  2nv„t -i- a’(S„(cos 2n(v,— ii))t — cos  2n (v, -j- (i))tl.  (39.3) 

As  is  seen  from  (39.3).  when  polarisation  of  the  molecule  is 
changed,  the  scattered  light  will  be  emitted  not  only  with  the 
frequency  of  the  incident  light  v„  (Rayleigh  scattering),  but  also  with 
the  combined  (Raman)  frequencies  and  v„ — <i>.  Thus,  on  the 

classical  theory  each  primary  line  of  frequency  v„  in  the  scattered- 
light  spectrum  will  have  two  satellites  with  frequencies  v,  ±<i). 

Cla.ssical  theory,  however,  cannot  solve  the  problem  of  intensity 
of  the  lines  Vp  and  Vp.  What  is  more,  as  follows  from  the  fore¬ 
going,  both  types  of  lines  must  have  the  same  intensity,  which 
contradicts  experiment.  Again  in  conflict  with  experiment  is  the 
continuous  nature  of  ihe  spectrum  (that  follows  from  classical 


sec.  3C*I 


R  A.nXN  St'l.ClR  \ 


theory)  of  Raman  scalteriny  caused  by  rotation  o(  the  molecular 
dipole  in  the  electric  field  of  the  liyht  wave:  in  actuality,  this 
spectrum  has  a  discrete  linear  structure.  Only  quantum 
mechanics  gives  a  quantitatively  correct  description  of  the 
phenomenon  of  combination  (Raman)  scattering. 

The  quantum-mechanical  theory  of  Raman  scattering  is  based 
on  the  Kramers-Heisenberg  theory  of  light  dispersion.  Correspond¬ 
ing  to  the  forced  oscillations  of  the  molecular  dipole  of  classical 
theory,  we  have,  in  quantum  theory,  transitions  of  electrons  to 
certain  (virtual)  energy  levels  of  the  molecule.  Light  scattering, 
in  the  quantum-mechanical  interpretation,  can  also  be  visualiseil 
as  a  transition  of  the  molecule  to  all  possible  energy  levels  with 
a  sub,sequent  return  to  one  of  the  lower  levels.*  If  the  final  level 
coincides  with  the  initial  level  we  have  Rayleigh  scattering, 
otherwise,  Raman  scattering.  Thus,  designating  arbitrarily  the 
energy  of  the  higher  energy  levels  of  the  molecule  that 
participate  in  scattering  by  E,.  the  energy  of  the  initial  level, 
by  E.,.  and  the  final,  by  E.  the  process  of  light  scattering  can, 
provisionally,  be  divided  into  two  stages: 

hv„=E,  —  E,  and  E,  —  E  =  hv. 

Summing  them  we  have 


In  the  case  of  E  =  E„  we  will  have  Rayleigh  scattering,  and  if 
E  —  E„  we  get  Raman  scattering. 

This  scheme  is  a  pictorial  representation  of  the  process  of  light 
scattering  and  has  the  advantage  that  it  reveals  a  number  of 
peculiarities  characteristic  of  Raman  spectra.  For  e.xample,  in  the 
case  of  symmetric  diatomic  molecules,  such  as  H,,  N,.  Cl,  that  do 
not  have  rotation-vibration  infrared  spectra  due  to  the  optical 
inactivity  of  their  vibrational  frequencies  (cf.  p.  368),  we  observe 
intense  lines  of  Raman  scattering  that  correspond  to  these 
frequencies.  On  the  foregoing  two-stage  scheme,  e.xcitation  of 
optically  inactive  frequencies  in  light  scattering  isreadily  accounted 
for:  in  this  case,  e.xcitation  of  vibrations  involves  allowed  elec¬ 
tronic  transitions  that  are  possible  for  any  molecule.  For  this 
reason,  forbiddenness  of  purely  vibrational  (or  rotation-vibration) 
transitions  is  not  essential  here. 

The  possibility  of  detecting  and  measuring  optically  inactive 
frequencies  is  particularly  important  for  comple.x  molecules.  As 


*  These  transitions  cannot  be  identified  with  transitions  that  correspond 
to  ordinary  light  absorption;  in  the  latter  case,  the  absorbed  quantum  is 
exactly  equal  to  the  difTerence  between  the  respective  energy  leveU. 
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h.TS  been  pointed  out  above,  these  frequencies  are  either  totally 
absent  in  infrared  spectra  or  are  masked  by  combination  frequen¬ 
cies  (cf.  p.  369).  But  in  Raman  spectra,  as  follows  from  intensity 
calculations,  the  lines  that  correspond  to  these  frequencies  are 
the  most  intense,  in  complete  agreement  with  experiment.  To  sum¬ 
marise,  then.  Raman  spectra  significantly  supplement  infrared 
spectra  and  simplify  the  problem  of  analysing  the  vibrational 
ternis  of  complex  molecules. 

Along  with  measuring  the  natural  frequencies  of  molecules, 
very  important  are  investigations  of  the  degree  of  depolarisation 
of  scattered  light.  By  degree  of  depolarisation  q  we  understand 
the  ratio  of  the  intensity  of  scattered  light  polarised  in  a  plane 
parallel  to  the  plane  of  polari.sation  of  the  incident  light,  to  the 
intensity  of  the  scattered  light  that  is  polarised  in  the  perpen¬ 
dicular  plane.  The  degree  of  polarisation  of  scattered  light  is 
directly  related  to  the  form  of  the  molecule  (more  precisely,  to 
the  form  of  the  potarisability  ellipsoid  of  the  molecule  (see  p.  431) 
and  to  the  symmetry  of  vibrations  participating  in  the  scattering 
event.  For  example,  in  the  case  of  symmetric  molecules  of  type  CH, 
where  the  polarisability  ellipsoid  degenerates  into  a  sphere, 
completely  symmetric  vibrations  (in  the  CFf.  molecule,  the  sym¬ 
metric  vibrations  of  the  FI  atoms  relative  to  the  C  atom)  cannot 
lead  to  depolarisation  of  scattered  light,  i.e.,  in  this  case  e  =  0. 
But  as  regards  asymmetric  vibrations  of  the  molecule,  the  degree 
of  depolarisation  must  differ  from  zero.  It  is  evident  from  what 
has  been  said  that  investigations  into  the  degree  of  depolarisation 
of  Raman  lines  is  very  important  in  establishing  the  type  of 
appropriate  vibrations  and,  in  the  final  analysis,  the  molecular 
structure. 

Rotational  Raman  spectra.  Along  with  Raman  lines  that  cor¬ 
respond  to  definite  natural  frequencies  of  the  molecules  of  the 
scattering  substance,  the  scattering  spectrum  (given  sufficient 
dispersion)  also  exhibits  lines  that  correspond  to  the  rotational 
quanta  of  the  molecules.  Thus,  due  to  the  Raman  effect,  studies 
of  the  structure  of  rotational  terms  of  molecules  are  moved  from 
the  far  infrared  to  the  photographic  region  of  the  spectrum. 

The  structure  of  rotational  Raman  lines  is  determined  by  ap¬ 
propriate  selection  rules  for  the  rotational  quantum  number;  these 
rules  can  readily  be  established  by  means  of  a  two-stage  scheme 
of  the  process,  indeed,  considering  the  transition  E„ — i-E.^  and 
making  use  of  the  selection  rule  AJ —  I  ■ ).  we  get  two  possible 
values  for  the  rotational  quantum  number  of  the  transitional 
slate  (J  ).  namely.  =  (J,  refers  to  the  initial  state  of 

the  molecule).  Upon  transition  to  the  final  stale  (E,  —  E)  the 
rotational  quantum  number  of  the  latter  must  be  J  =  J,-^1  = 


See.  301 
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=  (J„  +  I )  +  1  =  J„,  J„dr2-  Thus.  imliUe  the  infrared  spectnnn, 
where  the  selection  rule  is  AJe— --I  (in  the  case  of  ii-ternis), 
for  the  rotational  Raman  spectrum  we  yet  AJ  =  0,  -1^2. 

On  the  basis  of  equations  (39. -t)  and  (36.5),  for  the  rotational 
lines  we  have 

v„=  V.  -  B„  |J-  (J’  +  I)  _  J  (J  +  I)].  (39.5) 

Haviny  in  view  the  case  that  corresponds  to  selection  rule  AJ  = 
^0,  z^2.  we  obtain  from  (39.5)  (he  following  formulas  for  the 


/■i^s  itO.  Potatioo.Tl  Patn.on  spectrum  in  oxyee.. 

(alter  kaset(j) 

two  branches  of  the  rotational  band  (the.se  are  called  S-  and 
O-branches): 

S;  — 2B.(2J+3). 

O-  v;:=v„-i-2B.(2J-l) 

(and,  in  addition,  the  line  v  =  v„.  which  corresponds  to  AJ=0). 
According  to  these  formulas,  the  separation  of  adjacent  lines  in 
the  band  is  equal  to  Av  =  4B„,  in  place  of  Av  =  2B,  in  the 
infrared  spectrum.  Fig.  96  is  a  photograph  of  the  rotational  Raman 
spectrum  of  oxygen. 

For  molecules  with  A>0,  and  also  for  symmetric-top  molecules, 
we  have  AJ=0.  ±1  (for  the  infrared  spectrum).  It  can  easily  be 
shown,  by  means  of  the  same  two-stage  scheme  of  the  .scattering 
process,  that  in  this  case  the  rotational  Raman  spectrum  has.  in 
addition  to  S- and  O-branches,  the  usual  R-and  P-branches  (AJ  = 
=±1).  i-e..  for  the  Raman  spectrum  in  this  case  we  have  the 
selection  rule  AJ=0.  ^4^1,  ±2.  The  frequencies  belonging  to  the 
P-  and  R-branches  of  the  lines  are  expressed  by  the  formulas: 

P:  v|,  =  v,-2B.(J  +  I), 

R:  vJ  =  v.  +  2B.J. 

The  selection  rule  AJ=0,  ±  I,  ±  2  also  occurs  in  the  case 
of  an  asymmetric  top  molecule. 
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Let  it  iilso  be  mentioned  that  the  rotation-vibration  Raman 
spectrum  usually  has  the  form  of  separate  lines  that  correspond  to 
the  first  bands  of  the  zero  series  (or  their  combinations),  tnves- 
ti"ation  of  the  fine  structure  of  these  lines  shows  that  in  reality 
they  are  narrow  bands  that  correspond  to  the  Q-branch,  which  due 
to  superposition  of  the  closely  spaced  rotational  lines  has  an  appar¬ 
ent  intensity  in  considerable  e.xcess  of  that  of  the  other  branches 
of  the  band.  That  is  why  the  latter  ordinarily  escape  detection. 

In  addition  to  the  vibrational  and  rotational  (and  also  rota¬ 
tion-vibration)  Raman  spectra,  there  may  also  occur  a  spectrum  in 
which  the  dilTerence  v,  —  represents  the  energy  of  electronic  ex- 
sitation  of  the  molecule.  A  spectrum  of  this  kind  was  found  in  the 
case  of  NO.  where,  besides  the  lines  v,,  =  Vj^o)  we  find  the 
lines  V|,  =  V, -- (‘rii  i  —  Mil,).  It  will  be  noted  that  the  direct  com¬ 
bination  of  terms  *11,,  and  '11,  „  which  are  components  of  the 
ground  term  of  the  NO  molecule  '11.  is  forbidden  by  the  .selection 
rule  Ai!  =  0.  Here,  as  in  the  case  of  the  rotational  and  vibration¬ 
al  terms  of  symmetric  molecules  the  general  rule  is  valid  accord¬ 
ing  to  which  two  terms  that  combine  with  a  third  do  not  ordina¬ 
rily  intercombine. 

Since  the  discovery  of  Raman  scattering,  a  large  number  of  pa¬ 
pers  have  been  published  in  this  field  covering  an  enormous  num- 
l)cr  of  organic  and  nonorganic  compounds.  Due  to  simplicity  of 
technique,  studies  of  Raman  spectra  have  many  advantages  over 
infrared  spectra.  From  the  Raman  spectra  we  find  the  natural  fre¬ 
quencies  of  molecules  (vibrational  spectra)  and  their  moments  of 
inertia  (rotational  spectra).  The  possibility  of  detecting  directly 
the  frequencies  of  optically  inactive  vibrations  makes  the  method 
of  Raman  scattering  particularly  valuable.  This  method  is  like¬ 
wise  very  important  for  studying  the  structure  of  molecules  and  the 
structural  alterations  that  molecules  undergo  during* changes  in  the 
aggregate  state  of  matter  (association,  solvation,  dissociation,  etc.), 
and  also  in  studies  of  chemical  equilibria,  for  analysing  complex 
mixtures,  for  identifying  compounds,  etc. 


40.  Electronic  Spectra  of  Molecules 

Vibrational  structure  of  the  spectrum.  Electronic  spectra  are 
spectra  associated  with  a  simultaneous  change  both  of  the  vibra¬ 
tional  and  rotational,  and  electronic  state  of  the  molecule.  On 
p.  .170  we  derived  an  expression  for  the  total  energy  of  a  molecule 
that  included  also  the  energy  of  the  electronic  state  (E,,,).  We  shall 
here  consider  the  electronic  spectra  to  the  same  approximation  that 
we  considered  the  rotation-vibration  spectra  of  molecules.  Assuming 
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additivity  of  the  three  types  of  energy,  the  frequencies  of  the  sep¬ 
arate  lines  of  the  electronic  spectrum  are  represented  by  the  for¬ 
mula 


(E,.|  +  E  -)- E  ,)  —  (Eti -(- E.,n -t- E„„) 

'’  = - ii - ='’el  +  '’vio  +  v,„,  (40.1) 

where 


Eel 


Evl, 


■  Evi, 


and 


E„., 


Here,  v.it  characterises  the  vibrational  (band)  structure  of  the 
spectrum.  v,„,  the  rotational,  or  fine  structure  of  the  bands.  The 
quantity  Vj,’  which  determines  the  change  in  electronic  energy  of 
the  molecule,  is  usually  far  in  excess  (tens  of  times)  of  and 
exceeds  v„,,  by  a  factor  of  thousands.  For  this  reason,  the  electron¬ 
ic  spectrum  of  a  molecule  is  displaced  with  respect  to  its  rota¬ 
tion-vibration  spectrum  towards  the  short  wavelengths,  ordinarily 
into  the  visible  or  ultraviolet  regions  of  the  spectrum. 

In  the  case  of  the  diatomic  molecule,  we  have  from  (36.6)  and 
(37.10) 

Vvis  =  "'  (v'  +  -^)  —  w'x'  (v'  +  4’)*~“(''  +  t)  + 

+  (ax(v  +  -^y  (40.2) 

and 

v,„,=  b;j-(J'  +  I)-B,J(J  +  1)  (40.3) 

(the  primed  quantities  refer  to  the  upper  energy  states).  Compar¬ 
ing  expressions  (40.2)  and  (40.3)  with  the  analogous  expressions 
(38.14)  and  (38.8).  we  see  that  the  former  contain  two  different 
frequencies  u>  and  <0'  (in  place  of  one)  and  two  rotational  constants 
B„  and  Bi.  The  large  number  of  constants  (to  the  same  degree  of 
approximation)  is  due  to  the  fact  that  here  we  have  two  electronic 
states,  each  of  which  is  characterised  by  a  definite  frequency  co. 
also  an  anharmonicity  constant  tax,  and  a  definite  equilibrium 
distance  r„  between  atoms,  i.  e..  a  definite  value  of  B,. 

Without  taking  into  consideration  v,„,.  let  us  first  determine  the 
peculiarities  of  the  vibrational  structure  of  the  electronic  spectrum 
of  a  diatomic  molecule.  For  the  zero  lin  e  (see  below)  of  each  band 
of  this  spectrum  we  have  the  following  expression,  on  the  basis  of 
(40.1)  and  (40.2): 

v  =  v„|.,  =  v,,-f  (O'  (v'-fi-)  —  «'x'  (v'+i-)*— (o(v-f  4-)  + 

-|-(0X  (v-f-j)'.  (40.4) 
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This  formula,  in  the  form 


V  =  v„  4-  wlv'  —  —  0)„v  4-a),x„v’  (40.5) 

was  fir.st  derived  empirically  by  Dcsiandres  and  is  knoLvn  as  the 
Deslandres  formula.  From  a  comparison  of  (40.5)  and  (40.4),  we 
f;et  the  followinf'  relations  between  the  constants  that  enter  into 
them: 


-4 -t(' -4)  ■  i 

<'>«=<'*  (I —•'<)• 

{.)„  =  Cl)'  ( I  —  x'), 

Ci)^X„  =(|)X, 

(i>,X„  =  Ci)'x'. 


Assit;ninp  to  each  frequency  (band)  the  inde.xes  vv'  (vw).  we 
can  represent  the  entire  system  of  bands  expressed  by  the  Deslandres 

formula  in  the  following  table 
Table  3o  35^ 

Deslaiiilrc'  vyMim  of  l),riids  of  a  bands  that  form  this  system 
(hai.>iiMc  molecule  distributed  in  definite  series 

(progressions)  that  correspond  to 
the  horizontal  rows  and  vertical 
columns  of  Table  ,35.  The  former 
are  called  v  progressions  and  the 
latter,  v'  progressions. 

The  v'  progressions  correspond 
to  v  =  const  and  can  be  ex¬ 
pressed  as 

v  =  v,v  4-<o.v' —  <o„x«v'*,  (40.7) 

derived  from  (40.5).  .According 
to  (40.7),  the  v'  progressions  are  a 
group  of  bands  that  converge  to  a  certain  limit  in  the  region  of 
high  frequencies.  This  series  is  obtained  in  transitions  from  a  def¬ 
inite  vibrational  level  v  that  corresponds  to  a  lower  electronic 
slate  of  the  molecule,  to  all  possible  vibrational  levels  v'  of  an 
upper  state  (or  vice  versa).  The  v'  progressions  are  characteristic  of 
absorption  spectra.  They  are  clearly  distinguishable  in  the  absorp¬ 
tion  spectra  of  I,.  Br,.  N,.  O,,  NO,  CO,  O,.  SO,,  H.CO, 
etc.  Illustrative  of  such  a  spectrum  is  the  absorption  spec¬ 
trum  of  CO  in  the  Schumann  region  (X<^2000  A)  given  in  Fig.  97. 

The  V  progressions,  on  the  contrary,  are  expressed  by 

— <o,v4-<i).xv*  (40.8) 

and  are  associated  with  transitions  from  a  definite  vibrational  level 


Sc^  4I»| 


I  I  rciuoN'c  sj>r(, IRA  oi  moi  m  i  rs 


of  an  upper  electronic  stale  of  the  nuilcaile  to  all  possible  lowoi 
vibrational  levels  (or  vice  versa).  The'^c  proj^ressions  are  character¬ 
istic  of  emission  spectra,  in  particular  for  a  lluorescence  spectruin. 
For  example,  when  iodine  vapour  is  excited  by  the  ^rcen  line  of 
mercury  5461  A.  we  observe  a  series  of  bands  in  the  lluorescence 

*■  4>/  _  /•/  / 


Fifi.  97.  Absorption  sprctruin  oi  (  (J  in  tin-  Sclium.iiiii  r.-Ltion  (.ut.-r 
Mupfi..|d  otid  Itirttf).  TIk*  licun-s  (i  —  I),  etc.,  d.  not.-  tin-  \  jliration.j' 
qiisntiini  numbers  r)i  tin-  lipp.-r  and  low.r  (|ii.ii<tiiiu  st.il.s.  risprcli..!. 

spectrum  that  correspond  to  transitions  \  ==2G— -v---  1.  2.  3.  1.  .  ,  . 
Similar  progressions  are  also  observed  in  the  lliioiescence  spectra  o( 
O.,  S..  NO,  SO.,  etc. 


Fiff.  98.  Part  o(  spectrum  obtained  in  tlie  pn'Saqe  oi  a  sliock  wave 
througli  a  mixture  of  acetylene  and  argon.  It  contains  bantls  of  CN 
and  of  C.  {Swan  bands)  {after  Gaydon) 

In  the  case  of  e.xcitation  of  emission  spectra  under  the  comple.x 
conditions  of  an  electric  discharge,  and  also  in  temperature  and 
chemical  (chemiluminescence)  e.xcitations.  the  various  progressiotis 
ordinarily  overlap  and  the  pattern  of  the  spectrum  becomes  very 
complicated.  Very  often,  when  different  progressions  overlap,  sepa¬ 
rate  groups  of  bands  in  the  spectrum  seg.'egate;  these  correspond  to 
the  diagonal  progressions  of  Table  35.  for  instance,  the  progres¬ 
sions  v,,,  V,,.  v...  etc.,  or  v,„.  v„.  etc.  Such  progressions  are  char¬ 
acteristic  of  spectra  of  C,,  N,.  CO,  CN,  etc.  Fig.  98  shows  a  por¬ 
tion  of  a  spectrum  obtained  during  the  passage  of  a  shock  wave 
through  a  mixture  of  acetylene  and  argon.  The  spectrum  contains 
bands  of  CN  and  bands  of  C,  (Sioan  bands). 

The  characteristic  constant  of  each  system  of  bands  is  the  band 
V..  (to  be  more  exact,  the  zero  line  of  this  band),  which  corre- 
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spoluls  to  the  combination  v'  =  0' — v  =  0  and  is  called  the  zero 
batul.  As  follows  from  (40.6).  the  frequency  of  the  zero  line  of  the 
zero  band  does  not  coincide  with  the  frequency  v,.,  because  of  the 
zero  vibrational  enerf'y  of  the  molecule. 

lotensity  distribution  in  the  Deslandres  system  of  bands.  When 
we  considered  the  rotation-vibration  spectra  we  pointed  out  that 
the  band  intensity  rapidly  falls  off  with  increasing  Av.  Besides, 
this  spectrum  is  absent  in  molecules  the  dipole  moment  of  which 
is  zero.  In  contrast  to  rotation-vibration  spectra,  the  bands  (in 
electronic  spectra)  that  correspond  to  different  values  of  Av  have  a 
comparable  intensity  in  a  large  range  of 


Av.  irrespective  of  the  presence  of  a  di¬ 
pole  moment. 

The  reason  for  this  is  that  the  proba¬ 
bilities  of  transitions  in  electronic  spectra 
are  determined  by  variation  of  the  tran¬ 
sition  moment  of  the  molcxule.  which  is 
due  to  its  electron  configuration.  For  this 
reason,  in  the  case  of  an  allowed  electron¬ 
ic  transition,  any  values  of  A  v  are.  gen¬ 
erally  speaking,  possible. 

Intensity  distribution  in  the  Deslandres 
band  system  can  be  e.xplained  on  the  basis 
of  the  Franck-Condon  principle.  Franck 
expressed  the  view  that  those  bands  have 


Fig.  99.  Probabilities  of  greatest  intensity  that  are  associated  with 
transition  alter  Franck  quantum  transitions  in  which  there  is  no 

and  Condon  change  either  in  the  internuclear  dis¬ 

tances  or  in  the  nuclear  momenta.  This 


assumption  is  based  on  the  fact  that  when  the  molecule  ab¬ 


sorbs  or  emits  light,  the  electronic  transitions  occur  so  rapidly 
that  neither  the  positions  nor  the  velocities  of  the  nuclei  have  time 
to  change  perceptibly  during  the  time  of  a  transition,  and  transi¬ 
tions  occur  for  the  practically  constant  internuclear  distance  r. 
Let  us  examine  Fig.  99.  which  shows  the  potential-energy  curves 
of  a  diatomic  molecule  in  the  ground  and  excited  states.  Excita¬ 
tion  of  the  molecule  (transition  from  ground  to  excited  state)  oc¬ 
curs.  according  to  Franck,  with  unchanged  distance  between  nuclei 
r  (vortical  arrows).  As  a  result  of  this  transition,  the  potential 
energy  of  the  excited  molecule  is  equal  to  U'.  However,  since  to 
this  energy  there  corresponds  the  internuclear  distance  r'  =  r,  which, 
generally  speaking,  differs  from  the  equilibrium  distance  of  the 
excited  molecule,  the  positions  of  the  nuclei  at  the  instant  of  ex¬ 
citation  will  not  be  in  equilibrium  and  the  molecule  will  begin  to 
vibrate.  The  energy  of  these  vibrations  E^it  will  obviously  be 
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equal  to  the  difTerence  U'  —  U.'> .  The  vibrational  quantum  number 
v'  (which  determines  this  energy)  together  with  the  number  v  of 
the  lower  state  (in  the  case  that  corresponds  to  the  heavy  arrow 
in  Fig.  99.  v  =  0)  will  describe  this  band,  which  is  associated  with 
the  given  transition. 

However,  on  the  Franck  view,  it  is  not  clear  how.  in  addition 
to  this  band,  there  can  appear  other  bands  of  the  series  v=: const 
(v=0).  though  this  is  actually  what  occurs.  This  difficulty  is  elim¬ 
inated  by  a  quantum-mechanical  interpretation  of  the  Franck 
prificiple  as  given  by  Condon. 

In  quantum  mechanics,  the  probability  of  the  combination 
V — »v'  is  determined  by  the  value  of  the  quasi-moment  that  cor¬ 
responds  to  the  given  transition 

qv  v  =  J'>|\  (r)q  >(>.  CXIt.  (40.9) 

The  funclions  ifiy'  and  >()„  that  enter  into  this  e.xpression  have  the 
form  shown  in  Fig.  87.  It  is  seen  that  the  vibrational  wave  func¬ 
tions  have  a  perceptible  magnitude  in  a  certain  interval  of  values 
r.  Due  to  this  difluseness  they  overlap  in  the  interval  Ar,  and 
this,  according  to  (40.9),  leads  to  the  possibility  of  a  transition 
from  the  given  level  v'  not  only  to  the  higher-lying  level  v  but  also 
to  adjacent  levels,  as  is  shown  in  Fig.  99.  Here,  the  vertical  ar¬ 
rows  of  various  thickness  depict  possible  transitions  v  =  0 — -  v' 
(0 — .0'.  0 — .  1',  0 — -2',  0 — -3’).  The  thickness  of  the  arrow  is 
in  accord  with  the  relative  probability  of  the  given  transition, 
i.e..  with  the  intensity  of  the  respective  band. 

It  will  be  noted  that  (as  follows  from  Fig.  87)  the  quantity 
i|)J(r).  which  is  shown  in  Fig.  99  by  the  dashed  curve  and  which 
determines  the  probability  of  finding  nuclei  at  a  given  distance  r 
when  r:5==r.,,  is  nonzero  and  is  evidence  (from  the  corpuscular 
point  of  view)  of  motion  of  nuclei  that  does  not  cease  even  in  the 
zero  vibrational  state  of  the  molecule.  The  energy  of  this  motion 
represents  zero  vibrational  energy. 

Fig.  99  refers  to  the  particular  case  when  the  zero  vibrational 
level  (v  =  0)  is  the  initial  state  of  the  molecule.  In  this  case, 
in  the  series  v  =  const,  we  find  one  ma.ximum  of  intensity  (in  the 
case  that  refers  to  Fig.  99  band  01'  is  strongest).  It  will  readily 
be  seen  that  in  the  case  of  v=ie0  in  v  progressions  there  are,  as 
a  rule.  Iwo  bands  with  maximum  intensity  that  correspond  to  the 
maxima  of  the  function  ip.-  at  two  turning  points  of  the  nuclei 
(Fig.  87).  That  is  why  we  will  have  two  intensity  maxima  in 
these  series. 
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The  same  uoes  lor  the  case  when  the  initial  level  is  the  v'  level 
(emission);  to  each  value  of  the  number  v'  (for  v'^0)  there  will 
he  two  values  of  v  that  correspond  to  two  of  the  strongest  bands 
of  the  V  progressions.  At  v'— 0.  we  will  have  a  series  with  one 
intensity  maximum. 

By  drawing  a  line  through  the  bands  of  maximum  intensity  on 
the  diagram  of  the  band  system  (Table  35).  we  obtain  a  curve 
w  liose  sha|  e  is  determined  by  the  relative  positions  of  the  po¬ 
tential  energy  curves  of  the  upper  and  lower  states  of  the  mole¬ 
cule.  On  the  basis  of  figures  like  Fig.  100,  it  is  easy  to  see 
tliat  when  r,  dilTers  but  slightly  from  r.^^.  the  values  of  v,  and  v., 
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I'iti.  loo.  Inri.-nsit>  Uistribution  ill  the  Deslandres  band  system  (Cundon 
parabolas) 

which  coriespond  to  each  given  value  of  v.  must  differ  very  little 
and  the  curve  of  maximum  intensities  {Condon  parabola)  degener¬ 
ates  almost  into  a  straight  line.  This  curve  is  shown  in  Fig.  100 
a.  where  the  crosses  indicate  the  strongest  bands.  In  this  case,  the 
spectrum  .should  exhibit  a  prominent  diagonal  progression.  On  the 
contrary,  when  there  is  a  large  difference  between  r«  and  r^,  the 
numbers  v,  and  Vj  differ  greatly  and  we  get  a  curve  like  that 
shown  in  Fig.  100  b.  Thus,  on  the  basis  of  the  shape  of  these 
curves  we  can  judge  the  type  of  change  in  the  equilibrium  dis¬ 
tance  in  a  given  quantum  transition,  and.  hence,  also  the  relative 
positions  of  the  appropriate  potential-energy  curves  of  the  mole¬ 
cule.  We  can  add  that  the  curves  of  maximum  intensity  are  a  re¬ 
liable  criterion  of  the  validity  of  the  Deslandres  formula,  by  means 
of  which  the  experimentally  found  bands  are  expressed. 

Fine  (rotational)  structure  of  spectra.  Turning  to  a  consideration 
of  the  rotational  structure  of  electronic  spectra  of  diatomic  mole- 
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cules,  let  us  select  some  band  that  is  characterised  by  detinite 
values  of  vibrational  quantum  numbers  v  and  v'.  The  frequencies 
of  the  individual  rotational  lines  of  this  band  can  be  represented 
by  the  approximate  formula 

V  x\.|  B V'  J  ( J  I )  —  Bv  J  J  ”1“  I  )•  ('lO.  1 0) 

derived  from  (dO.l)  —  (40.4).  Formula  (40.10)  is  very  similar  to 

(38.17) ,  dilTerint:  from  it  only  in  the  constant  v,i  ,  tthat  replaces 
the  constant  v,,,).  and  also  by  the  fact  that  the  constants  B  in 

(38.17)  refer  to  tl.e  same  electronic  state  of  the  molecule,  and  in 
(40.10),  to  dilTercnt  electronic  states. 

Due  to  the  similarity  of  equations  (40.10)  and  (38.17),  we  can 
obviously  derive  from  (40.10),  in  the  pcncral  case,  three  parabolas 
that  are  expressed  by  formulas  similar  to  (38.18)  and  (iiS.IO)'; 

R-  vrss  v,,.^  +  (B,..-!-B,)(J-fl)  — (B,.  +  li.)(J+ 1)3  1 

Q:  v,|  ,  4-(B,  —  B,)  J +  (Bv  —  B,)  J  =  ,  '  (40.11) 

R:  V,.  ^v,,,,,-(B,..-f-B,)  J  +  (B,.-BJJ-'. 


Such  parabolas  that  refer  to  the  band  AIHX424I  A  are  shown 
in  Fiy.  101.  As  is  seen  from  this  fiyure,  which  is  commonly  called 
a  Foriral  diagram,  the  lines  become  closely  spaced  (to  the  left) 
near  a  certain  sharp  limit  (called  the  band  head)  and  become  wide¬ 
ly  spaced  at  the  other  end  of  the  band  (to  the  riyht).  This  de¬ 
cline  in  total  intensity  away  from  the  head  (resulting  from  such  a 
line  distribution  in  the  band)  is  called  shading  of  the  band.  The 
band  in  Fig.  101  is  shaded  towards  long  wavelengths;  in  this  case 
one  speaks  of  red  shading  of  the  band  (in  contradistinction  to 
violet  shading). 

The  band  head  is  due  to  a  turning  point  in  one  of  the  parabo¬ 
las  (the  R-branch  in  Fig.  101).  The  question  of  which  of  the 
branches  (R  or  P)  has  a  turning  point  is  solved  by  the  sign  of  the 
quadratic  term  in  equations  (40.11),  that  is,  by  the  ratio  between 
Bv-  and  B,,  It  is  readily  seen  that  the  turning  point  on  the 
R-branch  is  obtained  when  B,.  >Bv-  and  on  the  P-branch  when 
B,.<]Bv’.  Further,  since  according  to  (36.2)  the  quantities  B  are 
inversely  proportional  to  the  corresponding  moments  of  inertia, 
i.e.,  inversely  proportional  to  r’,  red  shading  indicates  an  in¬ 
crease  in  the  equilibrium  distance  with  excitation  of  the  molecule 
and,  conversely,  violet  shading  of  the  band  (turning  point  on  the 


•  Here  we  also  give  the  equation  for  tlie  Q-branch  llial  results  wlien 
AJ  =0. 
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P-brancIi)  is  an  indication  of  a  decrease  in  the  equilibrium  dis¬ 

tance,  i.e..  a  strengthening  of  the  molecule,  with  its  excitation. 

It  may  be  added  that  in  many  cases  there  is  no  head.  This  oc¬ 
curs  when  the  difference  between  Bv-  and  B,.  is  slight. 

A  characteristic  band  constant  is  its  zero  line  which  is 

absent  from  the  spectra  of  diatomic  molecules.  The  absence  of  the 
zero  line  in  the  R-  and  P-branches  was  proved  on  p.  377.  In  the 
Q-branch  this  line  is  absent  due  to  the  selection  rule  J'  =  0^-  J  =0. 
The  position  of  the  zero  line  in  a  band  can  frequently  be  deter- 


FiU  lot.  Fortr.it  diagram  of  band  AIHA424I  A  (after  Bengtsson-Knavct 


mined  from  the  characteristic  gap  that  disrupts  the  line  sequence 
(see,  for  example.  Fig.  93).  The  exact  value  of  is  obtained 

from  a  detailed  analysis  of  the  rotational  structure  of  the  bands. 

The  set  of  values  of  v.,|_.  found  in  this  way  permits  establishing 
the  Deslandres  formula  lor  a  given  system  of  bands,  i.e.,  deter¬ 
mining  the  constant  v,.,  and  also  the  vibrational  constants  <0  and 
X  for  both  combining  electronic  terms. 

Let  us  dwell  in  somewhat  more  detail  on  an  analysis  of  the 
rotational  structure  of  bands,  the  object  of  this  analysis  is  pri¬ 
marily  to  determine  the  rotational  terms  and,  consequently,  the 
rotational  constants  of  the  molecule  B,.  and  By-  which  permit  ex¬ 
pressing  the  frequencies  of  separate  lines  in  the  band  by  means 
of  equations  similar  to  (40.1 1 ).  This  analysis  is  simplified  by  the 
possibility  of  setting  up  definite  relations  between  frequencies  of 
the  rotational  lines,  thus  making  it  possible  to  isolate  individual 
rotational  terms  of  the  molecule.  Denoting  the  rotational  term  by 
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T(J)  and  rewriting  (40.10)  in  the  form 


v.>(J)  =  v„.,  +  T'(J-l)-T(J), 
Vq  (J)  =  \\,_v  +  T'  (J)  —  T  (J), 

'’R  (J)  =  '\i-v  +  T'  (J  1)  —  T  (J). 


it  will  readily  be  seen  that  the  following  relations  obtain  for  the 
separate  lines: 


s'o  (J)  —  vp  ( J)  —  Vr  (J  —  1 ) - V  4^  ( J  —  1 )  —  i 

=-T  (J)— T'(J  -  l)=^2B,.J,  I 

Vy(J  1) Vp(J)  —  Vr(J  I) Vy(J)=  I 

=  T(J)  — T(J  —  1)  =  2B,J.  } 


(40.12) 


Consequently,  the  frequency  dilTerence  of  two  lines  in  a  band  is 
repeated  lui’ice  and  is  a  quantity  that  is  a  multiple  of  2B.,  or  26^  . 
For  this  reason,  the  starting  point  in  an  analysis  of  the  rotational 
structure  of  a  band  is  ordinarily  to  determine  the  differences  that 
satisfy  relations  (40.12).  Whence,  we  directly  find  the  values  of 
the  constants  B,  and  Bv-  of  the  molecule  and  its  rotational  terms.  * 

The  foregoing  reasoning  is  schematic  because  our  initial  expres¬ 
sion  (40.10)  is  an  approximate  one.  Even  if  we  consider  the  mol¬ 
ecule  unstretchable.  i.e..  if  we  disregard  constant  D.  we  can  con¬ 
sider  expression  (40.10)  as  valid  only  in  the  case  of  combination 
'i— -‘X.  However,  here,  due  to  the  selection  rule  AJ  =  ±  1  the 
Q-branch  is  absent  and  we  only  have  branches  R  and  P. 

The  simplest  case  when  also  the  Q-branch  appears  is  the  combi¬ 
nation  of  terms  and  ‘Tl.  However,  here  we  must  take  into  ac¬ 
count  the  A-doubling  of  the  Il-term,  and  since  change  in  energy 
a.ssociated  with  A-doubling  in  (40.11)  was  not  taken  into  account, 
these  formulas  and  also  the  relations  (40.12)  derived  from  them 
cannot,  obviously,  hope  to  be  accurate.  And  despite  the  A-doubling 
of  the  ri-term  the  number  of  parabolas  in  the  band  remains  equal 
to  3.  Indeed,  above  (p.344)  we  pointed  out  that  the  rotational  ii-terms 
are  alternately  positive  and  negative,  while  the  components  of 
A-doubling  of  the  Il-term  (ordinarily  designated  by  the  symbols 
11^  and  nj  also  have  different  signs.  And  so,  on  the  basis  of  the 
selection  rules  A  J  =0,  ±1  and  -4--- —  "'e  obtain  on  I  y  three  com¬ 
binations  of  each  rotational  '2-term,  i.e.,  three  simple  branches. 


•  Thus,  from  (40.12)  lor  J=l  wc  have:  T'  (I)  —  T' (0)  =  T' (I)  =  2Bv- . 
and  T  (I)  —  T  (0)  =  T  (l)  =  2Bv..  These  relalions  straightway  yield  the  con¬ 
stants  By  and  Bv'  and  the  terms  T  (I)  and  T' (I).  For  J  =  2  we  get 
T'(2)  — T'(l)  =  4Bv'  and  T  (2)  —  T  (I)  =  4B,.  whence  T  (2).  T'(2).  etc. 


392 


AK>LI:CLL.\R  bl'LCTRA 


rch.  J 


These  coiiihijKitions  c<in  be  sclieinatically  represented  in  the  follow- 
iig  lorm: 


2 

+ 


4 

+ 
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The  rotational  stri.cliire  ol  bands  in  the  combination  of  other 
Ic'ici'  is  considerably  more  involved.  Without  going  into  details, 
\\e  can  state  that,  for  example,  in  the  case  of  combinations 
'll  -  -  'll  and  'll  -  -  'A  we  have  six  parabolas  or  branches  (two  R-, 
two  Q-  and.  two  P-branches).  in  the  ca.'e  ol  the  combinations 
-V, —  .)  branches  (two  R-  and  two  P-branches),  and  in  the  case 
of  'v.--, -jl  12  branches,  etc. 

Let  us  also  add  that  the  electronic  spectra  of  complex  molecules 
are  characteri-sed  by  a  larger  number  ol  constants  and,  for  this  rea¬ 
son.  naturally,  have  a  more  complicated  vibrational  and  rotational 
structure  than  that  of  the  spectra  of  diatomic  molecules.  In  partic¬ 
ular,  this  has  to  do  with  asymmetric-top  molecules.  Only  in  the 
case  of  sjmmctric  linear  molecules  (for  instance.  COt)  does  the 
rotational  structure  ol  the  bands  come  close  to  the  band  structure 
of  diatomic  molecules.  Due  to  complexity  of  structure,  the  analy¬ 
sis  of  electronic  spectra  ol  complex  molecules  has  as  yet  been 
carried  out  only  in  an  extremely  limited  number  of  cases. 

The  isotope  effect  in  spectra.  One  ol  the  extremely  important 
properties  that  apply  equally  to  molecular  spectra  with  electronic 
excitation  and  to  infrared  spectra  and  Raman  spectra  is  the /so/ope 
effect  in  these  spectra.  We  differentiate  between  the  vibrational 
effect,  due  to  a  difference  in  natural  frequencies  of  the  isotopic 
molecules,  and  the  rotational  effect,  due  to  the  difference  in  their 
moments  of  inertia.  Let  us  first  consider  the  vibrational  isotope 
effect  in  the  spectra  ol  diatomic  molecules. 

Since,  according  to  (37.8)  and  (37.1  li.  the  natural  frequencies, 
like  the  anharmonicity  constants,  are  inversely  proportional  to  the 
square  root  of  the  reduced  mass  ol  the  molecule  p  =  m,m,/(m,-|- 
-j-m,)(m,  and  m,  are  the  masses  of  the  atoms  that  comprise 
the  molecule),  by  introducing  the  quantity 

0=  l/T 

'  P 
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(ft  and  |i'  refer  to  two  isotopic  molecules),  for  the  maf^nitude  of 
isotope  shift  of  the  zero  lines  (A\\,)  in  the  spectrum  of  these  mol¬ 
ecules  we  g;et.  from  the  Deslandres  formula. 

Av,  =  (e-l)K(v-  +^)_o.(v  +  i-)|  - 

—  (e=  —  I )  I  ( V'  +  T  y  _  <,>x  ( V  +  y  j'J 

or.  approximately  (disrcj^ardiiii'  anharmonicity). 

Av,  =  (e-  I)  [“'(v'  +  4)-“('-  +  4-)]  •  HO.ii) 

Let  us  calculate  o —  I  for  f"0  isotopic  molecules  of  oxygen, 
or  and  0‘'0'‘.  Designating  the  masses  of  the  atoms  O'"  and  0"  by 

m  and  m',  respectively,  we  find  in  this  case  t> —  I  =  \/  '!  "m.  —  1 

or,  approximately  (due  to  the  smallness  of  Am  —  m'  —  m  as  com- 
(lared  with  m), 

Q-l=|f;.  00.15) 

Substituting  here  Am  =  2  and  ni=  16,  we  get  q — 1=0.03. 

The  isotope  effect  in  oxygen  was,  for  example,  detected  in  the 
so-called  atmospheric  bands  (’1 — 'ii).  In  this  case,  ii)'=  1432.6 
and  CO  =  1580.3  cm"’.  Substituting  these  values  of  frequencies  to¬ 
gether  with  e — 1=0.03  into  (40.14),  we  get,  for  the  various 
bands  of  the  series  v  =  0,  the  following  values  of  isotope  shill  Av„; 
—  2.3(00"),  42.5(01"),  87.2(02")  cm"',  etc.  These  quantities  can 
easily  be  measured  even  when  the  spectral  instrument  gives  a  slight 
dispersion.  Thus,  the  vibrational  isotope  effect  is  a  clearcut  elfect 
easily  detected  in  molecular  spectra.  In  Fig.  102  the  vibrational 
isotope  effect  is  shown  in  the  case  of  the  Swan  bands  of  C,. 

Superposition,  on  the  vibrational  elfect.  of  the  rotational,  iso¬ 
tope  effect  gives  rise  to  an  additional  shift  of  the  rotational  lines. 
This  shift  is  expressed  as  the  product  of  g’ — 1  by  the  difference 
of  the  rotational  terms,  which  difference  is  considerably  less  than 
that  of  the  vibrational  terms.  For  this  reason,  the  rotational  iso¬ 
tope  elfect  is  small  compared  with  the  vibrational  effect;  never¬ 
theless,  it.  too,  leads  to  a  measurable  line  shift. 

The  isotope  effect  in  molecuiar  spectra  gives  a  sensitive  and  pre¬ 
cise  method  of  identifying  isotopes  and  measuring  their  relative 
abundances  (by  measuring  intensities  in  the  spectrum).  It  may  be 
noted  that  a  number  of  isotopes  were  discovered  in  this  way.  i.e., 
spectroscopically:  H‘(D).  C”.  N’’.  O”.  O”. 

The  isotope  effect  is  also  observed  in  the  spectra  of  complex  mol¬ 
ecules.  Theoretically  (to  a  first  approximation),  one  should  expect 
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an  isotope  shift  of  those  lines  (or  bands)  which  are  associated 
with  vibrations  and  rotation  that  occur  with  the  participation  of 
the  isotope.  This  conclusion  is  completely  confirmed  by  experiment. 

Nuclear  spin  and  intensity  alternation  in  spectra.  In  addition 
to  tile  isotope  shift,  the  spectra  of  isotopic  molecules  exhibit  the 


fig.  W2.  Isotope  tfTect  in  Cj  spectrum  (Swan  bands),  after  King 
and  Birge 


iollowing  characteristic  difterence.  As  we  have  already  seen  (p. 346), 
the  terms  ot  molecules  composed  of  the  same  atoms  are  divided 
into  two  non-intercombining  groups  that  possess  different  statisti¬ 
cal  weights:  ortho-  and  para-terms.  The  lines  of  the  ortho-modifi¬ 
cation  with  its  greater  statistical  weight  are  more  intense  than  the 
lines  of  the  para-modification.  As  a  result  we  get  a  peculiar  a//er- 
nalion  of  intensities  in  spectra  of  the  molecules  under  considera¬ 
tion.  which  alternation  is  absent  in  molecules  that  consist  of  differ¬ 
ent  atoms.  This  difference  is  particularly  prominent  when  the 
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nuclear  moment  is  zero:  in  this  case  the  .statistical  \veij»ht  of  the 
para-terms  becomes  zero,  i.e.,  the  para-terms  are  simply  absent, 
and  in  the  spectrum  of  molecules  consisting  of  the  same  atoms 
every  other  line  drops  out  (the  lines  of  the  para-modification). 
Such,  for  instance,  is  the  spectrum  of  the  molecule.  Unlike 

this  spectrum,  the  spectra  of  molecules  0“0'’  and  0“0"' e.xhibit 
all  lines  permitted  by  the  selection  rule  for  the  number  J.  To 
illustrate.  Fig.  103  gives  the  01'  band  of  the  molecules  0'*0'*  and 
0'*0'*  (absorption  spectrum  of  the  terrestrial  atmosphere).  Besides 
ihe  intensity  differences  of  the  lines  of  these  isotopic  molecules, 
which  differences  are  due  to  the  different  content  of  isotopes  0‘* 
and  O'*  in  ordinary  oxygen,  we  see  that  whereas  in  band  0**0“ 
there  are  only  lines  (doublets)*  with  even  values  of  the  rotational 
quantum  number,  in  the  band  0‘*0“  there  are  lines  both  with  even 
and  with  odd  J.  A  certain  unevenness  in  distribution  of  intensity 
in  the  bands  of  both  isotopes  and  also  the  presence  of  weak  in¬ 
termediate  lines  not  indicated  by  arrows  are  due  to  the  superpo¬ 
sition  on  the  oxygen  spectrum  of  other  spectra,  mainly  the  lines 
of  iron  and  water  vapour  (the  light  source  in  this  case  is  the  sun). 

Tabic  33 

Nuclear  spin  and  (he  ratio  of  line  intensities  of  the  ortho-  and 
para-moditicationN  in  the  spectra  of  diatomic  molecule'^ 
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*  The  doublet  structure  of  (he  lines  is  due  to  interaction  of  spin  with 
the  rotation  of  the  molecule.  This  structure  results  if  we  take  it  that  in 
the  given  case  (transition  the  selection  rule  AJ  =  0,  r*:  I  oper¬ 

ates  and  not  AJ  =  0.  I,  ^2;  since  the  latter  rule  results  for  quadrupole 
radiation,  it  therefore  follows  that  (he  atmosptieric  bands  are  associated 
not  with  quadrupole  radiation,  but  with  magnetic  dipole  radiation. 
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It  may  be  shown  that  the  ratio  o[  statistical  weights  of  ortlio- 
and  para-modifications  and,  hence,  the  ratio  of  intensities  of  tlie 
corresponding  lines  in  the  spectrum  of  a  molecule  that  has  identi¬ 
cal  nuclei  should  be  ecpial  to 


where  I  is  the  quantum  number  that  characterises  the  nuclear  mo¬ 
ment  of  the  atom.  And  so  from  intensity  measurements  it  is  pos¬ 
sible  to  find  the  nuclear  moment  or  the  appropriate  value  of  i.  In 
Table  36  we  give  the  ratios  of  line  intensities  of  the  ortho-  ami 
para-modifications  of  different  molecules  and  the  values  of  i  found 
from  them. 


41.  Continuous  and  Diffuse  Spectra 

Continuous  spectra.  In  addition  to  molecular  spectra  that  have 
a  more  or  less  marked  discrete  linear-band  structure,  we  very 
often  (particularly  in  the  case  of  complex  molecules)  observe 
continuous  spectra.  We  can  suggest  two  basic  reasons  for  the  ab¬ 
sence  of  a  fine  structure  in  the  spectrum.  One,  purely  external, 
amounts  to  a  broadening  of  the  spectral  lines  ordinarily  due  to 
high  temperature  (Doppler  effect)  or  high  pressure  (impact  broad¬ 
ening).  When  the  pressure  is  increased,  the  width  of  the  separate 
rotational  lines  can  exceed  the  width  of  the  interval  between 
adjacent  lines  in  the  band,  and  this  will  result  in  the  fine  struc¬ 
ture  of  the  band  disappearing.  With  sufficiently  high  pressures 
the  broadening  can  cover  also  the  intervals  between  the  .separate 
bands,  in  which  case  we  get  a  completely  continuous  spectrum. 
However,  such  a  conversion  of  a  discrete  spectrum  into  a  continuous 
spectrum  can  be  expected  only  at  very  high  pressures  (and  temper¬ 
atures)  that  do  not  occur  under  ordinary  conditions.  Yet  experi¬ 
ment  shows  that  continuous  spectra  are  very  often  observed  at  low 
pressures  and  low  temperatures. 

These  spectra  can,  obviously,  be  due  only  to  internal  causes. 
From  theory  it  follows  that  one  of  the  causes  is  the  absence  of 
quantisation  of  vibrations  and  rotation  in  the  case  of  at  least  one 
of  the  combining  electronic  terms  of  the  molecule.  To  take  an 
instance,  a  continuous  spectrum  appears  when  one  of  the  combining 
states  is  unstable.  The  absence  of  discrete  vibrational  and  rotation¬ 
al  levels  in  this  case  is  what  gives  rise  to  the  continuous  char¬ 
acter  of  the  spectrum. 

However,  even  for  combination  of  stable  states  the  spectrum  can 
also  be  continuous  under  certain .  conditions.  Indeed,  the  mutual 
arrangement  of  potential-energy  curves  that  correspond  lo  two  com- 
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l)iniiiH  stales  of  the  molecule  may  be  such  that  for  a  given  quantum 
transition  the  potential  energy  of  the  molecule  will  turn  out  more 

than  its  energy  of  dissociation 
D’.  i.e.. 


Fifj  Photodissociation  of  dia- 

toniic  itfolfCuU*  (urii'iti  of  conti* 
iui(>u:>  absorption  spectrum) 


U'  — U.ssD' 

where  U„  is  the  energy  correspond¬ 
ing  to  the  minimum  of  the  po¬ 
tential-energy  curve  of  the  mole¬ 
cule  in  an  excited  state.  In  this 
case  the  arrangement  of  potential 
energy  curves  is  as  given  in  Fig.  104. 
The  attained  excited  state  can¬ 
not  be  stable,  and  the  process  of 
absorption  of  light  will  end  in 
dissiicialion  of  the  molecule  (plio- 
lodisMcialion),  with  the  surplus 
energy  U'  —  U,  —  D'  converting 
into  the  kinetic  energy  of  the 
atoms  that  fly  apart.  Due  to  the 


absence  of  discrete  levels  of  energy  on  the  segment  of  the  “excited" 
curve  (Fig.  104)  lying  above  the  asymptote  Uo4-D’  (dashed  line), 
the  spectrum  in  this  case  will  be  continuous. 

Fxperiment  shows  that  in  a  number  of  cases  the  continuous 
spectrum  adjoins  the  convergence  limit  of  the  bands,  which  are  v' 
progressions,  and  the  spectrum  as 
a  whole  is  of  the  form  schema¬ 
tically  shown  in  Fig.  10,5.  The 
origin  of  this  spectrum  is  clear 
from  the  foregoing:  both  its  dis¬ 
crete  (band)  part  and  the  continu¬ 
ous  portion  of  the  spectrum  are 
due  to  transitions  to  one  and  the 
same  potential-energy  curve  ("ex¬ 
cited").  the  only  difference  being 

that  the  discrete  bands  appear  in  transition  to  the  part  of  the 
curve  lying  below  the  asymptote  while  the  continuous 

region,  to  the  part  of  the  curve  lying  above  this  asymptote.  Such 
spectra  are  observed  for  Cl,.  Br,,  I,.  O,,  CIO,,  etc.  The  conver¬ 
gence  limit  of  the  bands  (the  boundary  between  the  continuous 
and  discrete  regions  of  the  spectrum)  makes  it  possible,  in  this 
ca.se,  to  determine  with  great  accuracy  the  energy  of  dissociation 
of  molecules  (see  Sec.  49). 


Fifr.  105.  Absorption  spectrum  contain¬ 
ing  discrete  and  continuous  portions 
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Most  frequent  are  the  cases  when  in  the  absorption  spectrum, 
there  is  either  one  discrete  region  (v  progressions  break  olT  much 
before  the  limit  of  their  convergence)  or  one  continuous  region. 
The  first  case  is  ob.served  when  the  equilibrium  distances  in  the 
ground  and  e.xcited  states  of  the  molecule  differ  but  slightly,  as 
a  result  of  which  transition  of  the  molecule  to  a  portion  of  the 
•e.xcited"  curve  that  lies  above  asymptote  (Fig.  104)  has 

a  negligibly  small  probability. 

When  r^  considerably  exceeds  r,.  so  that  transitions  from  all 
levels  V  (accessible  under  the  conditions  of  the  experiment)  of 
the  ground"  curve  (Fig.  104)  lead  to  the  portion  of  the  “excited" 
curve  lying  above  the  asymptote  U„  +  D'.  the  absorption  spectrum 
is  continuous  throughout  its  extent.  As  has  already  been  pointed 
out,  the  spectrum  is  completely  continuous  also  when  the  “excited" 
curve  corresponds  to  the  unstable  state  of  the  molecule  (repulsion 
curve). 

Continuous  absorption  spectra  are  observed  for  diatomic  mole¬ 
cules  of  type  HX.  MeX  (where  X  is  the  halogen  atom),  and  also 
in  the  case  of  a  large  number  of  more  complex  molecules,  such  as 
Np,  CI.O,  COS.  XCN,  H.O.  H.S.  H.O,,  SO,,  the  molecules  of 
saturated  hydrocarbons,  alcohols,  ethers,  acids,  etc.  We  note  that 
in  the  case  of  complex  molecules,  the  ratios  between  equilibrium 
distances  and  the  energy  of  the  molecule  are.  of  course,  far  more 
complicated:  but  a  large  part  of  the  foregoing  reasoning  is  ap¬ 
proximately  applicable  also  to  these  molecules. 

Our  examination  of  continuous  spectra  has  up  to  now  mainly 
dealt  with  absorption  spectra.  Yet  quite  often  we  find  cases  of 
continuous  emission  spectra.  Such,  for  example,  are  the  spectra 
of  temperature  luminescence  of  halogens;  they  originate  as  a  result 
of  recombination  of  atoms.  These  spectra  are  an  inversion  of  con¬ 
tinuous  absorption  spectra  of  molecules  X,,  just  as  the  process  of 
recombination  X -j- X'  =  X,-)-hv  is  an  inversion  of  the  process  of 
photodissociation  X, -j-hv -=  X X' (X' denotes  an  excited  halogen 
atom). 

A  continuous  emission  spectrum  is  also  observed  in  the  bombard¬ 
ment  of  H,  molecules  with  electrons.  This  spectrum,  which  extends 
from  5000  A  to  1600  A,  is  connected  with  transition  of  the  mol¬ 
ecule  from  a  stable  triplet  state  lsa2s<i’2f,  excited  by  electronic 
impact,  to  the  unstable  state  Iso2po’2+,  which  corresponds  to  the 
repulsion  curve.  As  a  result  of  this  transition  the  H,  molecule 
disintegrates  into  two  normal  atoms.  Absence  of  a  continuous 
spectrum  of  H,  underexcitation  by  light  (fluorescence)  is  due  to 
the  fact  that  the  levels  ‘2/  (ground  state  of  H,)  and  '2^  (lik« 
any  triplet  level  of  H,)  do  not  intercombine.  However,  due  to 
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the  possibility  of  electron  exchange  (the  free  electron  changes 
places  with  one  of  the  electrons  of  the  molecule),  which  may  be 
represented  by  the  scheme 

123  13  2 

:  +  i  [  -*11  +i 

e  h,(’2)  h.(’2)  e. 

the  prohibition  of  intercombinations  is  removed  and  the  level 
No2sn’l ;  may  be  excited;  following  this  is  the  emission  of  a 
contiiuioiis  spectrum.  I so2so’S+ =  I  so2po’ 2+ +  hv.  The  origin 
of  continuous  emission  spectra  of  helium,  xenon,  and  certain  other 
cases  is  similar  to  that  of  the  continuous  spectrum  of  H,. 

A  uumber  of  continuous  spectra  have  a  peculiar  structure  ex¬ 
hibiting  alternating  maxima  and  minima  of  intensity.  Such  are 
the  spectra  of  Hg,.  Cd,.  Zn,  observed  both  in  absorption  and 
emission,  and  also  aLsorption  spectra  of  the  vapours  of  halogen 
salts  of  alkali  metils.  The  latter  have  been  subject  to  particularly 
careful  study;  according  to  Kuhn,  the  structure  of  these  spectra  is 
accounted  for  as  follows.  The  lower  state  is  the  ground  state  of 
the  Me.X  molecule  to  which  there  corresponds  a  potential-energy 
curve  with  a  deep  minimum.  Corresponding  to  the  upper  state  is 
the  repulsion  curve,  which  throughout  r'>r„  is  nearly  a  straight 
line  parallel  to  the  axis  r  (this  is  due  to  superposition,  on  forces 
that  determine  the  normal  course  of  the  repulsion  curve,  of  pola¬ 
risation  van  der  Waals  forces  of  attraction).  Because  of  this  shape 
of  the  upper  curve,  the  energy  of  the  molecule  in  the  e.xcited  state 
should  be  practically  constant  (equal  to  Uj.  Expressing  the  energy 
of  the  molecule  for  different  vibrational  levels  of  the  ground  state 
in  the  form  U  =  U„-j- (v),  we  will  have,  for  the  frequencies  of 
the  corresponding  transitions. 

v  =  v,|.v  =  v.  — a)(v  +  -^)-|-a>x  (v  +  y)'-  (41.1) 

Since  the  upper  state  of  the  molecule  fs  not  quantised,  to  these 
transitions  there  will  correspond  broad  maxima.  This  accounts  for 
the  earlier  indicated  periodicity  of  intensity  distribution  in  the 
continuous  absorption  spectra  of  MeX  molecules. 

As  is  seen  from  expression  (41.1).  the  intensity  maxima  should 
converge  to  a  certain  limit  lying  in  the  region  of  long  wavelengths 
(cf.  the  v'  progressions).  The  distance  between  the  first  two  (short¬ 
est  wavelength)  maxima  should  be  approximately  equal  to  the 
quantity  u>.  This  conclusion  is  in  rather  good  agreement  with  the 
data  on  natural  frequencies  of  MeX  molecules. 
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As  follows  from  the  forettoiny,  we  may  expect  the  appearance 
of  such  intensity  maxima  only  when  one  of  the  potential-cncryy 
curves  is  more  or  less  horizontal.  However,  if  the  repulsion  curve, 
on  the  contrary,  ri.ses  steeply,  the  separate  maxima  will  rnerye 
into  a  continuous  spectrum  with  uniform  distrilnition  of  intensity. 
It  is,  apparently,  to  this  circumstance  that  we  must  attribute  tire 
fact  that  the  periodic  distribution  of  intensity  in  continuous 
spectra  is  relatively  infrequent.  For  instance,  intensity  maxima 
are  absent  in  the  continuous  spectra  of  NaCI.  NaBr.  and  KCI. 

Predissociation.  One  of  the  most  important  peculiarities  of  mo¬ 
lecular  spectra  is  associated  with  the  phenomenon  of  predissocia- 


Fig.  106.  Predissociatioti  in  the  ultraviolet  absorption  spcclrujn  of 
NO,  (after  Harris).  Below,  comparison  spectrum 

tion.  This  phenomenon  is  most  frequently  detected  by  diffuse  bands 
in  the  absorption  spectra  of  gases  due  to  the  anomalous  broaden¬ 
ing  of  rotational  lines.  In  some  cases  the  line  width  and.  conse¬ 
quently,  the  difluseness  of  the  bands  in  the  absorption  spectrum 
build  up  slowly  with  diminishing  wavelength;  in  other  cases,  the 
bands  become  diffuse  suddenly,  and  between  the  bands  with  fine 
structure  and  the  diffuse  bands  (which  ordinarily  belong  to  the 
same  series)  we  find  a  sharp  boundary  (the  predissocia! ion  limit). 
An  example  is  predissociation  in  the  short-wave  region  of  the 
absorption  spectrum  of  NO,  (Fig.  106). 

The  phenomenon  of  dissociation,  discovered  by  Henri  in  1928 
and  theoretically  explained  in  the  works  of  Bonhoeffer,  Farkas, 
Kronig,  and  Herzberg,  is  a  quantum-mechanical  effect  similar  to 
the  Auger  effect  in  atomic  spectra.  The  Auger  effect  occurs  when 
discrete  energy  levels  of  the  atom  are  overlapped  by  an  energy 
continuum,  as  shown  in  Fig.  107.  In  such  cases,  transition  is  pos¬ 
sible  of  an  excited  atom  to  an  unstable  state  (ionisation).  In  the 
case  of  ordinary  photoionisation,  the  absorption  of  light  by  the 
atom  and  its  ionisation  represent  a  single  elementary  event,  where¬ 
as  ionisation  of  the  atom  in  the  Auger  effect  occurs  in  two  stages: 
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first,  absorption  of  light  leads  to  excitation  of  the  atom,  then 
the  excited  atom  passes  from  the  discrete  to  an  unstable  state 
(i.e.,  becomes  ionised).  While  in  the  excited  state,  the  atom  can 
emit  light  with  a  certain  probability  and  can  be  ionised  with  a 
probability  I  — a.  In  determining  the  probability  of  each  of  these 
processes  as  a  mathematical  expectation  (frequency)  of  the  process 
divided  by  the  sum  of  the  mathematical 
expectations  of  both  processes,  i.e,. 
a=— ^7 —  and  1 — a  =  — ^ — .  and  in- 

troducing  the  lifetimes  (which  are  their 
reciprocals)  for  the  processes  under  con¬ 
sideration  and  the  total  lifetime  of  the 
atom  T,  which  is  connected  with  the 
quantities  t,  and  t,  by  the  relation 


4  4  4 


T  T,  ^  T,  * 


we  obtain  T=aT,  =  (l — a)T,.  Noting 
that  T,  is  the  total  lifetime  of  an  ordi¬ 
nary  excited  state  of  the  atom  (in  the 
absence  of  the  Auger  effect),  i.e.,  is 
Fit;.  107.  Aueir  ofieci  (au(o-  o'  '^e  order  of  10-  sec.  we  conclude, 
ionisation  of  atom)  (alter  on  the  basis  of  the  relationship  T=aT,, 
Herzberg)  that  the  smaller  a  is,  i.e.,  the  greater 

the  probability  of  spontaneous  ionisa¬ 
tion  of  the  atom  I  —  a,  the  smaller  is  the  lifetime  of  an  excited 
atom.  This  shortening  of  the  lifetime  of  an  excited  atom  gives 
rise  to  the  experimentally  observed  broad¬ 
ening  of  the  corresponding  spectral  ^1 .  i 
lines,  because  from  the  uncertainty  re-  111 

lation  J-WV . --^-aVb 

AvX'^  —  ^  (41,3)  I  |Vi 


the  line  width  Av  must  be  inversely 
proportional  to  the  lifetime. 

In  the  case  of  molecules,  the  overlap¬ 
ping  of  discrete  energy  levels  by  the 
energy  continuum  is  observed  with  partic¬ 
ular  frequency.  For  instance,  the  vib- 


unstaffle 
is— HArBI 


rational  levels  of  excited  states  of  a  Fig.  lOS.  Predissociation  of 
molecule  are  frequently  overlapped  by  ®  diatomic  moiecuie 
the  continuum  that  corresponds  to  an 

unstable  state  arising  out  of  the  ground  states  of  the  atoms. 
An  instance  of  this  kind  is  given  in  Fig.  108  for  a  diatomic  mol- 
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ecule:  the  overlappiiif!  states  here  are  the  stable  state  of  the  excit¬ 
ed  molecule  and  the  unstable  state.  Transition  of  the  molecule 
from  a  stable  stale  to  an  unstable  slate,  expressed  by  the  transi¬ 
tion  from  the  "excited  "  curve  to  the  ■unstable"  curve,  is  precisely 
what  predissociation  is. 

Accordiny  to  the  Franck-Condon  principle,  which  holds  also  for 
radiationless  transitions  (these  arc  transitions  not  accompanied  by 
the  emission  or  absorption  of  liylit).  when  a  molecule  passes  from 
one  state  to  another  there  are  no  substantial  chanyes  in  the  dis¬ 
tance  between  the  atoms  or  in  their  relative  velocities.  It  follows 
that  a  predissociation  transition  from  one  curve  to  another  is  pos¬ 
sible  only  near  the  point  of  intersection  of  the  curves;  this  point 
must  lie  below  the  initial  level  of  excitation. 

Predissociation  transitions  also  obey  definite  selection  rules  that 
partly  coincide  and  partly  differ  from  the  selection  rules  for  radia¬ 
tive  transitions.  For  example,  a  radiationless  transition  is  possible 
only  in  the  case  of  a  constant  total  momentum  of  the  molecule 
(AJ  =  0).  when  AA  =  0,  ±1.  when  AS  — 0.  The  combininy  terms 
must  both  be  positive  or  both  negative,  in  contradistinction  to 
radiative  transitions,  in  which  only  positive  and  neyative  terms 
can  combine.  In  the  case  of  a  molecule  consistiny  of  the  same 
atoms,  both  terms  must  be  either  symmetric  (s)  or  antisymmetric  (a). 

Predissociation,  the  spontaneous  decay  of  an  excited  molecule, 
is  observed  when  transition  to  an  unstable  stale  is  not  associated 
with  violation  of  any  selection  rule.  However,  also  in  the  case  of 
forbidden  transitions  predissociation  may  be  po.ssible  under  the 
action  of  some  external  factor  that  removes  the  quantum  prohibi¬ 
tion;  in  this  case  it  is  called  induced.  Up  till  now.  cases  have 
been  observed  of  predissociation  induced  by  a  magnetic  field  (1.) 
and  by  molecular  collisions  (I,.  Br,.  N,.  NO.  S,.  Se,.  Te,);  the 
latter  is  of  particular  interest  in  understanding  the  mechanism  of 
photochemical  reactions. 

A  quantum-mcchanical  treatment  of  diflerent  transitions  (including 
predissociation  transitions)  in  a  molecule  shows  that  interaction 
of  overlapping  states  leads  to  splitting  and  shifting  of  levels,  which 
are  manifested  in  distortion  of  potential-energy  curves.  When  se¬ 
lection  rules  are  not  fulfilled,  the  mutual  perturbation  of  the  terms 
is  slight;  however,  here  too  it  is  frequently  observed  in  molecular 
spectra.  Most  often  it  disturbs  the  rotational  structure  of  the  bands; 
more  rarely,  it  leads  to  disturbances  in  the  vibrational  structure 
of  the  spectra.  In  both  cases  we  speak  of  perturbations  in  spectra. 
Fig.  109  shows  a  perturbation  of  the  rotational  structure  in  band 
CN (1 1 .  1  r)X3921  A,  where  there  is  a  clearcut  violation  of  the 
regular  sequence  of  rotational  lines  both  in  the  R-  and  P-branch. 
In  the  P-branch,  the  perturbation  appears  as  a  sudden  increase  in 
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doublet  splitting  (for  K=12)  that  passes  through  a  maximum 
and  diminishes  to  a  small  value  (when  K]>16). 

Disturbances  of  the  vibrational  structure  of  spectra  are  due  to 
distortion  of  the  polential-energy  curves  that  results  in  two  new 
curves  in  place  of  the  two  intersecting  curves.  This  disturbance  is 
particularly  great  when  the  selection  rules  are  not  violated.  The 
ICI  molecule  is  an  example  of  such  transformation  of  potential- 
energy  curves;  ti  e  potential-energy  curves  lor  the  ground  and  excited 
states  of  this  molecule  (these  curves  are  constructed  on  the  basis 
of  an  analysis  of  its  spectrum)  are  shown  in  Fig.  110.  We  note 


Fig.  109.  Perturbation  of  rotational  structure  in  CN  band  K  3921  A  (after 

Jenkins) 


that  the  “mixed"  origin  of  the  vibrational  levels  of  the  upper 
curve  is  evident  from  their  difluseness,  which  leads  to  the  diffuse 
nature  of  the  absorption  bands  in  the  ICI  spectrum. 

Transformation  of  the  potential  curves,  like  that  shown  in 
Fig.  110,  gives  a  vivid  picture  of  the  predissociation  decomposition 
of  the  molecule.  The  molecule,  which  due  to  the  absorption  of 
light  gets  into  one  of  the  vibrational  levels  lying  above  the  point 
of  intersection  of  the  original  curves,  will  have  the  opportunity, 
after  a  time  of  the  order  of  half  a  cycle  of  vibration,  to  pass  to 
the  repulsion  curve,  i.e.,  to  dissociate.  The  energy  of  the  prod¬ 
ucts  of  dissociation  is  then  equal  to  the  height  of  the  initial 
excitation  level  above  the  asymptote  of  the  repulsion  curve. 

Due  to  the  predissociation  decomposition  of  the  molecule,  its 
lifetime  is  shortened  and  this  causes  the  absorption  spectrum  to 
be  diffuse.  Indeed,  in  ordinary  radiative  excitation  that  does  not 
lead  to  dissociation  of  the  molecule,  for  instance  in  the  transition 
to  one  of  the  vibrational  levels  lying  below  the  point  of  intersec¬ 
tion  of  the  stable-state  curve  and  the  repulsion  curve,  the  time 
the  molecule  is  in  the  excited  state  is  ordinarily  of  the  order  of 
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T,  =  10'*  sec.  During  this  time  the  molecule  will  execute 
t0"“;  I0'”  =  10‘  vibrations  (10"”  sec  is  the  period  of  vibration) 
and  about  10'*;  10'"  =  10’  rotations  (10“"  sec  is  the  period  of 
rotation).  In  this  case  the  absorption  spectrum  is  an  ordinary 
system  of  bands  with  fine  (rotational)  structure.  But  in  the  region 
of  predissociation  the  duration  of  the  excited  state  of  the  molecule. 


which  is  T  =  aT,  (1 — a  is  the  probability  of  predissociation),  be¬ 
comes  less  than  the  normal  lO”*  sec  and  is  usually  of  the  order 
of  one  or  several  periods  of  vibration.  Since  this  is  10  to  100  times 
less  than  the  period  of  rotation,  the  rotational  motion  of  the  mol¬ 
ecule  (as  quantised  periodic  motion)  can.  obviously,  no  longer 
occur,  and  consequently  the  fine  structure  of  the  bands  will  be 
absent;  the  bands  become  diffuse. 

The  predissociation  diffuseness  of  the  bands  in  the  absorption 
spectra  of  diatomic  molecules  sets  in  suddenly,  i.e..  beginning 
with  a  certain  definite  wavelength,  the  bands  of  a  given  series 
become  diffuse.  In  this  case,  one  speaks  of  a  sharp  predissociation 
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limit.  Soiiietiiiies,  the  absorption  spectra  of  diatomic  molecules 
exhibit  a  ("radiial  increase  in  the  predissociation  diffuseness  of  the 
liamis  with  diminishing  wavelength,  that  is.  the  predissociation 
limit  is  not  sharp.  In  part  this  may  be  due  to  the  tunnel  effect. 
1  he  probability  of  the  latter  increases  with  decreasing  distance  of 
the  initial  vibrational  level  from  the  point  of  intersection  of  the 
curves,  and  this  may  be  the  reason  for  increasing  predissociation 
with  decreasing  wavelength.  This  case  of  predissociation  apparently 
occurs  in  the  spectrum  of  the  S,  molecule. 

Unlike  diatomic  molecules,  the  spectra  of  polyatomic  molecules 
rather  infre(|uently  e.xhibit  a  sharp  predissociation  limit;  this  is 
connected  with  the  more  intricate  motion  of  the  atoms  in  such  mol¬ 
ecules.  In  place  of  the  potential-energy  curves  that  characterise 
interaction  of  atoms  in  the  diatomic  molecule,  in  the  case  of  poly¬ 
atomic  molecules  we  have  potential  surfaces,  the  lines  of  intersec¬ 
tion  of  which  determine  the  region  of  predissociation.  However, 
tire  iocation  of  a  molecule  in  the  region  of  predissociation,  i.e., 
energetically  possible  predissociation,  is  not  always  a  sufficient 
condition  tor  its  accomplishment.  Moreover,  the  atoms  must  be  in 
the  phase  of  motion  that  (upon  fulfilment  of  the  first  condition) 
could  lead  to  the  predissociation  decomposition  of  the  molecule.  * 
The  necessity  of  a  simultaneous  fulfilment  of  both  these  conditions 
is  what  leads  to  a  nonsharp  predissociation  limit. 

However,  this  does  not  exclude  the  possibility  of  a  sharp  pre¬ 
dissociation  limit  in  certain  polyatomic  molecules,  as  in  the  absorption 
spectrum  of  NO,  (Fig.  106).  In  the  absorption  spectra  of  polyatomic 
molecules,  it  is  apparently  observed  when  there  is  coincidence  with 
the  disscciation  limit.  To  take  an  example,  in  the  case  of  NO,, 
the  energy  of  decomposition  of  the  molecule  into  NO  and  O  (calcu¬ 
lated  from  the  predissociation  limit)  is  equal  to  70.8  kcal/mol, 
whereas  thermochemical  data  yield  71.8  kcal, mol.  It  is  thus  possible 
to  determine  the  dissociation  energy  of  polyatomic  molecules  from 
the  predissociation  limit  in  their  absorption  spectra. 

The  phenomenon  of  predissociation  is  also  found  in  emission 
spectra.  Here  it  is  usually  manifested  in  the  total  absence  of  bands 
in  the  region  of  predissociation,  and  also  in  the  abrupt  breaking-olf 
of  rotational  lines  in  the  bands.  In  the  first  case,  the  predissociation 
limit  is  characterised  by  a  more  or  less  abrupt  breaking-off  of  the 
spectrum  and  is  readily  detected.  This  type  of  breaking-off  is  observed 
in  the  emission  spectra  of  S,,  NO,  N,,  and  others  for  certain  values 


*  The  insufflciency  of  the  energy  condition  alone  is  already  obvious  from 
lh<*  fact  that,  unlike  a  diatomic  molecule,  a  polyatomic  molecule  can  be 
stable  even  when  the  vibrational  energy  exceeds  Its  energy  of  dissociation. 
It  may  be  noted  that  in  this  case  the  concentration  of  vibrational  energies 
on  definite  bonds  can  lead  to  a  unimolecular  decomposition  of  the  molecule. 
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of  the  quantum  numbers  v  and  J  determined  for  each  series  of 
bands  (v)  and  for  each  band(J).  It  is  interesting  to  note  that  in 
some  cases  (S,)  at  high  pressures  the  region  of  predissociation 
exhibits  bands  that  are  absent  at  low  pressures.  This  fact  is, 
apparently,  to  be  interpreted  in  the  sense  that  the  mean  lifetime 
of  a  predissociating  molecule  becomes  comparable  with  the  time 
interval  between  two  quenching  collisions  of  an  e.xcited  molecule 
with  other  molecules. 

Fig.  Ill  shows  the  0,0’  emission  band  of  CaH  >. 3533.6.^.  We 
see  the  abrupt  breaking-olT  of  the  rotational  slructure  that  occurs 
at  K^9  in  the  R-branch  and  at  K 1 1  in  the  P-branch.  A  curious 


I 

; 


Fig.  111.  Abrupt  breaking  ofT  of  emission  band  of  CaH  at  X  3533.6  A  due  to 
predissociation  (after  Mulliken) 


breaking-off  of  the  spectrum  is  observed  in  the  case  of  HgH.  where 
it  occurs  also  at  definite  values  of  the  quantum  number  K(K„„) 
for  each  band,  namely:  in  bands  corresponding  to  v=0,  Km„  =  31. 
v=l  —  24,  v  =  2  —  17.  v  =  3  —  9,  v  =  4  —  6.  According  to  Olden- 
berg,  the  reason  for  the  sudden  breaking-off  of  the  rotational  band 
structure  is.  in  this  case,  the  break-up  of  the  molecule  under  the 
action  of  the  centrifugal  force  produced  by  rotation  of  the  molecule 
(predissociation  by  rotation). 


42.  Some  Applications  of  Molecular  Spectroscopy 

Molecular  spectral  analysis.  Besides  the  great  importance  of 
molecular  spectroscopy  for  the  physics  and  chemistry  of  atoms  and 
molecules,  we  must  also  point  out  its  vast  practical  value.  Of  the 
applications  of  molecular  spectroscopy  we  shall  here  consider  ana¬ 
lytical  applications  and  those  in  the  field  of  thermodynamics. 
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The  aim  of  molecular  spectral  analysis  is  the  idenlificalion  of 
chemical  compounds  and  the  measuring  of  their  concentrations. 
The  first  problem  is  solved  both  by  absorption  spectra  and  by 
emission  spectra;  the  necessary  condition  for  identifying  a  given 
substance  is  a  discrete  spectrum  characteristic  of  the  given  substance. 

The  principal  problem  is  that  of  the  limit  of  sensitivity  of  the 
spectroscopic  method  of  identification.  Let  us  first  e.xamine  absorption 
spectra.  In  these  investigations  the  common  procedure  is  to  use 
light  sources  with  a  continuous  spectrum.  In  this  case,  the  sensiti¬ 
vity  of  the  method  is  determined  by  the  portions  of  radiant  energy 
absorbed  in  a  given  spectral  interval,  i.e.,  by  the  quantity 

A  =  !!4^  (42.1) 

*0 

where  I,  is  the  intensity  of  the  incident  light  and  I  is  the  Intensity 
of  the  light  transmitted  through  the  absorbing  layer.  In  the  case 
of  diatomic  molecules,  A  may  be  represented  by  the  following 
appro.ximate  formula: 

'^  =  :^^AF/n  (42.2) 

where  X,  is  the  wavelength  of  the  absorbed  light,  A  is  the  proba¬ 
bility  of  transition  (emission).  F  is  the  resolving  power  of  the 
spectral  instrument.  I  is  the  length  of  the  absorbing  layer,  and  n  is 
tile  gas  concentration  (number  of  molecules  per  cubic  centimetre). 
This  equality  may  be  used  to  determine  the  order  of  the  minimum 
concentration  n  from  the  absorption  spectrum. 

Considering  the  limiting  measurable  absorption  equal  to  5“;,, 
i.e.,  A  =  0.05  and  substituting  into  equality  (42.2)  X,  =  4000A 
(the  boundary  between  the  visible  and  ultraviolet  regions  of  the 
spectrum),  A=I0'  sec"‘  (the  usual  order  of  magnitude  of  the 
mathematical  expectation  of  emission),  F=10*  (the  theoretical 
resolving  power  of  an  average  spectral  device)  and  /=!  cm,  we 
find  n=IO",  or  p=IO-*  mm  Hg  (at  300°K).  Thus,  the  limiting 
measurable  gas  density  (from  the  electronic  spectrum  of  absorption) 
for  a  Icm  length  of  absorbing  layer  corresponds  to  a  partial  pressure 
of  the  order  of  10'*  mm  Hg. 

It  may  be  shown  that  the  limiting  sensitivity  of  detecting  a 
given  gas  on  the  basis  of  its  absorption  spectrum  in  the  visible 
or  ultraviolet  regions  when  using  instruments  of  high  resolving 
power  (diffraction  gratings)  is  approximately  one  order  of  magni¬ 
tude  above  the  computed  value. 

The  figures  obtained  must,  however,  be  regarded  as  the  upper 
limit  of  sensitivity  of  the  described  method  for  the  identification 
of  chemical  compounds.  In  reality,  however,  due  to  imperfections 
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in  the  optical  system  of  the  spectral  instruments  in  use  (primarily 
because  of  the  more  or  less  wide  slit)  which  reduce  their  resolving 
power;  also,  due  to  a  reduced  probability  of  A.  which  frequently 
is  greatly  different  from  the  maximum  probability  that  we  take 
10'  sec"'  (particularly  in  the  infrared);  and.  finally,  due  to  the 
fact  that  at  high  temperatures  and  also  in  the  case  ol  polyatomic 
molecules  with  their  large  number  of  rotational  and  vibrational 
dei’rees  of  freedom,  the  number  of  molecules  capable  of  absorbing 
light  of  wavelength  make  up  only  a  small  part  n.  the  limit  of 
sensitivity  rarely  exceeds  a  magnitude  corresponding  to  partial 
pressures  of  the  order  of  10"'  —  10"'  mm  Hg. 

As  has  already  been  pointed  out.  due  to  the  smallness  of  A. 
in  the  infrared  the  sensitivity  is  usually  much  lower  than  that  in 
the  visible  and  ultraviolet  regions.  For  this  reason,  infrared  absorp¬ 
tion  spectra  are  commonly  used  for  identifying  chemical  compounds 
only  in  the  case  of  condensed  substances  (liquid  and  solid). 

A  decisive  factor  that  puts  a  limit  on  the  sensitivity  of  the  second 
spectroscopic  method  of  identification  (based  on  emissinii  spectra) 
is  the  sensitivity  of  the  method  of  recording  radiation.  Given  proper 
time  for  adjustment,  the  human  eye  is  capable  of  registering  ra¬ 
diation  intensity  of  several  tens  of  quanta  per  second.  The  sen¬ 
sitivity  limit  of  electrical  methods  of  registration  of  radiation 
based  on  the  use  of  photoelectric  devices  is  apparently  10’  to  10’ 
quanta  per  second  (depending  on  the  spectral  region).  This  limit 
may  be  reduced  by  several  orders  of  magnitude  by  means  of  pho- 
tomultiplying.  Finally,  the  most  sensitive  types  of  photographic 
plates  record  a  radiation  density  corresponding  to  lO'^-IO"  quanta 
per  square  centimetre.  Taking  into  account  the  possibility  of  utilis¬ 
ing  the  time  factor  in  the  photographic  method  (in  contrast  to  the 
electric  and  visual  methods)  and  assuming  an  exposure  of  several 
hours,  we  get.  from  the  foregoing  figures,  recorded  intensities  of 
the  order  of  lO'-lO’  quanta  per  second  per  square  centimetre. 

The  number  of  emitted  quanta  recorded  by  a  given  method  docs 
not  allow  us  to  judge  of  the  actual  concentration  ol  a  substance, 
because  it  is  determined  by  the  concentration  of  the  excited  mol¬ 
ecules,  which  may  differ  greatly  from  that  of  the  nonexcited  par¬ 
ticles.  In  the  general  case,  we  have  the  following  relationship 
between  the  concentration  of  excited  iT  and  nonexcited  n  molecules 
of  a  given  substance; 

n'  =  fn.  (42.3) 

We  may  call  the  quantity  f  the  excitation  factor.  This  quantity  is 
a  complex  function  of  the  conditions  of  excitation  and,  in  each 
separate  case  of  radiative  (fluorescence),  electrical  (gas  discharge), 
or  chemical  (chemiluminescence)  excitation  it  may  be  determined 
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only  by  experiment.  An  exception  here  is  the  case  of  thermal  ra¬ 
diation  where  the  ratio  between  the  concentration  of  excited  and 
nonexciled  particles  is  given  by  the  Boltzmann  distribution.  In  the 
simplest  case  of  atomic  radiation  the  factor  of  thermal  excitation  is 

,  __E_ 

f  =  l-e  '<T  (42.4) 

where  g'  and  g  are  the  statistical  weights  of  the  excited  and  nonex- 
cited  states  of  the  atoni  and  E  is  its  excitation  energy. 

By  way  of  illustration,  let  us  consider  the  radiation  of  sodium 
under  the  conditions  of  an  ordinary  flame  (T  =  2000'’K).  In  this 
ca.se.  from  the  excitation  energy  of  the  D-lines.  which  amounts 
to  18.1  kcal  gm  atom.  and  from  the  statistical  weights  of  the  states 
"'P/,  and  'Sr  ,  we  find  (=10“‘.  We  determine  the  order  of  magni¬ 
tude  of  the  limiting,  photographically  recordable  concentration  of 
sodium  atoms  in  the  flame.  The  intensity  of  sodium  radiation  of 
I  cm’  of  the  flame  zone  as  measured  by  the  number  of  quanta 
emitted  in  one  second  is  obviously  equal  to 

I  =  An'  (42.5) 

where  A  is  the  probability  of  radiation  of  an  excited  atom  of  Na. 

The  density  of  radiation  i  may  be  set  equal  to  i  =  3-^,  where 

4alK 

R  is  the  distance  of  the  photographic  plate  from  the  centre  of  the 
flame  Thus,  to  determine  the  concentration  of  sodium  atoms  in 
the  flame  we  have  the  equality 

n  =  4nR“^j.  (42.6) 

Substituting  R— 50  cm,  f=IO-*,  i=10’  (see  above),  and  l/A=1.4X 
X  lO""  sec,  we  find  for  the  limiting  concentration  of  sodium  atoms 
in  the  flame  a  magnitude  of  the  order  of  10*  (or  a  partial  pressure 
of  the  order  of  !0"’  mm  Hg).  This  is  substantially  less  than  the 
minimum  quantities  of  a  substance  that  are  usually  necessary  for 
their  detection  by  the  photographic  method.  Indeed,  from  the  limit¬ 
ing  concentration  of  sodium  atoms,  for  the  quantity  of  sodium  in 
grams  we  get  a  value  of  the  order  of  10“**'gm,  whereas  usually  the 
absolute  sensitivity  of  the  method  for  metals  (and  also  for  molecu¬ 
lar  gases)  rarely  exceeds  that  of  a  concentration  of  the  order  of 
10-’“  gm.’cm*. 

It  must  be  said  that  the  factor  of  excitation  in  radiative,  electri¬ 
cal,  and  chemical  excitations  is,  as  a  rule,  considerably  above  the 
thermal  factor.  For  this  reason,  the  limit  of  sensitivity  of  the 
spectroscopic  method  of  identification  based  on  emission  spectra 
is  higher  than  that  of  the  absorption  method. 
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Solution  of  the  second  problem  of  molecular  spectral  analysis  — 
that  of  measuring  the  concentrations  of  chemical  compounds  — 
involves  almost  exclusively  the  absorption  method;  with  very  lew 
exceptions,  determinations  may  be  made  of  the  concentrations  of 
chemically  stable  substances.  Here,  it  is  possible  to  establish  an 
empirical  relationship  between  the  coefficient  of  absorption  for  a 
given  substance  and  its  concentration  by  means  of  pre-graduated 
measurements  of  absorption  spectra.  Ordinarily,  the  accuracy  of 
these  measurements  does  not  exceed  several  per  cent  of  the  (|uan- 
tity  being  measured.  With  regard  to  certain  gases,  the  spectroscopic 
method  of  emission  may  be  used  to  determine  concentrations  up 
to  10"'  per  cent. 

We  shall  not  dwell  on  other  optical  methods  of  measuring  con- 
centratiens  (refractometry,  polarimetry,  etc.).  Of  other  extremely 
important  methods  of  molecular  spectral  analysis,  special  mention 
should  be  made  of  Raman  scattering  and  radiospectroscopy  as  ex¬ 
ceedingly  effective  and  simple  methods  of  analysis.  If  small  amounts 
of  gas  are  to  be  analysed,  the  radiospectroscopic  method  is  far 
more  sensitive  than  the  ordinary  spectroscopic  method. 

Let  us  touch  briefly  on  one  of  the  basic  results  of  spectral  anal¬ 
ysis  that  led  to  the  establishment  of  definite  characteristic  fre¬ 
quencies  possessed  by  individual  radicals  or  groups  of  atoms  that 
comprise  a  given  molecule  (chromnphoric  groups  or  chromophores) 
and  also  by  individual  bonds  inside  the  molecule.  Definite  fre¬ 
quencies  that  change  but  slightly  from  molecule  to  molecule  were 
established  for  the  radicalsOH.  NH,.  NO,,  CO,  C.H,,  etc.  (see  p.  526). 
Therefore,  the  presence  of  the.se  radicals  in  a  molecule  may  easily 
be  established  on  the  basis  of  specific  bands  in  the  infrared  or  of 
appropriate  lines  of  Raman  scattering.  In  exactly  the  same  way. 
the  presence  of  different  intramolecular  bonds,  such  as  the  bonds 
C  —  C.  C  =  C,  C  =  C,  C  =  0,  C — H,  etc.,  is  established  on  the 
basis  of  frequencies  characteristic  of  these  bonds  (see  Sec.  50). 

Due  to  the  development  of  molecular  spectroscopy  that  has  led 
to  the  establishment  of  these  characteristic  frequencies,  it  has  be¬ 
come  possible  to  analyse  complex  mixtures  of  hydrocarbons  and 
other  substances  of  great  practical  importance. 

As  a  rule,  chromophores  also  exhibit  specific,  characteristic 
spectra  associated  with  electronic  excitation.  This  property  of 
chromophores  and,  hence,  of  the  molecules  that  contain  them  is 
very  important  for  the  synthesis  of  dyes,  for  biological  spectral 
analysis,  etc. 

Thermodynamic  applications  of  molecular  spectroscopy.  Atolecular 
spectroscopy  finds  one  of  its  most  important  practical  applications 
in  thermodynamics.  An  analysis  of  molecular  spectra  leads  to  the 
establishment  of  molecular  constants  (natural  frequencies  of  mole- 
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cules,  their  moments  of  inertia,  the  heats  of  dissociation,  electronic 
and  nuclear  moments,  etc.)  that  define  the  various  thermodynamic 
functions  of  a  given  gas.  Among  the  most  important  thermodynamic 
functions  are  the  heat  capacity,  entropy,  and  free  energy.  Using 
the  latter  one,  we  can  compute  the  constants  of  equilibrium  that 
determine  the  partial  pressures  of  gases  in  thermodynamic  equilib¬ 
rium. 

In  calculating  thermodynamic  functions,  the  starting  point  is 
the  following  e.\pression  for  the  energy  of  a  single  gram-molecule 
of  gas: 

E  =  E,  +  2:Niei  (42.7) 

where  E„  is  the  energy  of  the  gas  at  absolute  zero  and  N,  is  the 
number  of  molecules  possessing  energy  e,.  Representing  N,  in  the 
form 

Ni  =  ^g,e  '‘f 

where  gj  is  the  statistical  weight  of  the  /th  state  of  the  molecule, 
Z  is  the  partition  function, 

Z  =  2gie”'^-  (42.8) 


and  Na  is  Avogadro’s  number,  it  may  readily  be  shown  that  the 
sum  can  be  represented  as 


^Niei  =  RT*^ 


whence  it  follows  that 


E  =  E,  +  Rr 


dT  • 


(42.9) 


The  partition  function  Z  may  be  represented  in  the  form  of  a 
product  of  the  sum  of  states  Z„  corresponding  to  the  translational 
motion  of  the  molecule,  and  Z,„,  the  partition  function  that  is 
associated  with  its  internal  energy, 

Z  =  Z„Z,„. 

Quantum  statistics  for  Z„  yields  the  following  expression: 

Z|,  =  ^  (2nmkT)’'>  (42. 10) 

where  V  is  the  volume  of  the  gas  and  h  is  Planck’s  constant. 
From  expression  (42.10)  we  find 

d/nZ(,  3  1 
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whence  it  follows  that 

E  =  E.  +  |rT  +  RT'-^1^.  (42.11) 

From  the  latter  formula  we  obtain  the  following  expression  for  the 
molar  heal  capacity  of  the  gas  (for  a  constant  volume): 

C.  =  i|  =  lR+R^(T‘ii^).  (42.12) 

Formula  (42.7),  or  formula  (42.9)  which  is  its  equivalent,  is  also 
the  starting  point  for  calculating  the  entropy  and  free  energy  of 
the  gas.  In  the  case  of  a  reversible  process  proceeding  at  constant 
volume,  the  entropy  is  determined  as 


Noting  that  ^  —  =  and  substituting  Q,  (42.12)  into  this 

expression,  we  obtain  for  the  molar  entropy  of  the  gas  S  (accu¬ 
rate  to  the  constant  of  integration): 

S  =  R  (inZ  +  T'i^)  .  (42.13) 

Finally,  for  the  free  energy  of  one  gram-molecule  of  gas  F  = 
=  E  —  TS,  from  (42.9)  and  (42.13)  we  get  (also  accurate  to  the 
constant  term) 

F=E,  — RTInZ.  (42.14) 

In  the  general  case,  the  partition  function  Z|„  can  approximate¬ 
ly  (without  taking  into  account  the  interaction  between  vibra¬ 
tions  and  rotation  of  the  molecule,  and  also  the  dependence  of  the 
vibrational  and  rotational  energy  upon  the  electronic  energy)  be 
represented  as  the  product 

^In  2fot  2v(bZ^,Zp„^ 

where  Z,„,  is  the  rotational,  Z,.ih  the  vibrational,  Z,,  the  electron¬ 
ic.  and  Z„„£  the  nuclear  partition  function. 

In  the  simplest  case  of  a  diatomic  molecule  with  different  nu¬ 
clei  and  in  the  state  ‘2(HCI,  N,,  CO.  NaCI),  the  quantity  Z„, 
is  expressed  by  the  formula 

J=<x>  hBJ(J  +  l) 

z,.t=  2  (2J+l)e  KT  .  (42.15) 

JsO 

When  hB<^kT,  which  practically  always  occurs  already  at  room 
temperature,  Z,,,  can  be  approximately  represented  in  the  form 

=  ^  (42.16) 
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whence  for  the  heal  capacity  C,  (42.12)  we  get  the  ordinary  ex¬ 
pression  C,=yK  (without  the  vibrational  part  of  the  heat  ca¬ 


pacity). 

Tlie  vibrational 
pressed  as 

Z.i,, 


partition 


function  of  a  diatomic  gas  is  ex- 


(42.17) 


where  E^i,,  is  the  vibrational  energy  of  the  molecule  and  v  is  the 
vibrational  quantum  number.  Considering  the  vibrations  harmonic, 

to  a  first  approximation,  we  have  E,,^  =  h(i)  V  where  oj  is 

the  natural  frequency  of  the  molecule.  Substituting  this  expression 
into  the  formula  for  we  can  rewrite  it  in  the  form 


Z,  ill  —  ® 


(42.18) 


From  this  expression,  for  the  vibrational  part  of  the  heat  ca¬ 
pacity  of  a  diatomic  gas  we  get 


Qv. 


t> 


( 


(42.19) 


and,  consequently,  for  the  total  heat  capacity  we  have 

hu> 

C,.=.|R-fR(^y  ^  (42.20) 

ll-e  ’•Tj 

It  is  readily  seen  that  when  hcoe^kT,  i.e.,  at  a  sufficiently  high 
temperature,  the  vibrational  part  of  the  heat  capacity  tends  to 
the  value  R  and  the  total  heat  capacity  to  7/2  R  (equidistribu- 
tion  of  energy  over  the  degrees  of  freedom). 

The  electronic  partition  function  has  the  form 

Z.,  =  2g,e  KT.  (42.21) 

Here,  E,  is  the  energy  of  the  <th  electronic  state  of  the  molecule 
with  respect  to  its  lowest  state,  i,e.,  the  difference  between  the 
energies  of  the  fth  and  ground  states,  and  g,  is  the  statistical  weight 
of  the  appropriate  electronic  stale.  The  quantities  E,  are  ordina¬ 
rily  considerably  greater  than  kT, 


See.  42) 
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For  this  reason,  the  preceding  expression  for  Z^.,  is  of  the  form 

Zc,=«.  H2.22) 

where  g„  is  the  statistical  weight  of  the  ground  state  of  the  mol¬ 
ecule.  For  the  terms  '2.  ’2’  ■  ■  ■  Ko  has  the  values  I.  2,  3,  .  ,  . 

Finally,  the  nuclear  partition  function  is 

Z„,K  =  (2i,+  l)t2i,-f  I)  (42.23) 

where  i,  and  i,  are  quantum  numbers  that  characterise  the  iiu' 
efear  spins  of  the  atoms  that  comprise  the  molecule. 

In  the  case  of  molecules  consisting  of  the  same  atoms,  the  ro¬ 
tational  terms  are  divided  into  two  nonintercombining  groups  (see 
p.346et  seq.),  having  different  statistical  weights.  The  terms  with 
greater  statistical  weight  are  called  ortho-terms,  with  less,  para- 
terms.  When  the  nuclear  spin  is  zero  the  para-terms  arc  ab.sent; 
this  is  seen,  for  instance,  in  the  fact  that  half  the  .spectral  lines 
(every  other  line)  drop  out  in  each  parabola  of  the  band.  The  ro- 
tationaf  partition  function  in  this  case  contains  members  either  with 
even  or  oddJ. 

In  the  case  of  nuclear  spin,  however,  we  have 

_  iinj  (j  + 1) 

z„„z,„„=g„„„„y(2J  +  i)u  + 

oTTTto 

>|UJ  (J  -)•  1) 

+  gM,..2  (2J+  l)e  .  (42.24) 

p.ira 

For  example,  in  the  case  of  hydrogen,  due  to  the  fact  that  i=-^ 
the  ortho-terms  have  a  statistical  weight  g„,ti,„  =  3,  the  para-terms, 
g,,j,.,=  l,  the  odd  J  corresponding  to  the  former,  the  even,  to  the 
latter.  Consequently,  the  partition  function  (42.24)  in  this  case 
will  be  written  as 

_  tinr  (j-i-ii 

Z„.z„„,  =  3  2  (2J  +  l)e  >“  -f 

Jssl.  9.  9.  ... 

hBJ  (J  +  I) 

+  2  (2J  +  I)e  .  (42.25) 

J  SO.  a,  4, ... 

On  the  condition  that  hBs^kT,  i.e.,  for  sufficiently  high  tem¬ 
peratures  (T>100°K).  each  of  the  sums  of  this  expression  can 

kT 

approximately  be  put  equal  to  .  "  hence,  on  the  basis  of  (42.12), 

we  find  C,,  =  5/2R  for  the  heat  capacity  of  both  modifications  of 
hydrogen.  However,  at  fow  temperatures,  due  to  the  different  de¬ 
pendence  of  each  of  the  two  sums  upon  the  temperature,  the  heat 
capacities  themselves  of  both  modifications  of  hydrogen  will  differ, 
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as  well  as  their  temperature  variation.  Since  ordinary  hydrogen 
is  a  mixture  of  three  parts  of  the  ortho-  andonepart  of  the  para- 
modification,  its  total  heat  capacity,  the  rotational  component  of 
which  is  defined  by  the  formula 

rot, ortho  rot, para 

tot - 4  ’ 

exhibits  a  peculiar  temperature  variation  that  radically  differs 
from  the  ordinary  trend  which  corresponds  to  (42.12).  This  “ano¬ 
maly"  in  the  heat  capacity  of  hydrogen  w'as  the  first  experimen¬ 
tal  fact  that  led  to  the  discovery  of  its  ortho-  and  para-modifica¬ 
tions. 

For  polyatomic  molecules,  the  sums  of  states  naturally  have 
considerably  more  complicated  expressions  than  those  for  diatomic 
molecules.  In  this  case,  approximate  formulas  are  ordinarily  used 
to  compute  the  thermodynamic  quantities.  They  also  have  to  be 
used  in  the  case  of  diatomic  molecules  when  the  accuracy  of  cal¬ 
culations  requires  that  account  be  taken  of  the  anharmonicity  of 
vibrations,  the  interaction  of  vibrations  and  rotation,  spin  and  ro¬ 
tation.  etc.  .\i  times,  in  place  of  closed  expressions  and  series, 
we  use  the  values  of  rotational  and  vibrational  terms  taken  directly 
from  spectral  measurements. 


CHAPTER  9 

ELECTRICAL  AND  MAGNETIC  PROPERTIES 
OF  ATOMS  AND  MOLECULES 

The  electrical  structure  of  atoms  and  molecules  consisting  of  nu¬ 
clei  and  electrons  is  vividly  manifested  in  their  electrical  and  mag¬ 
netic  properties.  These  properties  consist  in  the  possibility  of  ioni¬ 
sation  of  atoms  and  molecules,  that  is  to  say.  in  the  appearance 
of  electrically  charged  free  atomic  and  molecular  ions,  or  in  the 
polarisation  of  atoms  and  molecules  in  an  external  electric  field, 
in  an  electric  molecular  field,  or  in  the  electric  field  of  a  light 
wave.  The  electrical  structure  of  atoms  and  molecules  is  also  mani¬ 
fested  in  the  presence  of  electric  and  magnetic  moments  and  in  the 
peculiarities  of  their  interaction  associated  thereto. 


43.  Ionisation  of  Atoms  and  Motecutes 

Thermai  ionisation  of  gases.  We  begin  a  consideration  of  the 
electrical  properties  of  atoms  and  molecules  with  their  ionisation. 
In  the  normal  state,  atoms  (or  molecules)  are  electrically  neutral 
with  the  number  of  electrons  equal  to  the  charge  of  the  nucleus 
expressed  in  units  of  elementary  charge  (Z).  However,  due  to  ex¬ 
ternal  effects,  atoms  and  molecules  are  capable  of  losing  some  of 
their  electrons  and  of  converting  into  positively  charged  ions.  This 
process  always  involves  an  expenditure  of  energy,  which  is  usually 
measured  by  the  ionisation  polential.  Depending  upon  the  nature 
of  the  ionising  factor,  one  speaks  of  thermal  ionisation,  which  is 
due  to  the  thermal  energy  of  the  atoms  and  molecules,  and  photo¬ 
ionisation.  caused  by  the  action  of  light.  In  an  electric  discharge, 
ionisation  occurs  due  to  the  impacts  of  fast  electrons  and  ions. 
Finally,  solutions  exhibit  ionisation  caused  by  interaction  of  the 
dissolved  molecule  with  the  molecules  of  the  solvent,  as  a  result  of 
which  the  molecule  dissociates  into  oppositely  charged  parts  —  ca¬ 
tion  and  anion  (electrolytic  dissociation).  Having  in  view  the  ioni¬ 
sation  processes  in  gases,  we  shall  consider  only  the  first  three 
cases  of  ionisation. 
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In  contrast  to  the  positive  ionisation  of  atoms  and  molecules, 
their  negative  ionisation,  associated  with  saturation  of  electron 
ajfinily,  does  not  ordinarily  require  the  expenditure  of  energy.  The 
existence,  in  a  number  of  atoms,  of  a  positive  electron  affinity  is 
an  indication  that  in  a  neutral  atom  the  electric  field  of  the  nu¬ 
cleus  is  not  completely  saturated,  and  so  the  negative  ion  has  energy 
less  than  that  of  the  separately  taken  atom  and  electron.  Such,  lor 
example,  is  the  case  of  the  fluorine  atom,  where  total  saturation  of 
the  nuclear  charge  sets  in  when  one  electron  is  added  to  form  (to¬ 
gether  with  the  seven  outer  electrons  of  the  neutral  F  atom)  a 
clo,sed  eight-electron  L-group  of  the  F"  ion. 

Besides  atomic  ions,  we  also  encounter  molecular  negative  ions 
whose  stability  is  due  to  the  same  causes  as  that  of  the  former. 
Such  for  instance  is  the  hydroxyl  ion  HO".  From  the  viewpoint  of 
general  electronic  structure,  the  radical  HO  (with  seven  outer  elec¬ 
trons)  should  be  similar  to  the  F  atom  (see  p.  334);  this  accounts  for  the 
similarity  of  various  properties  (including  electrical)  of  HO  and  F. 

W'e  now  turn  to  the  thermal  ionisation  of  atoms  and  molecules. 
In  terrestrial  conditions,  thermal  ionisation  is  most  often  encoun¬ 
tered  in  flames.  It  may  be  taken  that  under  conditions  of  thermal 
equilibrium,  ionisation  Is  caused  by  the  collision  of  atoms  and 
molecules,  as  a  result  of  which  their  thermal  energy  passes  into  the 
work  of  ionisation.  However,  since  the  mean  energy  per  degree  of 
freedom  at  the  temperature  of  the  flame  (2000-3000°  K)  is  only  about 
0.1  eV,  it  is  evident  that  there  will  be  a  perceptible  percentage  of 
ionised  atoms  or  molecules  only  when  the  ionisation  potential  is 
sufficiently  small.  This  condition  is  satisfied  by  the  atoms  of  al¬ 
kaline  elements  and  accounts  for  the  appreciable  conductivity  of 
flames  containing  these  metals. 

According  to  Saha,  the  degree  of  Ionisation  of  a  gas  in  a  flame 
can  be  computed  from  the  temperature  equilibrium.*  Considering 
the  equilibrium 

A  -A*+e 

and  regarding  the  electrons  as  a  one-atom  ideal  gas,  we  obtain 
from  thermodynamics  the  following  expression  for  the  constant  of 
ionisation  equilibrium  (without  account  taken  of  the  possible  elec¬ 
tronic  levels  of  the  atom  A  and  the  ion  A*); 


where  x  is  the  d^ree  of  ionisation  equal  to  the  ratio  of  the  par¬ 
tial  pressure  of  ions  to  the  sum  of  the  pressures  of  the  ions  and  the 


volume*"  ****  maximum  temperature  ol  the  (lame  occupying  the  greatest 


Sec.  -1:1)  IONISATION  OF  ATOMS  AND  MOI.IXIT.F.S  TID 


neutral  atoms,  p  is  the  total  pressiiTe,  m  the  electron  mass,  and  I 
the  ionisation  potential. 

The  Iheory  ol  ionisation  equilibrium  permits  compulinf;  theelec- 
tric  conductivity  of  llames  as  determined  by  the  electron  concen¬ 
tration  in  the  flame,  w  hich  is  appro.xiinately  equal  to  the  ion  con¬ 
centration.*  On  the  other  hand,  measurements  ol  theeleclric  con¬ 
ductivity  allow  us.  on  the  basis  ol  the  theory  of  ionisation  equilibrium, 
to  compute  the  ionisation  potential  of  atoms,  the  ionisation  ol 
which  Kives  rise  to  electric  conductivity  in  flames.  In  Table  d7  we 
(>ive  the  values  ol  ionisation  potentials  ol  atoms  of  the  alkaline 
elements  obtained  by  Noyes  and  Wilson  from  the  electric  conduc¬ 
tivity  of  flames.  tof>ether  with 
the  e.xact  values  taken  Irom 
spectroscopic  data. 

The  close  coincidence  of  ioni¬ 
sation  potentials  compuled  from 
the  electric  conductivity  ol  flames 
and  the  spectroscopic  values 
ol  ionisation  potentials  corrobo¬ 
rates  the  theory  of  ionisation 
equilibrium.  This  theory  has 
also  proved  e.xtremely  fruitful  in 
applicalion  lo  ionisation  in  stel¬ 
lar  processes. 

Ionisation  by  electron  and  ion 
impact.  A  lart;e  number  of  inves¬ 
tigations  in  the  field  of  ionisalion  ol  gases  is  devoted  to  the  study 
ol  processes  of  ionisation  of  atoms  and  molecules  under  electron 
and  ion  impacts.  These  investigations  are  aimed  at  measuring  the 
ionisation  potentials  and  determining  the  probability  (cross-section) 
of  ionisation  for  various  energies  ol  the  bombarding  particles.  In 
most  cases,  the  procedure  consists  in  measuring  the  ionic  current 
produced  in  the  rarefied  space  filled  with  the  gas  under  study  when 
a  beam  of  electrons  or  ions  of  specific  velocity  is  passed  through  it. 

Electrons  are  the  only  suitable  bombarding  particles  for  meas¬ 
uring  ionisation  potentials.  Indeed,  applying  the  laws  of  con.serva- 
tion  of  energy  and  momentum  to  the  collision  of  a  bombarding 
particle  and  of  the  atom  or  molecule  undergoing  ionisation  (we 
consider  the  atom  and  molecule  as  stationary),  it  can  readily  be 
shown  that  the  minimum  energy  of  a  fast  particle  K„  must  be  con¬ 
nected  with  the  ionisation  potential  I  by  relation  (19.1)  (p.  122). 
from  which  it  follows  that  only  in  the  case  of  an  electron  (m<^M) 


T  ;i  1)  I  0  37 

loiusfitioti  poti-ntiiiU  (I)  coiDpiiU-d  from 
Ihe  I'K-clric  coiMiuctIvity  of  llaim'S.  iin<l 
tl)c  spc'clroscopic  valurs  of  ionisation 
potential 


T, 

Kt> 

C$ 

1.  V 

r>.46 

1.35 

|.2o 

4 

l.„. 

.  3  i 

4.32 

4.15 

3.87 

*  In  view  of  the  low  mobility  of  iems  due  to  their  targe  masses,  the  elec* 
trie  conductivity  of  Itames  is  determined  almost  exclusively  by  free  electrons. 
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does  K,  practically  coincide  with  the  ionisation  potential.  In  the  case 
of  ions,  the  minimum  energy  is  always  greater  than  1.  Besides,  as 
was  noted  by  J.  Franck,  in  ionisation  by  ion  impact  one  has  to 
take  into  account  the  Coulomb  repulsion  of  the  bombarding  and  newly 
produced  ions — this  repulsion  is  not  included  in  equation  (19.1). 

The  accuracy  of  measurement  of  ionisation  potentials  in  the  best 
studies  reaches  several  hundredths  and  even  thousandths  of  a  volt. 
By  means  of  the  electron-impact  method  it  has  been  possible  to 
measure  the  ionisation  potentials  of  a  large  number  of  atoms  and 
molecules. 

Along  with  simple  ionisation,  in  the  case  of  molecules  we  very 
often  encounter  ionisation  accompanied  by  dissociation  of  the  mol¬ 
ecule.  as  a  result  of  which  some  of  the  products  of  dissociation 
are  ionised.  The  mass-spectroscopic  method  is  used  to  study  this 
dissociative  ionisalion.  Measurement  of  the  minimum  potential 
difference  of  the  electric  field  that  accelerates  the  bombarding  elec¬ 
trons  (at  which  potential  difference  ions  of  a  given  type  appear) 
yields  the  ionisation  potential  corresponding  to  a  given  type  of 
ionisation  of  the  molecule.  We  note  that  the  mass-spectroscopic 
method  is  also  one  of  a  series  of  effective  methods  for  measuring 
the  bond-dissociation  energy  in  molecules  (see  Sec.  49). 

The  probability  of  ionisation  is  ordinarily  expressed  as  the  cross- 
seclion  for  ionisation  a.  which  enters  into  the  formula 

^  =  (Jnu,.,  (43.2) 

which  is  the  number  of  ionisation  events  performed  by  one  electron 
in  1  sec  in  1  cubic  centimetre  of  gas  containing  n  atoms  or  mole¬ 
cules  with  the  electron  velocity  u,.,.  The  quantity  a  has  the  di¬ 
mensions  of  Icm'l  and  can  be  expressed  by  the  formula  (r  =  nr*, 
where  r  is  the  effective  radius  of  an  ionised  atom  or  molecule.  To 
characterise  the  probability  of  ionisation,  use  is  also  frequently 
made  of  the  product  on,, where  n,  is  the  number  of  gas  molecules 
in  1  cm*  at  normal  temperature  and  at  a  pressure  of  I  mm  Hg 
equal  to  3.54  X  10“  cm"*;  on,  has  the  dimensions  of  1cm"']. 

The  cross-section  for  ionisation  by  electron  impact  rises  rapidly 
from  zero  at  electron  energy  K,i  =  el,  reaches  a  maximum  at  a 
certain  energy  that  is  usually  between  50  and  150  eV,  after  which 
it  slowly  diminishes.  The  maximum  ionisation  cross-section  for  var¬ 
ious  gases  is  ordinarily  of  the  order  of  10"'*-10"“  cm’,  which 
is  of  the  order  of  the  gas-kinetic  cross-section.* 

The  foregoing  figures  refer  to  single  ionisation,  i.e.,  to  processes 
of  the  type  e  +  He  =  He*4-2e  or  e-fO,  =  0^-4- 2e.  But  when 

*  The  gas-kinetic  cross-section  is  determined  from  the  transport  equations 
(see  p.  475). 
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we  have  double  or  triple  ionisation,  the  niaxiimim  is  displaced  to¬ 
wards  higher  electron  energies,  and  the  iiiaxiniuin  cross-section  falls. 
For  example,  the  maxima  of  ionisation  of  the  mercury  atom  that 
correspond  to  processes  e-r  Hg-=  Hg +2c  (single  ionisation). 
e-|-  Hg  =  Hg^ *  +  3e  (double  ionisation)  and  e -|-  Hg  =  Hg ’  ' '  -J-  4e 
(triple  ionisation)  lie  at  50.  155  and  210  eV.  respectively,  while 
the  maximum  cross-sections  are  5.85X10"'“.  0.90>,  10"'*.  and 
0.20  X  IO-’”cm’. 

Likewise,  the  ionisation  cross-section  of  atoms  and  molecules  by 
fast-ion  impact  rises  from  zero  at  a  certain  ion  energy,  reaches  a 
maximum,  and  then  declines.  However,  whereas  the  maximum  of 
ionisation  by  electron  impact,  as  has  been  stated  above,  occurs 
at  an  electron  energy  of  the  ^ 


order  of  100  eV.  the  ion-im¬ 
pact  ionisation  maximum  ordi¬ 
narily  corresponds  to  appreci¬ 
ably  greater  energy.  For  in¬ 
stance.  the  maximum  cross-sec¬ 
tion  for  ionisation  of  argon  by 
electron  impact  lies  at  50  eV. 
the  maximum  ionisation  of  ar¬ 
gon  by  impact  of  the  K'*  ion 
is  at  4000  eV.  And  the  max¬ 
imum  cross-sect  ions  themselves 
(multiplied  by  n,)  are  close: 
10.3  cm"'  (e)  and  8.5  cm"' 
(K^)- 

In  the  preceding  example, 
the  values  of  energy  corre¬ 
sponding  to  maximum  a  dif¬ 
fer  by  two  orders  of  mag¬ 
nitude.  The  corresponding  ve¬ 
locities  of  electron  and  K* 


Fig.  112.  Cross-section 
air  by  electrons  (e), 


for  ionisation  of 
protons  (p).  and 


a-particles  (a)  (after  Engel  and  Stenbecky 


ion,  which  are  4.2X10*  cm  sec 
and  1 .4  X  10’ cm, 'sec.  differ  by  only  one  order  of  magnitude.  The 
close  values  of  ionisation  maxima,  when  passing  from  the  energy 
of  the  bombarding  particle  to  its  velocity,  are  still  more  striking 
in  the  case  of  ionisation  of  air  by  the  impact  of  an  electron,  pro¬ 
ton,  and  alpha-particle.  Here,  the  energy  values  are  110  eV  (e). 
1.3X10*  eV  (p)  and  1.8X10*  eV  (a),  i.e.,  they  differ,  respec¬ 

tively.  by  three  and  four  orders  of  magnitude,  while  the  velocities 
are  7.5  X  10’  cm/sec  (e).  5.0  X  10*  cm./sec  (p),  and  8.0X10*  cm/sec  (a), 
in  other  words,  they  are  of  one  order  of  magnitude  (Fig.  112). 
Thus,  we  may  conclude  that  the  position  of  maximum  probability 
of  ionisation  by  the  impact  of  a  fast  particle  is  determined  more 
by  its  velocity  than  by  its  energy. 
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Up  till  now  we  have  considered  the  formation  of  positive  ions 
upon  the  collision  of  an  electron  (or  ion)  with  an  atom  or  mole¬ 
cule.  By  mass-spectroscopic  techniques  it  is  also  possible  to  ob¬ 
serve  negative  ions,  for  instance,  the  ions  H",  Cl",  Br",  f,  HO". 
CCir,  SF7  .  etc.  The  formation  of  a  negative  ion  from  an  approp¬ 
riate  atom  and  electron  is  like  the  neutralisation  of  an  atomic  pos¬ 
itive  ion  upon  its  recombination  with  an  electron.  The  latter 
process  has  actually  been  observed  by  Mohler  and  others  in  the 
case  of  alkali  metals.  For  instance,  at  high  current  densities,  Moh¬ 
ler  observed,  in  the  emission  spectrum  of  a  discharge  in  the  va¬ 
pours  of  alkali  metals,  the  usual  linear  spectrum  and  also  a  con¬ 
tinuous  spectrum  like  the  continuous  absorption  spectra  of  the 
vapours  of  these  metals  associated  with  their  photoionisation  (see 
below).  The  nature  of  these  spectra  and  the  conditions  under  which 
they  originate  do  not  leave  any  doubt  that  they  are  caused  by  the 
processes  Ate  ^  +  e  =  Me-|- hv  (continuous  emission  spectrum)  and 
Ate -f- hv  =  Ate* +e  (continuous  absorption  spectrum).  For  this 
reason,  we  can  also  presume  a  process  similar  to  the  first  of  them, 
namely,  the  process  X +e  =  X" -|-hv  (continuous  emission  spec¬ 
trum)  that  leads  to  the  formation  of  negative  ions.  However,  at¬ 
tempts  to  obtain  e.\perimentally  a  spectrum  corresponding  to  this 
process  have  been  unsuccessful  *;  this,  apparently,  may  be  attribut¬ 
ed  to  its  low  probability,  which,  according  to  the  calculations  of 
Atassey,  is  of  the  order  of  10"'.**  ft  may  be  noted  that  the  proc¬ 
ess  X"-)-hv  =  X+e,  which  is  the  reverse  of  the  process  of  ra¬ 
diative  electron  capture  (the  process  of  photoneutralisation  of  a 
negative  ion),  has  been  observed  repeatedly  (see  below). 

The  slight  probability  of  the  process  of  radiative  electron  cap¬ 
ture  e.xplains  the  fact  that  negative  ions  ordinarily  arise  nonradia- 
tively,  in  other  words,  not  as  a  result  of  the  direct  recombination 
of  an  atom  or  molecule  with  an  electron  accompanied  by  the  emis¬ 
sion  of  light.  The  following  isa  well-studied  radiationless  process  of  the 
formation  of  negative  ions: 

X.-|-e=X-f  X- 
(X  is  a  halogen  atom)  or 

HX4-e=H+X-. 

Similar  processes  have  also  been  observed  in  the  case  of  0„  NO, 
CO,  H,0.  H,S,  H,Se,  NH,,  SF,  etc.  Some  of  them  (for  instance, 
I,)  are  accomplished  with  the  participation  of  thermal  electrons,  in 

•  Here,  the  apparent  exception  is  the  process  H-Fe  =  H"-Fhv.  observed 
by  Fuchs  in  a  spark  in  hydrogen  at  high  temperature  and  pressure. 

The  probability  of  this  process  is  determined  by  the  ratio  of  the  cross- 
section  (corresponding  to  it)  to  the  gas-kinetic  cross-section  of  the  atom  (or 
molecule).  ' 
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other  cases  considerable  electron  energy  is  required.  In  all  cases, 
the  process  of  molecular  splitting  with  the  formation  of  a  negative 
ion  is  accomplished  in  a  narrow  interval  of  electron  energies  and 
has  a  pronounced  probability  ma.ximum.  A  typical  curve  of  the 
cross-section  of  the  process  versus  the  electron  energy  is  given  in 
Fig.  113,  where  the  left-hand  curve  gives  the  yield  of  O’  ions 
that  form  in  the  process  e  +  0,==0-|-0".  Negative  O"  ions,  the 
yield  of  which  is  shown  by  the  right-hand  curve,  are  formed  by 
the  process  e-pOj  =  0^ -j-0' 

The  maximum  probability  of  splitting  of  the  molecule  O.  into 
O  and  O'  is  1.2XJf^”’-  The  maximum  splitting  probabilities  of 
halogen  molecules  are:  Cl, — 5>  10"’  (at  1.5  eVO.  Br,  — 6.3X10"’ 
(at  1.8  eV).  and  1,-^1  (at  0.3-i  eV).  To  summarise  then:  with 
the  exception  of  the  latter  case,  the  maximum  probabilities  of 
splitting  a  molecule  by  an  electron  with  the  formation  of  a 
negative  ion  come  out  to  the  order  of  I0"*-10'’. 

The  characteristic  relation  of  probability  of  di.ssociation  of 
a  molecule  versus  electron  energy  in  the  process  e-f- AB  =  A-j- B" 
is  accounted  for  by  means  of  potential-energy  curves  like  those 
shown  in  Fig.  1 14  a  and  b.  Here,  the  curves  AB  are  potential-ener* 


JO  20  SO  40 


f<e. 

Fig  123.  Formation  ol  negative  0“  ions  in 
collision  of  electron  with  O,  molecule  as  a 
function  of  electron  energy  (alter  Atessi) 


gy  curves  of  the  molecule  AB,  the  curves  AB"  are  curves  of  the  mo¬ 
lecular  ion  AB".  The  decomposition  of  the  molecule  AB  in  this 
scheme  may  be  r^arded  as  its  transition,  through  the  action  of  an 
electron,  to  the  state  of  the  AB"  ion  with  subsequent  dissociation 
of  the  latter  into  A  +  B".  If  the  transition  AB — ►AB"  occurs  from 
the  zero  vibrational  state  of  the  AB  moieculc  (low  temperatuies), 
then  the  maximum  cross-section  of  the  process  will  correspond  to 
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electron  enerfjy  determined  by  the  distance  along  the  vertical  (ver¬ 
tical  potential  of  the  process)  of  the  curve  AB"  from  the  minimum 
of  curve  AB  (heavy  arrow  in  Fig.  114).  In  accordance  with  the 
form  of  the  wave  function  of  the  zero  vibrational  state  (see  Fig. 
87.  p.  3.59).  the  transition  region  AB — -AB"  is  determined  by  the 
cross-hatched  band  in  Fig.  114  and  is  bounded  on  the  low-energy 
side  by  a  short  arrow  and  on  the  high-energy  side  by  a  long  arrow. 
It  is  to  this  region  that  the  left-hand  curve  of  O"  ion  yield  in 
Fig.  113  corresponds. 

When  the  electron  affinity  of  atom  B  e.xceeds  the  heat  of  disso¬ 
ciation  of  molecule  AB.  curve  AB'  can  intersect  curve  AB  near 
its  minimum  (Fig.  114  b).  When  curve  AB'  intersects  curve  AB 
at  its  minimum,  the  splitting  process  is  already  possible  at  ther¬ 
mal-electron  energy  and  the  ma.ximum  probability  of  the  process 
will  occur  at  electron  energy  equal  or  close  to  zero.  This  case  is 
apparently  accomplished  in  the  splitting  of  I,  by  thermal  electrons. 


At  sufficiently  high  pressures,  the  following  process  can  play  a 
significant  role  in  the  formation  of  negative  ions: 

e-f  X-f  M=X'+M 

where  M  is  any  molecule  (third  particle).  The  probability  of  this 
process  is  apparently  close  to  unity,  i.e.,  every  gas-kinetic  triple 
collision  is  elTective. 

Photoionisation  of  gases.  In  the  absorption  spectra  of  a  large 
number  of  gases  we  find  regions  of  continuous  absorption  that  adjoin 
the  convergence  limit  of  the  Rydberg  series.  Such,  for  example,  are 
the  absorption  spectra  of  the  vapours  oF  alkali  metals.  Since  the 
energy  corresponding  to  the  series  limit  is  equal  to  the  respective 
ionisation  potential  of  the  atom  or  molecule,  the  quanta  absorbed 
in  the  region  of  the  continuous  spectrum  must  satisfy  the  condition 

hv&el.  (43.3) 
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For  this  reason,  a  continuous  absorption  spectrum  is  indicative  of 
the  process 

A\  +  hv  =  A\*  +e 

(Al  designates  an  atom  or  molecule),  i.e.,  of  the  possibility  of 
photoionisation  of  gases. 

Photoionisation,  or  the  photoelectric  effect,  in  gases  was  detected 
in  a  number  of  cases  directly  by  the  appearance  of  a  photocurrent 
upon  irradiation  of  the  gas  with  light  of  sufficiently  short  wave¬ 
length.  The  atoms  of  alkali  metals  which  have  the  lowest  ionisa¬ 
tion  potentials  are  capable  of  being  ionised  by  light  of  a  wave¬ 
length  corresponding  to  the  relatively  near  ultraviolet.  For  the  lim¬ 
it  of  the  photoelectric  effect  of  vapours  of  Li.  Na.  K.  Rb.  and 
Cs.  we  find  the  following  wavelengths  from  the  ionisation  poten¬ 
tials  of  these  elements  using  formula  (43.3):  2299  A  (Li).  2412  A 
(Na).  2856  A  (K)-  2968  A  (Rb).  and  3188  A  (Cs).  With  few  ex¬ 
ceptions  (Al.  Ba,  Ca.  Ga,  In.  Sr,  Tl).  the  other  vapours  can  be 
ionised  only  in  the  vacuum  region  of  the  spectrum  (X<[ 2000  A).* 

Table  38  gives  the  ionisation  potentials  of  a  number  of  gases 
measured  both  on  the  basis  of  photoionisation  and  spectroscopi¬ 
cally — by  the  limit  of  the  Rydberg  series  in  the  absorption  spectrum 
of  the  appropriate  gas.  From  the  table  it  will  be  seen  that  both 
methods  yield  practically  coincident  results  (the  error  of  the 
photoionisation  method  is  ±0.01  eV,  that  of  the  spectroscopic 
method,  somewhat  less). 

Table  38 


Ionisation  potentials  of  certain  molecules  measured  by  the  photoionisa(t«>t) 
method  and  spectroscopically  (in  volts) 


Molecule 

Pholoioii- 

Phot  ol  on- 

isation 

IsAtioii 

scopically 

CO 

14.01 

14.013 

C.H.1 

9.33 

9.345 

H.O 

12.59 

12.61 

C,H. 

10.516 

10.51 

H,S 

10.46 

10.473 

9.07 

CO. 

13.79 

13.79 

C,H, 

11.41 

11.41  1 

CS, 

10.08 

10.079 

H,CO 

10.87 

10.88 

1?'^ 

|2.72 

11.22 

CH.CHO 

(CH,),CO 

10.21 

10.69 

CH.Br 

10.53 

10.541 

C.H. 

9.245 

9.240 

CH,I 

9.54 

9.538 

CH,C,H, 

8.82 

6.82 

*  Here,  we  do  not  consider  the  processes  of  secondary  photoionisation  when 
an  atom  or  molecule  absorbs  a  quantum  of  radiant  energy  and  passes  into  an 
excited  state  and  is  ionised  only  as  a  result  of  the  absorption  of  a  second 
quantum  or  by  collision  with  another  excited  particle.  In  this  case,  it  is  ob¬ 
vious  that  condition  (43.3)  is  not  obligatory  for  every  absorbed  quantum. 
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Above  (p.  422)  we  pointed  to  the  possibility  of  photoneutral¬ 
isation  of  a  negative  ion.  that  is,  the  possibility  of  the  process 
X-+hv  =  X  +  e. 

On  the  basis  of  this  process.  Branscomb  developed  an  experimental 
method  for  measuring  electron  affinity:  it  consists  in  measuring 
the  minimum  frequency  of  light  which,  when  used  to  irradiate  a 
beam  of  negative  ions,  produces  electrons. 

Photoionisation  is  also  characteristic  of  X-rays  and  gamma 
rays.  In  this  case,  the  ionisation  differs  from  ordinary  ionisation 
in  that  the  atom  or  molecule  undergoing  ionisation  loses  one  of 
the  inner  electrons  and  not  one  of  the  outer,  weakly  bound  ones. 

44.  Polarisation  of  Electronic  Shells 

Polarisation  is  one  of  the  most  important  properties  of  atoms 
and  molecules.  It  has  extremely  diversified  manifestations. 
Associated  with  it  are  the  dielectrical  and  optical  properties  of 
matter.  The  polarisation  of  molecules  is  very  important  for  the 
geometry  and  energy  of  molecules.  The  polarisation  of  scattered 
light  and  the  phenomenon  of  double  refraction  (bi-refringence)  is 
due  to  molecular  polarisability.  Polarisation  forces  are  of  importance 
in  the  interaction  of  molecules. 

In  this  section  we  shall  confine  ourselves  to  a  consideration  of 
polarisation  in  an  isolated  molecule  or  in  a  sufficiently  rarefied 
gas  as  related  to  certain  macroscopic  properties  of  gases.  We 
shall  have  in  view  nonpolar  gases,  that  is,  gases  whose  molecules 
do  not  have  a  permanent  dipole  moment.  We  begin  with  polari¬ 
sation  of  a  gas  in  a  constant  electric  field. 

Polarisation  in  a  constant  electric  field.  In  the  simplest  case, 
molecular  polarisability  is  characterised  by  the  polarisation 
coefficient  a,  which  is  equal  to  the  dipole  moment  induced  in 
the  molecule  by  an  electric  field  of  unit  intensity.  The  dipole 
moment  induced  in  a  molecule  by  an  external  electric  field  of 
intensity  (S  may  be  represented  by  the  formula 

p  =  ae.  (44.1) 

Connected  with  molecular  polarisability  are  the  dielectric 
properties  of  the  medium  characterised  by  the  dielectric  constant  e. 
There  is  a  unique  relationship  between  a  and  e  which  is  expressed 
by  the  Clausius-Mosotti  equation-. 

P  =  :^NAa  =  *^^f  (44.2) 

Here,  Na  is  the  Avogadro  nurnber.  M  the  molecular  weight,  and  q 
the  density.  P  is  called  the  nioiar  polarisation. 
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Thus,  on  the  basis  of  (-14.2)  the  coefficient  of  polarisation 
may  be  found  from  measurements  of  the  dielectric  constant. 

The  coefficient  of  polarisation  thus  determined  fully  characterises 
the  molecular  polarisability  only  in  the  case  of  isolrupic  mole- 
cutes:  molecules,  the  polarisability  of  which  is  the  same  in  all 
directions.  In  the  more  general  ca.se  of  an  anisotropic  molecule. 
its  polarisability  is  determined  by  three,  generally  different.  a.\es 
of  the  polarisability  ellipsoid  that  correspond  to  polarisation  of 
the  molecule  in  the  direction  of  these  axes.  In  this  ca.se,  the 
quantity  a  in  expression  (44.2)  is  only  the  mean  coefficient  of 
polarisation  of  the  molecule.  In  an  anisotropic  molecule,  the 
direction  of  the  induced  dipole  moment  coincides,  in  the  general 
case,  with  that  of  the  electric  field.  This  anisotropy  is  particularly 
marked  in  optical  phenomena  associated  with  polarisation  of 
molecules  in  the  rapidly  alternating  electric  field  of  a  light 
wave.  For  this  reason,  optical  measurements  (in  particular, 
refraction  measurements)  play  an  important  part  in  studies  of 
the  polarisation  of  molecules. 

Polarisation  in  an  aiternating  fieid.  Refraction.  According  to 
Maxwell,  the  dielectric  constant  of  a  nonpolar  gas  e  is  equal  to 
the  square  of  its  refractive  index  r'.  And  so  equation  (44.2)  can 
be  represented  as 

r,  -I.T  M  r’  —  I  .M 

R  3  NaW-  r’-t-2  0  (‘*‘••■1) 

(the  Lorentz-Lnrenz  relation).  The  quantity  R  defined  by  this 
equation  is  called  molar  refraction.  Consequently,  the  earlier 
introduced  molar  refraction  P  can  also  be  called  molar  refraction 
at  a  field  frequency  equal  to  zero  (constant  electric  field).  How¬ 
ever,  since  molar  retraction  is  usually  found  from  measurements  of 
the  refractive  index  for  visible  light,  i.e.,  at  frequencies  of  the 
order  of  10"  sec"',  whereas  the  dielectric  constant  is  measured 
in  alternating  fields  (the  frequency  of  which  is  small  relative  to 
the  frequency  of  light)  it  is  necessary  to  extrapolate  R  to  v  =  0 
when  computing  molar  polarisation  from  measurements  of  the 
refractive  index.  This  extrapolation  is  ordinarily  carried  out  by 
means  of  the  following  equation: 


where  a,  is  the  polarisation  coefficient  for  X  =  oo  (v  =  0), 

- .  We  find  a„(R„)  from  equation  (44.4)  by  measuring 

V  4ninct^ 

o(R)  for  several  values  of  X. 

The  occasional  divergence  of  values  of  R==R,  and  molar 
polarisation  P  computed  in  this  manner  is  to  be  explained  by  the 
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fact  that  polarisation  is  partially  due  to  a  shift  (in  the  external 
electric  field)  of  atoms  and  groups  of  atoms  in  the  molecule, 
which  shift  can  hardly  be  accounted  for  when  extrapolating  R. 
However,  this  shift  is  usually  small  and  can  often  be  disregarded. 

As  is  evident  from  (44.2)  and  (44.3),  molar  polarisation  and 
molar  refraction  of  a  gas  mixture  are  additive  quantities  insofar 
as  the  polarisability  a  of  each  molecule  may  be  considered 
independent  of  the  surrounding  molecules,  which  is  fully  permis¬ 
sible  in  the  case  of  gases.  What  is  more,  experiment  shows  that 
molar  refraction  is  but  very  slightly  dependent  on  the  temperature, 
pre.ssure  (concentration),  and  alterations  (associated  with  the 
latter)  of  the  aggregate  state  (association,  condensation).  Finally, 
from  experiment  it  follows  that  molar  refraction  of  a  complex 
chemical  compound  may  be  represented  approximately  as  the  sum 
of  refractions  of  the  component  atoms  or  ions; 

Rm=2Ra  (44.5) 

R.m  is  the  molar  and  Ra  are  the  atomic  or  ionic  refractions). 

This  formula  is  most  precise  in  the  case  of  ionic  compounds; 
the  ionic  refractions  (or  polarisation  coefficients  of  the  ions), 

which  are  determined  for  a 
given  ion  from  the  molar  re- 
frac  t  ions  of  various  compounds, 
differ  but  slightly.  There¬ 
fore,  refraction,  or  polarisa¬ 
bility,  of  an  ion  is  a  con¬ 
stant  that  describes  a  given 
ion  in  any  compound  that 
contains  it.  The  polarisation 
coefficients  (polarisabilities) 
of  a  number  of  ions  are 
given  in  Table  39. 

For  investigations  into  the 
field  of  ionic  refractions  we  are 
indebted  primarily  to  Fajans  and  his  school.  The  work  of  this 
school  deals  mainly  with  aqueous  solutions.  Measurements  of  the 
refraction  of  solutions  with  account  taken  of  that  of  water,  and 
also  alterations  of  the  latter  (they  are  due  to  the  action  of  ions) 
lead  to  the  possibility  of  determining  ionic  refractions  through 
the  use  of  (44.5). 

A  similar  method  was  applied  by  Born  and  Heisenberg  for 
calculating  the  ionic  refractions  from  measured  molar  refractions 
of  NaCi-type  salt  crystals.  They  also  attempted  to  calculate  Ra 
atomic  terms.  This  possibility  follows  from  the  fact  that 
the  Rydberg  and  Ritz  corrections  that  enter  into  the  expression 


Table  39 

Polarisabilities  of  ions  (in  cm’ X  10**) 


0-- 

S'- 

Se" 

Te-- 

2.74 

8.94 

11.4 

16.1 

H“ 

F* 

Cl' 

Br' 

I' 

10.18 

0.96 

3.60 

5.0 

7.60 

Li^ 

Na* 

K*- 

Rb* 

Cs* 

0.03 

0.19 

0.89 

1  .50 

2.60 

Be** 

Ca** 

Sr** 

Ba** 

0.008 

0.10 

0.55 

1.02 

1 .86 

£(t.  -m 
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of  atomic  terms  of  alkali  melals  are  directly  determined  hy  the 
polarisation  coefficient  a  of  the  ions  of  these  metals  (see  p.  157). 
Finally,  the  refraction  of  ions  with  the  electronic  structure  of  a 
noble  gas  was  obtained  by  Pauling  theoretically  (on  the  basis  of 
quantum  mechanics).  All  the  foregoing  methods  yield  close  values 
of  ionic  refractions. 

In  the  case  of  atomic  molecules  (unlike  ionic  compounds),  the 
refraction  of  separate  atoms  determined  from  the  molar  refraction 
of  various  compounds  by  means  of  (44.5)  yield  significantly 
iUfjerent  values,  depending  on  the  lijpe  oi  bond  of  the  respective 
atom  in  the  molecule.  For  example,  the  atomic  refraction  of  car¬ 
bon  is  dilTerent  depending  on  whether  a  given  C  atom  is  connected 
with  the  other  atoms  in  the  molecule  by  single,  double,  or  triple 
bond.  In  the  same  way.  the  hydroxyl,  ether,  and  carbonyl 
oxygens  have  dilTerent  atomic  refractions.  Change  in  atomic 
refraction  with  the  bond  type  of  a  given  atom  appears  to  be  quite 
natural  if  one  takes  into  account  that  the  refraction  of  light¬ 
weight  atoms  is  in  large  measure  due  to  the  outer  electrons:  when 
passing  from  one  type  of  bond  to  another,  there  is  a  change  in 
the  bond  rigidity  of  the  valence  electrons  in  the  molecule,  and 
this  is  detected  from  the  change  in  atomic  refraction. 

In  addition,  a  definite  part  of  refraction  is  also  taken  up  by 
double  and  triple  bonds;  only  by  taking  this  into  consideration 
when  calculating  the  molar  refraction  from  corresponding  atomic 
refractions  is  it  possible  to  obtain  satisfactory  agreement  with 
the  measured  value.  Table  40  gives  the  empirical  values  of 
refractions  of  some  atoms  together  with  the  refractions  that  are 
formally  attributed  to  C  =  C  and  Cc-^C  bonds. 


Table  40 

Atomic  refractions  (for  D-lines  of  sodium) 


Atom  (bond) 

Refract  ion 

Atom  (bond) 

Rcfr.tcl  ion 

H 

F 

Cl 

Br 

1 

C 

Double  C,  C  bond 
Triple  C  bond 

1.100 

0.997 

5.967 

8.865 

13.900 

2.418 

1.733 

2.398 

O  hydroxyl 

O  ether 

0  carbonyl 

N  primary 

N  secondary 

N  tertiary 

N  nitrile 

1.525 

1.643 

2.211 

2.322 

2.502 

2.840 

3.118 

By  way  of  illustrating  the  computation  of  molar  refraction  from 
the  refraction  of  the  atoms  that  comprise  the  molecule  (this  is 
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very  important  for  determining  the  structure  of  chemical  com¬ 
pounds),  let  us  compute  the  molar  refraction  of  ethyl  alcohol 
C,HjOH.  Here,  we  have  two  carbon  atoms,  six  H  atoms,  and 
one  hydroxyl  atom  O  connected  by  single  bonds.  From  Table  40 
wegel2Rc+6Rii-|-Ro„  ,  =  4.836  +  6.600+ 1 .525=  12.961 .  where¬ 
as  direct  measuremenfs  give  12.78.  In  exactly  the  same  way. 
computing  the  molar  refraction  of  acetacetic  ester 

H  O  H  O  H  H 

I  11  I  II  11 

H— C— C— C— C— O— C— C— H 

II  II 

H  H  H  H 

with  six  C  atoms,  ten  H  atoms,  two  carbonyl  O  atoms,  and  one 
ester  atom,  we  get  Rm=  14.508  +  1 1 .000  +  4.422+  1 .643  =  31 .573, 
instead  of  the  measured  molar  refraction  32,00. 

There  is  however  another  possible  method  of  representing  molar 
refraction.  Namely,  we  can  assign  definite  values  of  refraction 
not  to  individual  atoms  but  to  the  separate  bonds  in  the  mole¬ 
cule,  as  is  done  in  Table  41. 

Table  41 

Refractions  of  bonds 


n  - 

H 

2.08 

c  =  c 

4.15 

C  -  F 

1.60 

c  - 

H 

1.705 

CsC 

6.025 

C-Cl 

6.57 

N  - 

H 

1 .87 

N  -C 

1.55 

C  -  Br 

9.47 

0  - 

H 

1 .88 

o-c 

1.42 

C-  I 

14.51 

C  - 

C 

1 .209 

o=c 

3.42 

The  refractions  of  bonds  given  in  this  table  are  related  to  the 
atomic  refractions  (Table  40)  as  follows  (after  Steiger  and  Smyth); 


Rc- H  =  Rc  +  Rh. 

Rc-c  =  -^  Rc. 

Rc  =  c  =  Rc  +  I  =, 
Rc»c=--|Rc  +  I=. 


Rc  =4-Rc  +  Rh  +  Ro„,.„ 
Rc  Rc  +  Ro„h 

c>° 

Rc=o  =  4Rc  +  Ro,,„ 

Rc-x  =-yRc+Rx- 


Here,  the  symbols  1  —  and  I  =  designate  the  atomic  refraction 
due  to  double  and  triple  carbon  bonds.  Ro  .  Ro  and  Ro 
are  atomic  refractions  of  the  hydroxyl,  ether,  ^and  carbonyl  atoms 
of  oxygen  and  X  =  F,  Cl,  Br,  and  1. 


See.  -m 


POLARISATION'  OF  ULHCTRONIC  SMELLS 


■131 


Tlie  good  coincidence  of  calculated  and  measured  values  of 
molar  refraction  that  is  observed  in  most  cases  shows  that  the 
molar  refraction  of  various  chemical  compounds  can  be  pre  calculated 
to  a  high  degree  of  accuracy.  This  accuracy  permits  taking  advan¬ 
tage  of  refractometric  measurements  as  a  method  of  studying  molec¬ 
ular  structure.  Molar  refraction  permits  establishing  the  presence 
and  number  of  complex  bonds  in  a  molecule,  the  nature  of  the 
oxygen  bond,  etc.  This  accounts  for  the  great  role  played  by 
refractometry  In  structural  chemistry,  in  particular  in  organic 
chemistry  and  in  the  chemistry  of  complex  compounds,  and  also 
in  the  study  of  solutions. 

The  following  simple  instance  will  illustrate  the  use  of  refracto¬ 
metric  data  in  establishing  the  type  of  bonds  in  a  molecule. 
Assuming  that  the  CO,  molecule  is  an  ionic  molecule,  i.e.,  that 
it  consists  of  a  C**  ion  and  two  O'"  ions,  from  the  refraction 
of  these  ions  (0.0034  and  9.88)  we  get  for  the  molar  refraction 
of  CO,  the  number  19.76.  which  is  three  times  the  actual  value 
of  Rco,  =  6.71.  In  contrast  to  this  result,  calculation  of  Rco,  on 
the  assumption  of  the  atomic  structure  of  the  CO,  molecule  yields 
practically  complete  coincidence  of  calculated  (6.84)  and  measured 
values,  as  will  readily  be  seen  from  the  data  given  in  Tables  40 
and  41.  Whence  there  follows  the  inevitable  conclusion  as  to  the 
atomic  structure  of  CO,. 

Refractometric  measurements  are  also  very  important  lor  molecular 
energetics.  Since  we  are  able  to  assign  to  each  bond  a  definite 
portion  of  refraction,  it  is  possible  to  judge  of  the  strength  of  the 
bonds  in  a  molecule  from  the  magnitude  of  the  respective  refrac¬ 
tions.  The  stronger  the  bond,  the  more  rigidly  fixed  in  the 
molecule  are  the  electrons,  and  hence,  the  less  should  be  the 
refraction  they  are  responsible  for. 

It  should  be  pointed  out  that  in  conjugated  and  aromatic 

systems  we  notice  perceptible  deviations  of  molar  refraction  from 
additivity.  These  deviations  indicate  that  the  compounds  are 

exceedingly  strong;  they  are  called  exallalion  of  refraction. 

Anisotropy  of  polarisability  and  molecular  structure.  One  of 
the  manifestations  of  anisotropy  of  polarisability  is  the  depo¬ 
larisation  of  scattered  light.  Measurements  of  the  degree  of 
polarisability  permit  us,  in  certain  cases,  to  determine  the  prin¬ 
cipal  polarisabilities  of  a  molecule  that  characterise  its  polarisa¬ 
bility  ellipsoid.  The  degree  of  depolarisation  A  is  determined  by 

the  ratio  of  intensities  (in  a  scattered  ray)  that  correspond  to 

oscillations  parallel  and  perpendicular  to  the  direction  of  the 
oscillations  of  the  exciting  ray: 

A=ii-. 

‘x 
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In  the  classical  theory  of  Tyndall,  which  does  not  take  into 
account  rotation  of  the  molecules,  the  intensities  I  n  and  fj^ 
are  calculated  as  follows.  We  introduce  a  coordinate  system  fixed 
in  the  molecule  {,  >1,  t,  the  directions  of  the  axes  of  which  coincide 
with  the  directions  of  its  principal  polarisabilities  a,,  a,,  a,, 
and  a  fixed  coordinate  system  x,  y,  z.  Let  the  electrical  vector 
E  of  the  exciting  linearly  polarised  ray  be  directed  along  the  z 
axis.  Then  for  the  moments  induced  in  the  molecule  in  the 
direction  of  its  principal  electrical  axes  we  will  have 

P:  =«,Ecos(5.  z),  p,  =  a,E  cos  (i),  z),  p,  =a,Ecos(E,  z). 

Obviously,  the  components  of  the  moments  along  the  axes  z 
and  X  are 


p,  =  P;Cos(|,  z)  4- p,,  cos  (t),  z)  +  p,  cos(S,  z), 
p.  =  P;Cos(|,  x)4-p,,cos(ii,  x)  +  p\cos(S,  X). 

To  simplify  calculations,  in  the  case  of  a  molecule  with  an 
axis  of  symmetry  {a,  =  a,)  we  may  consider  the  axis  ij  as  lying 
in  the  plane  xy,  whence  it  follows  that  cos  (<1,  z)  =  0. 

Introducing  the  designations  ^(ii,  y)  =  <p  and  z)  =  d  we 

will  have 

cos  (5,  z)  =  sind,  cos(S,  z)  =  cos®,  cos  (5,  x)  =  cosip  cosO, 
cos  (n,  x)  =  sin<{),  cos  (J,  x)= — cos  (p  sind. 

Substituting  these  values  of  cosines  into  the  expressions  for  the 
components  of  the  induced  moments,  we  get 

Pj  =  (o,  sin’d-j-ot.cos’d)  E  and  p,  =  {a,  —  a,)  sin  dcos  dcos  <p  .  E. 

The  intensities  of  the  scattered  light  are  proportional  to  the 
squares  of  the  respective  moments.  We  find  the  mean  intensities 
as 

*/j  ff.'a 

J  ^  p*  sin  ^  dd$in<pd(p 

f  0  0 

^  ^  sin  dddsin  9  d9 
0  0 

Substituting  here  the  above-obtained 
p2  and  integrating,  we  get 

(g,  —  g,)* 

3g»  4g,gj -J- 8g^  * 


J  p*sinddd 


^  sin  d  dd 
o 

expressions  for  pj(  and 


A 


(44.6) 
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If  the  exciting  light  is  natural,  an  analogous  coinputattoii  tor 
the  degree  of  depolarisation  yields 

A  2(a,  —  a.)* 

^  4a’ +  2a, a,  +  9a;  ' 

Finally,  in  the  case  of  a  molecule  that  does  not  have  an  axis 
of  symmetry  (a,^a,),  the  expression  for  the  degree  of  depolari¬ 
sation  of  natural  light,  when  it  is  scattered,  has  the  form 

,  2<a’  -I-  a’  -f  a’  —  a, a,  —  a,a,  -  a, a.) 

A  = - i - J ^ ») 

4(a^  -h  a_  -I-  a.)  +  (a, a,  -f-  a.a.  -t-  a,a,) 

Inasmuch  as  account  of  the  rotation  of  molecules  leads  to  the 
same  expressions  for  the  degree  of  polarisability  of  scattered 
light,  the  foregoing  equations  may  be  considered  general. 

Firstly,  from  these  equations  it  follows  that  in  the  case  oi  a 
symmetric  isotropic  molecule  (a,=a,=a,)  the  degree  of  depola¬ 
risation  must  equal  zero.  In  another  extreme  case  of  a  totally 
anisotropic  molecule  (a.  =  o,  =  0),  the  degree  of  depolarisation 
of  linearly  polarised  light  should  equal  and  of  natural  light 
l_ 

2  • 

To  determine  the  principal  polarisabilities  of  a  molecule  a,, 
a,,  a,,  we  have  the  following  equations.  First  of  all.  from  (44. 3y 
for  the  mean  polarisability  of  the  molecule, 

_ «i  -I-  g,  -i-  g, 

3 

we  get  the  expression 

I  I  9  r*  —  I 

I  t  I  s  4nn  r*  -f-2 

which  may  be  represented  approximately  (due  to  r*^I)  in  the 
form 


_  _ 3(r  I ) 

2.an  ■ 


(44.9) 


(n  is  the  number  of  molecules  in  1  cm’).  The  second  equation  is 
(44.8),  which  may  be  rewritten  as 

lOA  _ (g,  —  g,)'  4-  (a,  —  g,)*  4-  (a,  —  a,)* 

(«i  -F  g,  -I-  “>)' 


6-7A 
or.  because  of  (44.9), 

(a.  —  a,)’  +  (a,  —  a,)*  (a.  —  a,)‘ 


-  45A  (r  —  l>*  IQ, 
6  — 7A  2»'n*  • 


15—3038 
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To  summarise,  then,  we  have  two  equations,  (44.9)  and  (44.10), 
to  determine  the  three  unknowns  a,,  a,,  and  a,.  Whence  it  follows 
thill,  alone,  the  measurements  of  the  degree  of  polarisation  and 
retractive  index  permit  determining  a,,  a,,  and  a,  only  for 
molecules  having  an  axis  of  symmetry  when  the  missing  equation 
IS  obtained  from  the  symmetry  of  the  molecule,  namely,  equation 
a,  -  ;ot..  Table  42  gives  the  values  of  the  principal  polarisabilities 
of  certain  symmetric  molecules  found  in  this  manner. 

Table  42 


Principal  polarisabilities  of  a  number  of  molecules 
(in  cm’  X  10”) 


Molecule 

Molecule 

9, 

N, 

2.38 

1.45 

C,H. 

5.61 

3.59 

o. 

2.35 

1.21 

C.H. 

6.35 

12.31 

CO 

2.60 

1.63 

C.H., 

8.90 

11.30 

The  third  equation  *  that  is  missing  in  the  general  case  of  an 
asymmetric  molecule  may  be  obtained  by  taking  into  account  the 
Kerr  e/Jecl.  The  essence  of  this  effect  lies  in  the  fact  that  isotrop¬ 
ic  substances,  when  placed  in  an  electric  field,  become  bi-ref rirjgent . 
i.e..  light  rays  passing  through  them  are  polarised  parallel  and 
perpendicular  to  the  field  and  acquire  different  velocities.  The 
result  is  a  difference  in  the  paths  of  the  rays.  This  difference,  ac¬ 
cording  to  the  Kerr  law,  is 

6X  =  K-^/E’  (44.11) 

where  K  is  the  Kerr  constant,  r  and  \  are  the  refractive  index 
and  the  length  of  the  light  wave  in  the  absence  of  a  field,  /  is 
the  geometrical  path  of  the  rays  in  a  bi-refringent  substance,  and 
E  is  the  field  intensity.  Designating  the  refractive  indexes  of  the 
two  rays  by  rn  and  rj^,  we  can  represent  the  optical  difference  of 

path  as  6A  =  -i! — .  whence  we  get  the  following  expression 


•  n  is  possible,  in  principle,  to  determine  the  quantities  a,,  a,  and  a, 
also  on  the  basis  solely  of  measurements  of  A  and  r,  since,  according  to  the 
foregoing,  the  degrees  of  depolarisation  of  linearly  polarised  and  natural 
light  are  difTerent;  this  gives  the  third  equation.  However,  in  the  case  of 
gases  (because  of  great  difTiculties  in  measuring  the  degree  of  depolarisation 
and  the  considerable  concomitant  errors)  measurements  in  polarised  excited 
light  are  practically  impossible.  When  measuring  A  the  rule  is  to  use  bright 
sunlight,  that  IS,  natural  light.  -  . 
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for  the  Kerr  constant; 


K 


liUltl 

r  E*  • 


(44.12) 


The  theory  of  the  Kerr  effect  in  a  nonpolar  gas  was  given  by 
Langevin  and  subsequently  generalised  to  a  polar  gas  by  Born. 
We  do  not  intend  to  give  a  detailed  account  of  the  theory  but 
will  confine  ourselves  to  a  brief  examination  of  its  underlying  con¬ 
cepts  and  its  chief  results. 

In  view  of  the  equal  probability  of  all  directions  in  the  absence 
of  an  electric  field,  a  gas  consisting  of  optically  anisotropic  mol¬ 
ecules  is  an  isotropic  medium.  In  an  electric  field  there  arises  a 
certain  directed  molecular  orientation,  which  is  what  leads  to  ani¬ 
sotropy  of  the  gas  as  seen  in  the  Kerr  effect.  In  the  case  of  a  non¬ 
polar  gas.  this  directivity  is  due  to  polarisation  of  molecules  in 
an  electric  field:  in  a  polar  gas  there  is,  in  addition  to  polarisa¬ 
tion,  an  orientation  effect  of  permanent  dipoles.  Because  of  the 
directivity  of  the  total  dipole  moment  of  a  molecule  in  an  electric 
field,  its  polarisability  in  the  direction  of  the  field  (an)  will  differ 
from  that  perpendicular  to  the  field  (aj^).  When  computing  the 
mean  polarisabilities  aj  and  aj^,  one  can  represent  them  as  a  func¬ 
tion  of  the  following  quantities:  the  principal  polarisabilities  of 
the  molecule  in  the  electric  field  of  a  light  wave  a,,  a,,  a,,  the 
principal  polarisabilities  in  an  electrostatic  field  a,,  a,,  a,,  the 
components  of  the  electric  moment  of  the  molecule  p.  i.  e.,  the 
projections  of  p  on  the  coordinate  axes  q,  J  (fixed  in  the  mol¬ 
ecule),  p,.  p,,  p,.  the  square  of  the  electric  field  intensity  E’, 
and,  finally,  the  absolute  temperature  of  the  gas.  On  the  other 
hand,  an  and  a^  may  be  represented  as 


_4 

3 


nnaii  = 


r,1  +  2 


and 


_4 

3 


nnajL 


thus  making  it  possible  to  express  the  Kerr  constant  (44.12)  in 
terms  of  a,,  a,,  a,,  a,,  a,,  a,,  p,,  p,.  p,  and  the  temperature  T. 
By  virtue  of  equalities  (44.2)  and  (44.3)  we  should  have  the  fol¬ 
lowing  relationship  between  the  quantities  a,,  a,,  a,  and  a,,  a,,  o,: 

a.  ~a,~a  ~e-4-2- r«-|-2-  (44. IJ) 


Further,  the  Kerr  constant  may  be  represented  as  the  sum  of  two 
terms:  K,.  which  is  associated  with  pure  polarisation  of  the  mol¬ 
ecules,  and  K,.  which  is  determined  by  the  orientation  of  the 
permanent  dipoles  (dipole  member).  For  the  first  of  them  (at  r%l) 

is» 
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we  get  from  theory  the  following  expression: 

K.  =  1^  !(“■  —  “•)'  +  (“•  —  ~ 

which,  in  view  of  (44.11)  and  also  P  =  nkT  (ideal  gas),  may  be 
represented  in  the  form 

From  (44.15)  it  follows  that  the  constant  K,  is  practically  inde¬ 
pendent  of  the  temperature  of  the  gas. 

For  K,  the  following  general  expression  is  obtained: 

K.  =  i  ((p:  -  p!)  (a,  -  a.)  +  (p;  -  pj)  (o.  -  a.)  + 

+  (p5  — PJ)(“.  — “i)l>  (44.16) 

which,  in  case  of  coincidence  of  the  direction  of  the  dipole  mo¬ 
ment  of  the  molecule  with  the  direction  of  one  of  its  electrical 
principal  axes  (for  instance,  the  ^  axis),  takes  on  a  simpler  form: 

*<.  =  Trk^P’<2“. (4417) 

Expression  (44.17)  can  serve  as  the  missing  third  equation, 
which,  together  with  equations  (44.9)  and  (44.10),  permits  deter¬ 
mining  the  constants  a,,  a,  and  a,  for  any  polar  molecule  on  the 
condition  that  p  =  p,,  P,  =  P,  =  0.  The  dipole  rnoment  of  the  mol¬ 
ecule  should  then  be  known.  However,  in  the  case  of  nonpolar 
molecules,  which  always  have  at  least  one  axis  of  symmetry,  it  is 
sufficient  to  have  two  equations  to  determine  the  polarisability  el¬ 
lipsoid:  (44.9)  and  (44.10)  or  (44.9)  and  (44.14).  It  may  be  noted 
that  due  to  the  greater  accuracy  in  measuring  the  Kerr  constant, 
it  is  usual  to  take  the  second  pair  of  equations  to  determine  the 
principal  polarisabilities. 

As  has  already  been  pointed  out,  a  determination  of  the  optical 
polarisability  ellipsoid  of  molecules  is  exceedingly  important  for 
finding  the  geometrical  molecular  structure.  We  shall  consider  here 
several  of  the  simplest  cases  that  illustrate  this  method  of  estab¬ 
lishing  molecular  structure.  Thus,  for  the  molecules  SO,  and  H,S 
we  may,  generally  speaking,  conceive  of  both  linear  and  bent  (equi¬ 
lateral  triangle)  molecular  structures.  Measurements  of  a,,  a,,  and 
a,  for  SO,  yield  54.9X  10—.  27.2X  10—,  and  34.9  X  lO'”  cm* 
and  for  H,S  42.0X10-“,  32.1X10-“,  and  39.3X10'”  cm*. 
The  different  values  of  all  three  polarisabilities  in  both  cases  com¬ 
pel  us  to  exclude  the  linear  structure  of  the  molecule,  for  then. 
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due  to  an  electrical  axis  of  syminetry.  the  two  polarisabilities  would 
coincide.  The  bent  structure  is  also  obtained  for  molecules  of 
alcohols,  esters,  ketones,  etc.  In  contrast,  in  the  case  of  the  N,() 
molecule,  measurements  yield  a,  =  53.2  <10“”  and  aj  =  a,  = 
=  18.3X10'”  cm’,  that  is,  the  structure  is  linear.  Similar  results 
also  point  to  a  linear  structure  of  the  molecules  HCN.  CO,.  C,S,. 
C,H,,  C,N,.  Further,  from  the  tact  that  within  experimental  error 
all  three  principal  polarisabilities  of  the  molecules  CCI,  and  SnCI, 
are  the  .same,  it  follows  that  these  molecules  are  of  tetrahedral 
symmetric  structure. 

On  the  mutual  interaction  of  atoms  in  molecutes.  Polarisation 
of  molecules  is  also  extremely  important  as  one  of  the  essential 
conditions  for  conveying  the  mutual  interaction  of  atoms  or  atomic 
groups  in  a  molecule.  One  of  the  most  common  types  of  mutual 
effect  is  that  which  Atarkovnikov  charactcri.sed  as  follows:  "The 
effect  ...  diminishes  with  their  (atoms — Kondratyev)  recession 
from  one  another  in  the  overall  chain  of  chemical  action."  In  the 
language  of  electronic  concepts,  this  type  of  mutual  interaction  be¬ 
came  known  as  the  induclion  type. 

When  an  atom  or  atomic  group  is  replaced  by  another  one,  a 
redistribution  of  density  occurs  in  the  electron  cloud  of  the  mole¬ 
cule.  This  distortion  of  the  electron  cloud  is  greatest  near  the  re¬ 
placed  (functional)  group  and  rapidly  falls  off  with  recession  from 
it.  Acetic  acid  is  one  of  numerous  instances  of  the  induction  effect; 


H,C- 


P 

OH 


When  one  of  the  H  atoms  in  the  methyl  group  is  replaced  by  a 
fcalogen  atom  (X),  we  have  an  induction  shift  of  the  electron  den¬ 
sity  in  the  direction  of  the  electronegative  atom  (as  indicated  by 
the  arrows): 

H 

i 

X— C  — C*-0— H. 


As  a  result  of  this  shift,  the  O — H  bond  in  the  hydroxyl  group 
becomes  more  polar  or  more  electrovalent;  this  is  manifested  in 
a  more  ready  ionisation  of  the  bond,  i.e.,  the  proton  in  solution 
is  more  easily  split  off.  In  full  correspondence  with  theoretical 
concepts,  it  follows  from  experiment  that  the  more  electronegative 
the  halogen,  the  easier  the  proton  is  split  off;  further,  in  the  se¬ 
ries  of  carbonic  acids,  variation  of  proton  mobility  upon  replace- 
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nient  of  the  H  atom  in  the  extreme  methyl  group  by  a  halogen 
becomes  less  and  less  as  the  chain  length  increases. 

The  induction  effect  does  not  in  any  way  exhaust  the  types  of 
mutual  effect  of  atoms.  A  special  type  of  mutual  effect  is  charac¬ 
teristic  of  so-called  conjugated  systems,  i.e.,  molecules  containing 
alternating  single  and  double  bonds.  This,  for  instance,  is  the 
structure  of  molecules  with  polymethine  chains,  such  as  the  hexa- 
diene  molecule  H,C  —  CH=CH — CH=CH — CH,.  A  characteris¬ 
tic  feature  of  conjugated  bonds  is  their  greater  or  lesser  similarity, 
which  is  due  to  a  certain  smoothing  of  the  differences  between 
single  and  double  bonds.  This  is  evident  from  both  chemical  exper¬ 
iments  and  physical  measurements,  in  particular,  measurements  of 
interatomic  distances  and  bond  strength,  elastic  forces  acting  be¬ 
tween  the  atoms  and  determining  the  vibrational  frequencies  of  the 
molecule.  All  these  data  lead  to  the  conclusion  that  the  electron- 
cloud  density  (corresponding  to  a  single  bond)  in  a  conjugated 
system  of  bonds  is  greater  than  the  electron-cloud  density  in  an 
isolated  single  bond  and  less  than  in  an  isolated  double  bond, 
thus  being  intermediate  between  them.  The  degree  of  similarity  of 
bonds  in  the  conjugated  chain  systems  is  the  greater  the  longer 
the  chain:  this  must  be  due  to  the  greater  uniformity  of  elements 
of  long-chain  molecules.  For  this  reason,  in  the  benzene  molecule, 
which  consists  of  six  similar  CH  elements,  the  bonds  are  in  every 
way  similar  and  the  molecule  has  a  high  degree  of  symmetry  (axis 
of  symmetry  of  the  sixth  order). 

Connected  with  the  similarity  of  the  electron  density  in  conju¬ 
gated  systems  is  their  greater  strength  over  systems  with  isolated 
bonds.  For  this  reason,  the  transition  from  molecules  with  isolated 
bonds  to  molecules  with  a  system  of  conjugated  bonds  is  ordinarily 
accompanied  by  the  release  of  energy.  A  good  example  is  the  Ze¬ 
linsky  reaction: 


H  H 

S 

H— C 


H  H 

H  H  \p/  H 

C— H  H— C  C— H 
I  —2  I  I 
C— H  H— C  C— H 

H  H  /^\  H 
H  •  H  H  H 


Cyclohexane 


Cyclohexane 


ri 

K." 


+ 


H 


C 

II  I 
c  c 

/\c/\ 

bi 


H 


In  which  19.8  kcal  are  released  per  gram-molecule  of  benzene. 
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From  the  point  of  view  of  quantum  chemistry,  the  similarity  of 
sinj'le  and  double  bonds  in  conjujiated  and  aromatic  systems  may 
be  associated  with  the  yreat  mobility  of  the  electron  cloud  of  .T-bonds. 
The  partial  overlapping  of  the  p-clouds  of  double  bonds  separated 
by  a  single  bond  leads  to  the  formation  of  “brid;;es’  between  the 
double  bonds;  these  bridges  strengthen  the  single  bonds  between 
them  and.  at  the  same  time,  weaken  the 
double  bonds  (Fig.  115).  From  this  stand¬ 
point,  the  chemical  bonds  In  conjugated  sys¬ 
tems  should  be  regarded  as  a  special  type 
of  bond.  Indeed,  whereas  in  molecules  with 
ordinary  Isolated  single  or  double  bonds 
each  valence  electron  together  with  the 
electron  of  an  adjacent  atom  forms  a  cloud 
that  corresponds  only  to  a  definite  bond, 
in  conjugated  systems  one  valence  electron 
can  simultaneously  be  shared  by  the  clouds 
of  two  adjacent  bonds.  Considering  aroma¬ 
tic  bonds  as  the  limiting  case  of  conjugat¬ 
ed  bonds,  we  may  assume  that  the  chemi¬ 
cal  linkage  here  is.  to  a  certain  extent,  very 
close  to  the  linkage  in  metals,  i.e.,  to  linkage  between  atoms  in 
(he  crystal  lattice  of  a  metal,  where  each  electron  binds  many  atoms. 
And  just  as  the  valence  electrons  in  a  metal  do  not  actually  belong 
to  any  one  atom  and  form  a  single  electron  cloud,  so,  for  instance, 
in  the  benzene  molecule  the  six  electrons  of  the  .n-bonds  should  be 
considered  as  being  shared  by  all  six  atoms  of  carbon. 

The  peculiarities,  characteristic  of  conjugated  systems,  in  the  trans¬ 
mission  of  mutual  interaction  of  atoms  are  accounted  for  by  spe¬ 
cial  properties  of  chemical  linkage  in  these  systems.  In  contrast  to 
the  rapidly  attenuating  induction  effect,  the  mechanism  of  its  trans¬ 
fer  in  conjugated  systems  is  such  that  the  effect  is  transmitted 
along  the  chain  of  conjugation  almost  without  any  attenuation.  By 
way  of  illustration,  let  us  examine  the  case  of  crotonic  and  sorbic 
esters 


Fifi-  //5.  Overlapping;  <if 
p-clouds  in  a  conjugated 
system  of  n-bonds  (all 
C.  C-bonds  are  ecpialised) 


and 


H.C  —  CIU=CH  —  C; 

OR 


H.C  — CH  =  CH  — CH  =  CH  — . 

^OR 


Despite  the  Rreat  distance  of  the  methyl  group  from  carboxyl  oxy¬ 
gen,  the  specific  influence  of  the  latter  on  this  group  persists  in  the 
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molecules  of  these  esters  just  as  in  the  molecule  of  acetic  ester, 


H.C- 


which  follows  from  the  close  properties  of  the  methyl  group  in  all 
three  esters. 

The  specificity  of  transmission  of  an  effect  along  a  chain  of  con¬ 
jugation  in  these  and  other  cases  is  due  to  the  fact  that  all  n-elec- 
trons  in  a  conjugated  or  aromatic  system  form,  to  one  degree  or 
another,  a  single  electron  cloud,  by  means  of  which  the  transmis¬ 
sion  is  accomplished.  The  correctness  of  this  mechanism  finds  con¬ 
firmation  in  the  following  data.  Of  the  following  five  derivatives 
of  benzene. 


NO.  NO,  NO,  NO. 

1  I  H.C  I  CH.  H.C  J 


CH. 


I  H.C  I  CH, 
Cl  Cl 


I 

■%/ 

I 

Cl 


H.C 


CH. 


the  first  (chlorobenzene)  has  a  typical  aromatic  chlorine  atom  of 
low  mobility.  In  the  next  two  (parachloronitrobenzene  and  meta- 
dimethyl-parachloronitrobenzene)  the  chlorine  atom  is  mobile  due 
to  the  influence  of  the  nitro  group,  which  influence  is  transmitted 
via  the  benzene  nucleus.  In  the  last  two  derivatives  (orthodimeth- 
yl-parachloronitrobenzene  and  2,  3,  5,  6-tetramethyl-4-chloronitro- 
benzene)  the  chlorine  atom  is  again  of  low  mobility  as  in  chloro¬ 
benzene.  At  the  same  time,  the  nitro  group  in  the  last  two  derivatives 
is  pulled  out  of  the  plane  of  the  ring  by  two  adjacent  CH,  groups; 
this  disrupts  the  cloud  of  n-electrons  and,  thus,  precludes  the 
transmission  of  influence  of  the  nitro  group  via  the  benzene  nucleus. 

As  is  evident  from  the  foregoing  examples  and  from  other  numer¬ 
ous  chemical  and  physical  data,  some  types  of  mutual  interaction  of 
atoms  and  groups  of  atoms  are  explainable  in  terms  of  the  electronic 
concepts  of  quantum  chemistry.  However,  the  problem  of  mutual  effect 
taken  as  a  whole  still  requires  further  theoretical  development, 
particularly  as  regards  the  establishment  of  quantitative  regularities. 

The  peculiarities  of  the  mutual  interaction  of  atoms  and  groups 
of  atoms  (this  finds  expression  in  a  redistribution  of  density  of  the 
electron  cloud  of  the  molecule  and  in  the  polarity  of  the  covalent 
bonds,  in  a  tendency  of  bonds  to  become  similar  in  conjugated  sys¬ 
tems,  in  changes  of  the  strength  of  individual  bonds,  and  in  other 
effects)  lead  to  a  great  diversity  of  properties  of  chemical  com- 
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pounds.  The  necessity  for  systematisation  of  vast  experimental  mate¬ 
rial  gave  rise  to  the  systems  of  oi  panic  and  inorganic  chemistry. 
All  the  compounds  were  ai  ranged  in  separate  classes  characterised 
by  definite  features  of  chemical  structure.  However,  even  within  the 
limits  of  a  single  class,  the  compounds  frequently  differ  greatly  as 
to  chemical  structure.  The  reason  lies  in  changes  in  the  electron 
cloud  of  the  molecule  under  the  influence  of  a  variety  of  atomic 
groups  To  illustrate,  let  us  consider  the  derivatives  of  carbonic  acid 
expressed  by  the  formula 


RO 

RO 


^c=o. 


where  R  is  an  H  atom  or  group  of  atoms.  From  the  capacity  for 
hydrolysis,  i.e..  for  the  reaction 
RO. 

)C  =  0-i-2H0-— ROH  -HCOr“, 

RO^ 


it  follows  that  the  R — O  bond  in  these  compounds  is  more  or  les,s 
electrovalent.  The  gi  eater  the  difference  in  electronegativity  of  the 
R  group  and  the  O  atom,  the  greater  the  tendency  lor  hydrolysis. 
In  the  limiting  case,  a  compound  of  this  kind  will  have  a  structure 
corresponding  to  the  formula 


R"0-. 

R*0-/ 


O 


in  contradistinction  to  another  limiting  case  of  a  purely  homopolar 
compound,  the  structure  of  which  corresponds  to  the  lormula 


RO 

RO 


\ 

/ 


c=o. 


However,  the  foregoing  formula  of  an  ionic  compound  does  not 
express  the  true  structure  of  a  molecule  of  a  derivative  of  carbonic 
acid  even  in  the  limiting  case  because  it  does  not  take  into  ac¬ 
count  the  mutual  effect  of  the  RO  groups  and  the  carbonyl  group. 
In  reality,  however,  as  follows  from  the  symmetric  structure  of  the 
CO;  ion  (this  structure  indicates  complete  similarity  of  all  three 
bonds  between  the  atoms  C  and  O)  the  electron  cloud  of  the  C  =  0 
bond  should  be  shifted  towards  the  oxygen  atom  and  impart  to  it 
a  certain  negative  charge  and  there  should  be  a  simultaneous  dis¬ 
placement  of  the  negative  charge  of  oxygen  of  the  RO  group  in  the 
direction  of  the  C  atom.  The  true  structure  of  the  molecule  under 
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consideration  is  given  by  the  lollowing  torniula  (by  means  of  curved 
arrows  that  indicate  the  direction  of  shift  of  the  negative  charge): 


=  0. 

ROJi 

From  the  foregoing  i  t  follows  that  the  true  structure  of  the  deriv¬ 
atives  of  carbonic  acid  does  not  correspond  either  to  the  limiting 
ionic  or  the  limiting  covalent  fonnulas,  in  the  same  way  as,  for 
example,  the  true  structure  of  the  HF  molecule  cannot  be  expressed 
l)v  the  limiting  formulas 

H  — F  and  H^F". 

The  HF  molecule  is  neither  purely  atomic  nor  purely  ionic,  but  has 
a  structure  inlermeiliale  between  these  extreme  forms.  As  has  been 
pointed  out  earlier  (see  (33.9)),  the  wave  function  of  such  a  mole¬ 
cule  is  expressed,  to  a  first  approximation,  by  the  sum  of  two  terms 
that  corres|)ond  to  the  two  limiting  structure.s;  atomic  and  ionic. 

The  above  examples  of  changes  in  the  mobility  of  individual  atoms 
under  the  inlluence  of  .substitutes  depending  upon  the  structure  of 
the  molecules  are  an  illustration  of  Butlerov’s  concept  of  the  mu¬ 
tual  relationship  between  the  structure  and  reactivity  of  chemical 
compoumis.  The  degree  of  mobility  of  a  given  atom  or  atomic  group 
may  be  regarded  as  a  certain  relative  measure  of  the  reactivity  of 
the  molecule.  The  relativity  of  this  measure  is  evident  from  the 
tact  that  the  reactivity  of  a  given  molecule  is  significantly  affected 
not  only  by  its  structure  but  by  the  nature  of  the  particles  interact¬ 
ing  with  it,  and  the  conditions  in  which  the  reaction  proceeds — 
the  medium,  temperature,  and  other  factors.  During  the  reaction  the 
reacting  particles  form  a  single  complex  in  which  the  same  mutual 
interactions  of  atoms  obtain  as  in  an  isolated  molecule.  The  mutual 
interactions  in  a  reacting  system,  which  may  be  called  dynamic  (in 
contrast  to  the  sialic  ones  that  occur  in  isolated  molecules),  find 
expression  in  a  redistribution  of  electron  density,  which  ultimately 
leads  to  a  redistribution  of  bonds  in  accord  with  the  structure  of  the 
newly  formed  substances  —  the  reaction  products.  Dynamic  effects 
explain  the  specific  peculiarities  of  various  reactions  of  addition 
and  substitution,  the  phenomena  of  transfer  of  the  reaction  centre 
of  a  molecule  from  one  atom  to  another,  phenomena  of  orientation 
in  a  benzene  ring,  and  many  other  regularities  of  chemical  reactions. 

To  illustrate,  we  take  the  case  of  a  dynamic  effect  relating  to  the 
reaction  of  butadiene  with  hydrogen  chloride  in  an  acid  medium. 
The  overall  equation  of  this  reaction  is  given  in  the  form 

H.C  =  CH  —  CH  =  CH.  +  HCl  —  H.C  —  CH  =  CH  —  CH.Cl. 
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Accordinsj  to  the  mutual-interaction  theory,  in  the  initial  stage  of 
the  reaction  (which  involves  the  attack  on  a  butadiene  molecule  by 
an  ion)  there  is  a  displacement  of  the  election  cloud  in  the 
direction  of  the  attacking  charge  in  the  nonpolar  molecule  of  buta¬ 
diene: 


H^C=CH-CH=C»2- 


This  results  in  the  cation  H,C  —  CH-^CH  —  CH,  which,  by  adding 
a  chlorine  ion  (at  the  end  of  the  chain),  converts  into  the  reaction 
product 

H,C  — CH=CH  —  CH;  +CI-—  H.C  — CH  --CH— CHXI. 

A  peculiar  manifestation  of  the  mutual  interaction  of  atoms  in 
separate  molecules  or  during  the  interaction  of  molecules  is  exhibit¬ 
ed  in  the  so-called  hydrogen  bond.  This  bond  is  elTected  between 
a  hydrogen  atom  (which  is  chemically  connected  with  one  of  the 
atoms  in  the  molecule,  usually  with  an  atom  of  O  or  N)  and  some 
other  atom  (usually  an  atom  of  O,  N.  or  F)  of  the  same  or  of  a 
neighbouring  molecule.  In  the  former  instance  one  speaks  of  an  in¬ 
ternal,  or  intramolecular,  bond,  in  the  latter,  of  an  external,  or  in- 
termolecular.  hydrogen  bond. 

An  example  of  a  compound  with  an  intramolecular  hydrogen  bond 
is  acetylhydroperoxide.  Because  of  the  hydrogen  bond  (designated 
by  dots)  there  are  two  forms  of  this  compound: 


H.C 

H.C 

\ 

O 

II 

o 

'c=o 

/ 

and  / 

o 

O 

\ 

O  — H 

O  — H 

that  are  stable  at  diflerent  temiieratures. 
molecule  of  acetacetic  ester  (enol  form), 
which  is 

H,C  — C/ 


A  similar  example  is  the 
the  structural  formula  of 
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The  intramolecular  hydrogen  bond  imparts  to  the  molecule  specif¬ 
ic  physico-chemical  properties.  The  formation  of  a  hydrogen  bond 
with  the  participation  of  hydro.xyl  hydrogen  involves  "masking”  the 
hydroxyl  group;  this  is  seen  in  the  absence  of  the  hydroxyl  band 
in  the  infrared  absorption  spectrum  of  the  compound  (X  2.7  p).  The 
hydrogen  bond  also  accounts  for  the  comparatively  weak  solubility 
in  water,  the  anomalous  electric  conduction  of  solutions,  etc.  The 
presence  or  absence  of  a  hydrogen  bond  essentially  alters  the  reactiv¬ 
ity  of  the  molecule. 

The  strength  of  hydrogen  bonds  is  usually  measured  in  energies 
of  4  to  8  kcal  mol. 


45.  Intermolecular  Forces  in  Gases 

Interniolecular  hydrogen  bond.  The  intermolecular  hydrogen  bond 
is  mo.st  frequently  expressed  in  the  association  of  molecules,  for 
example,  in  the  dimcrisation  of  carbonic  acids  and  other  compounds. 
To  illustrate,  the  formic  acid  molecule,  which  is  dimeric  in  the  li¬ 
quid  and  gaseous  states  and  also  in  solutions  in  nonpolar  solvents, 
may  be  represented  in  the  form 


O-  •  H-O 


H-C 


\ 


\ 

C— H. 

O-H-.O^ 


it  is  essential  to  point  out  that  according  to  electronographic 
measurements  the  distances  O— H  and  O  •••H  in  the  dimers  both 
of  formic  and  other  carbonic  acids  are  different. 

Association  of  molecules  accomplished  by  means  of  the  hydro¬ 
gen  bond  is  a  type  of  intermolecular  interaction  which  to  some 
extent  approaches  the  ordinary  chemical  interaction  of  molecules. 
Indeed,  the  intermolecular  hydrogen  bond  is  frequently  seen  to 
have  stoichiometric  ratios,  which  are  characteristic  of  chemical 
interaction  due  to  valence  forces.  As  a  result  of  the  fulfilment  of 
stoichiometric  ratios  in  the  case  of  the  aforementioned  association, 
molecules  that  tend  to  the  latter  possess  features  characteristic  of 
radicals.  For  instance,  if  one  disregards  the  mechanism  of  molecul- 
ar  interaction,  one  notices  a  certain  similarity  between  the  above- 
considered  molecules  of  formic  acid  HCOOH.  which,  as  a  result  of 
association,  form  the  dimeric  molecules  (HCOOH),.  and,  for  example. 
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the  NO  and  NOj  molecules  that  dimerise  into  (NO),*  and  (NO,),. 
M  the  same  time,  intermolecular  interaction  due  to  the  hydroyen 
bond  has  certain  features  of  similarity  with  the  noiivalent  van 
der  Waals  interaction  of  molecules. 

This  type  of  interaction  is  determined  by  the  forces  of  mutual 
attraction  of  molecules  that  give  rise  to  the  dilTcrence  between  real 
and  ideal  gases,  to  the  condensation  of  gases,  molecular  association, 
solvation  (in  solutions),  and.  finally,  to  interaction  between  diner* 
ent  parts  of  the  same  molecule  that  are  not  directly  (chemically) 
connected.  The  interaction  ener¬ 
gy  that  corresponds  to  van  der 
Waals  forces  operating  between 
neutral  molecules  is  of  the  order 
of  magnitude  of  molecular  heats 
of  evaporation.  Many  of  the 
aforementioned  phenomena  may 
be  due  either  to  van  der  Waals 
forces  or  to  hydrogen  bonds.  It 
has  been  pointed  out  that  the 
distinguishing  feature  of  van  der 
Waals  forces  is  that  they  do 
not  satisfy  stoichiometric  ratios 
in  molecular  interaction. 

The  nature  of  van  der  Waals 
forces.  Underlying  the  theory  of  ho.  no  onvcitation  interaction  of 
van  der  Waals  forces  are  the  fol*  <i>polcs 

lowing  concepts  of  intermolecular 

interactions.  It  may  be  assumed  that  in  polar  substances  there 
operate  orientation  forces  between  molecular  electric  dipoles;  these 
forces  tend  to  bring  the  interacting  system  (which  in  the  simplest 
case  is  a  pair  of  molecules)  into  a  position  of  minimum  potential 
energy.  Further,  both  in  the  interaction  of  two  dipoles  and  of  a 
dipole  with  a  nonpolar  molecule  we  have  polarisation  of  one  par¬ 
ticle  in  the  electric  field  by  another,  which  leads  to  mutual 
attraction.  Finally,  for  nonpolar  molecules  the  main  part  is  played 
by  the  so-called  dispersion  forces,  which  correspond  to  the  interac¬ 
tion  of  momentary  electric  dipoles  that  arise  in  molecules  due  to 
the  rotational  motion  of  the  electrons.  As  we  shall  see.  dispersion 

•  According  to  roentgenographic  meas-urements.  the  dimer  (NO),  has  the 
following  structure: 


(r,  =  l.lO  A  and  r,  =  2.3S  A). 
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forces  likewise  play  an  important  part  in  the  interaction  of  polar 
molecules.  Let  us  consider  each  of  the  three  types  of  van  der  Waals 
forces,  first  calculating  the  potential  of  the  orientation  forces. 

Fig,  116  shows  two  dipoles  separated  by  a  distance  r.  Here. 
<t  is  the  angle  between  the  direction  of  r  and  the  axis  of  the  first 
dipole,  and  <f  is  the  angle  between  the  direction  of  the  electric 
field  E  produced  by  the  first  dipole  and  the  axis  of  the  second 
dipole.  Considering  the  dipoles  identical  and  the  magnitude  of  r 
great  as  compared  with  the  dimensions  of  the  dipoles,  we  will  have 

I  “t—  3  CPS*  tt 
L  = - n - p 


where  p  is  the  dipoie  moment.  Whence,  for  the  mutual  potential 
energy  of  the  dipoles  U  =  pEcos<p.  we  get 


Vl  -i-  3  CPS*  0 

r* 


P*  COS  <f. 


The  mean  value  of  U  is  clclerniined  by  the  expression 

r  - _ 

^  ^  e  U  sin  0  dd  sin  (p  drp 


^sin  0  (jd  sill  ip  dip 


At  sufficiently  high  temperatures,  i.e.,  at 
yields 


2  P 

3  kTr*  ■ 


U-^kT.  this  expression 


(45.1) 


The  existence  of  dimers  in  the  vapours  of  alkali-halogen  salts, 
(NaF),  for  instance,  must  be  attributed  to  orientation  interaction; 
however,  dispersion  interaction  should  also  play  a  significant  role 
as  well  (see  p.  449). 

To  compute  the  potential  of  polarisation  forces  let  us  consider 
•he  interaction  of  a  dipole  and  a  nonpolar  molecule.  In  this  case, 
(he  mutual  potential  energy  of  (he  particles  is 


U=— 


aE» 

2 


where  a  is  the  polarisation  coefficient  of  the  nonpolar  molecule 
and  E  is  the  electric  field  intensity  of  the  dipole.  Substituting 
into  this  expression  P  —  4^*  -t-3cns*  a , 


-  p  and  computing  the  mean 


See.  451 
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value  of  the  potential  U^cos’{>  =  i^.  we  get 

U  =  -^.  (45.2) 

The  quantum-mechanical  theory  of  van  der  Waals  forces  in  the 
case  of  nonpolar  molecules  was  developed  by  London.  Below  we 
^ive  a  simplified  derivation  of  the  potential  energy  of  molecular 
interaction  due  to  Born.  The  motion  of  a  single  electron  is  con- 


Um - r 


Fig.  117.  A\odel  representation  ol  dispersion 
interaction  of  molecules  (after  Born) 


sidered  in  the  Coulomb  field  ol  the  nucleus.  The  instantaneous 
relative  position  ol  nuclei  and  electrons  of  two  such  ‘'molecules"  is 
shown  in  Fig.  117.  Here,  r  is  the  internuclear  distance,  x,  is  the 
di.stance  between  the  nucleus  and  the  electron  of  the  first  molecule, 
and  X,.  of  the  second  one.  The  potential  energy  of  the  .system  that 
corresponds  to  Fig.  117  is.  obviously. 


U 


r-t-x,  —  X, 


e*  c*  e- 

r  r  -h  X,  r  —  X,  ’ 


Expanding  this  expression  in  a  scries  of  powers  of  the  small  quantities  x/r 


(x,  —  X,)* 

r* 


•  ••  +  1-1  + 


2e^x,x,  I 


and  confining  ourselves  to  the  first  term  of  the  series,  we  find 
U  =  — 

r» 


Considering  each  molecule  separately  as  a  harmonic  oscillator,  we 
represent  the  quasi-elastic  force  that  gives  rise  to  the  oscillations 
of  the  electron  as  F  =  fx.  where  f  is  the  quasi-elastic  bond  constant. 
It  will  be  noted  that  the  constant  f  may  be  expressed  in  terms  of 
the  polarisability  of  the  molecule  a:  writing  the  instantaneous  value 
of  the  dipole  moment  of  the  molecule  ex=aE.  where  E  is  the 
electric  field  intensity  equal  to  E  =  F/e.  we  have  ex=^  x.  i.  e., 
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f  =  -^.  From  the  expression  for  a  quasi-elastic  force  we  get 

U  =  for  the  potential  energy  of  the  oscillator. 

Adding  to  U  the  kinetic  vibrational  energy 

(p  =  m.\  is  the  momentum  corresponding  to  the  coordinate  x,  m  is 
the  electron  iria.ss),  we  get  the  Hamiltonian  function 


H _  P’  I  f«* 

Pn.  “r  0 


2m  '  2 

from  which  we  find  the  oscillation  equation  ^  =  " 
mx  =  —  lx. 


JH 


Solving  this  equation  we  find  the  oscillation,  frequency  of  the 
oscillator 


In  the  given  case  of  two  interacting  oscillators,  the  Hamiltonian 
function  will  be  written  in  the  form 

n  -  2^  (p: + p') + 4  <  • 


Introducing  new  variables 

X,  =  p!=(x,  +  x,)  and  X,  =  (x,  —  x,), 

we  can  rewrite  the  Hamiltonian  function  as 

H  =  2!r.(P;+P5)  +  (^-:;)  x;  +  (l+^)x;. 

Solving  the  oscillation  equations  of  the  system  that  are  obtained 
from  this  expression 

mX,=  -(f-^’)  X,  andmX.=  -(f-f^)x.. 
we  get.  for  the  oscillation  frequencies, 

•«<'  -.-i/lF?). 


Expanding  these  expressions  in  a  power  series  of  l/r. 


See.  4  5| 
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(here  a)  =  ^  and  discarding  tenns  that  contain  the  higher 

powers  of  1/r,  we  get  the  following  expression  for  the  zero  vibra¬ 
tional  energy  of  the  system  (see  p.  356): 


ho), 

T’ 


We  see  that  as  a  result  of  the  interaction  of  momentary  dipoles  the 
zero  vibrational  energy  of  the  system  diminishes  by 


U  =  — 


ha)e* 


(45.3) 


which  is  thus  the  potential  of  the  van  der  Waals  forces  that  cor¬ 
respond  to  this  interaction.  Since  <'>  =  ^ 
pression  (45.3)  can  be  transformed  to 


U  =  — 


2n  * 


(45.4) 


Expressions  (45.3)  and  (45.4)  were  generalised  by  Slater  and 
Kirkwood  for  the  case  of  spherically  symmetric  molecules  having 
n  outer  electrons.  The  expression  they  obtained  for  the  potential  of 
van  der  Waals  forces  is  of  the  form 

U  =  — 0.68  _  (45.5) 

2n  r*  ' 


Comparing  (45.1).  (45.2)  and  (45.5),  we  see  that  in  all  cases  of 
interaction  the  potential  of  van  der  Waals  forces  is  inversely  pro¬ 
portional  to  the  sixth  power  of  the  intermolecular  distance  r  and, 
coasequently,  may  be  expressed  as 

U  =  -^.  (45.6) 

2  p* 

For  various  cases  of  interaction.  A  has  the  form:  A,  =  -j  ^  (ori¬ 
entation  effect),  A,  =  ap’  (polarisation  effect),  and  A,  =  0.68-!^^2 — ^2 

2n  y  m 

(dispersion  effect). 

For  an  approximate  comparative  appraisal  of  these  three  effects, 
we  calculate  the  values  of  A,,  A,,  and  A,,  putting  p=  lO"'*. 
a=10‘“.  n  =  8.  and  T  =  290°K.  This  calculation  yields: 
A, =  1.7X10-",  A.=  lX10-‘',  and  A.  =  3XI0-".  We  thus 
see  that  even  in  the  case  of  polar  molecules  the  dispersion  effect 
is  comparable  with  the  orientation  effect,  while  the  polarisation 
effect  may,  apparently,  be  ignored  in  all  cases. 
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Van  dcr  Waals  molecules.  The  negative  sign  of  the  potential  of 
van  tier  Waals  forces  (45.6)  shows  that  all  molecules  mutually 
attract,  irrespective  of  their  chemical  nature.  However,  in  the  case 
of  saturated  molecules  or  molecules  that  are  not  capable  of  estab¬ 
lishing  a  chemical  bond  between  themselves,  chemical  forces  of 
repulsion  are  superposed  on  the  van  der  Waals  forces  of  attraction. 
For  this  reason,  the  mutual  potential  energy  of  these  molecules  may 
be  represented  to  a  first  approximation  as  the  sum  of  two  terms: 

U  =  U,— ^  (45.7) 

where  U„  is  the  potential  of  repulsive  forces  (U„>0).  Compula¬ 
tions  of  U„  for  H  and  He  atoms  show  that  in  this  case  it  can 
approximately  be  represented  by  an  expo¬ 
nential  function  of  the  form 

U,  =  Be-C'  (45.8) 

where  B  and  C  are  constants.  Extending 
this  expression  to  other  atoms  and  mol¬ 
ecules,  *  we  rewrite  expression  (45.7) 
in  the  form 

U  =  Be-‘;'  — -^.  (45.9) 

From  (45.9)  it  follows  that  as  a  result 

of  the  superposition  of  the  van  der  Waals 
force  potential  on  the  positive  potential 
of  repulsive  forces,  the  ordinary  repul¬ 
sion  curve  can  have  a  shallow  minimum 
which  will  account  for  a  certain  stability  in  the  associated,  or, 
as  it  may  be  called  (after  J.  Franck),  van  der  Waals  molecule. 
This  type  of  potential -energy  curve  is  shown  in  Fig.  118,  which 
also  gives  the  original  repulsion  curve  and  the  curve  of  van  der 
Waals  potential  (dashed).  Differentiating  U  (45.9)  with  respect  to  r 
and  equating  the  derivative  to  zero,  we  get  an  expression  for 
determining  the  equilibrium  distance  r„  between  the  atoms  in  a  van 
der  Waals  molecule.  Experimental  and  theoretical  data  show  that 
r„  is  of  the  order  of  several  Angstroms,  which  is  several  times 
greater  than  the  equilibrium  distance  between  atoms  in  ordinary 
molecules  (see  Sec.  48).  Now  the  energy  of  dissociation  of  van  der 
Waals  molecules,  which  is  equal  to  the  distance  of  the  minimum 
of  the  potential -energy  curve  from  the  axis  r  (Fig.  118),  is  usually 

•  It  may  be  noted  that  in  addition  to  expression  (45.8),  U,  is  frequently 
represented  as  U.  =  B/r“  or  U.  =  B/r'",  m>6. 


Fit!.  US.  Potcii(ial*cncrgy 
curve  of  van  dvr  Waals  mol¬ 
ecule 


See.  -151 
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measiireil  in  tens  and  hundreds,  and  sometimes  even  in  thousands 
of  cal  niol.  which  is  from  lOt)  to  1000  times  less  than  the  heats 
of  dissociation  of  ordinary  molecules.  To  illusliate  we  nive  the 
values  of  r„  and  the  heats  of  dissociation  D  of  van  der  Waals 
molecules  of  neon,  aryon,  and  krypton: 


Element 

Nc 

Ar 

Kr 

To.  A 

3.0 

3.8 

•1.1 

D,  cal  inol 

80 

2.»0 

335 

The  heats  of  dissociation  of  some  van  der  Waals  molecules  have 
also  been  determined  spectroscopically.  Due  to  the  low  interaction 
eneryy  of  the  atoms  in  diatomic  van  der  Waals  molecules,  the  eneryy 
levels  of  the  latter  differ  but  slightly  from  the  levels  of  the 
respective  atoms.  For  instance,  in  the  case  of  potassium,  Kuhn 
found  weak  absorption  lines,  which  he  attributed  to  van  der  Waals 
K,  molecules.  These  bands  are  located  near  the  atomic  absorption 
lines  at  a  distance  of  several  Angstroms.  Unlike  the  quasi-molecule 
spectrum  (see  p.  318).  the  bands  of  van  dcr  Waals  molecules  e.xhibit  a 
line  slrnciiire  characteristic  of  stable  molecules.  Such  bands  are 
observed  also  in  the  case  of  the  molecules  Hg,,  Cd,,  Zn,.  HeH, 
NeH.  ArH,  etc.;  these  bands  are  invariably  associated  with  certain 
atomic  lines,  which  is  an  indication  of  the  pro.ximity  of  the 
respective  molecular  and  atomic  energy  levels.  The 
heats  of  dis-sociation  (determined  from  spectra)  of  the  van  der 
Waals  molecules  Hg,  and  Cd,  came  out  to  1840  and  2000  cal/mol, 
respectively. 

We  further  point  out  the  possibility  of  calculating  the  constant  a 
in  the  van  der  Waals  equation 

(p+^)(v-b)  =  RT 

on  the  basis  of  the  van  der  Waals  force  potential.  Such  calcula¬ 
tions  were  first  carried  out  by  Slater  and  Kirkwood  for  Ne,  Ar,  Kr, 
Xe,  H,,  N,.  O,.  and  CH,.  The  results  of  their  calculations  are 
given  in  Table  43,  which  also  gives  the  directly  measured  values 
of  a  for  comparison.  It  will  be  seen  that  the  calculated  values  are 
in  satisfactory  agreement  with  the  measured  values. 

Table  43 

Calculated  and  measured  values  ol  the  van  der  Waals  constant 
tor  certain  gases  (in  erg  cm*) 


Gas 

Nc 

Ar 

Kr 

Xc 

Hr 

N, 

o. 

CM, 

a  X  10“'*  (calc) 

0.37 

1.67 

2..33 

3.70 

0.55 

1.58 

1.64 

2.32 

a  X  10“**  (nieas) 

0.21 

1.29 

2.07 

3.86 

0.20 

1.34 

1.49 

2.28 
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It  may  also  be  noted  that  attempts  were  made  to  connect  the 
mutual  influence  of  separate  atomic  groups  in  the  molecule  with 
tlieir  van  der  Waals  attraction. 


Sec.  46.  Dipole  Moments  of  Molecules 


Tlie  presence  of  a  permanent  dipole  moment  in  a  molecule  is  the 
re.Milt  either  of  a  difference  in  electrical  properties  or  of  a  certain 
asyimnetry  in  the  arrangement  of  the  atoms  in  the  molecule.  All 
diatomic  molecules  consisting  of  diflerent  atoms  have  a  dipole  mo¬ 
ment,  in  contrast  to  the  molecules  H,,  N,.  O,,  Cl,,  etc.,  the  dipole 
moments  of  which  are  zero.  The  bent  shape  of  the  molecules,  which 
upsets  their  symmetry,  accounts  for  dipole  moments  in  the  mole¬ 
cules  H,0,  (CH,),0,  (CH,),S,  etc.  The  asymmetrical  arrangement  of 
atoms  in  the  linear  molecule  of  nitrogen  oxide  NNO  is  likewise  the 
cause  of  the  finite  value  of  its  dipole  moment.  We  thus  have  a 
direct  relationship  between  the  dipole  moment  of  a  molecule  and 
its  geometrical  structure;  hence  the  great  importance  of  measuring 
dipole  moments  for  determining  molecular  structure. 

Measuring  dipole  moments.  The  experimental  determination  of 
dipole  moments  has,  until  just  recently,  been  based  exclusively 
on  measurements  of  molar  polarisation  and  molar  refraction,  i.e., 
ultimately,  on  measurements  of  the  dielectric  constant  and  the  index 
of  refraction  of  the  substance  under  study. 

In  the  case  of  a  nonpolar  gas  (zero  molecular  dipole  moment), 
molar  polarisation  is  entirely  due  to  molar  polarisability  in  an 
electric  field;  polarisability  is  characterised  by  the  polarisation 
coefficient  a.  Between  a  and  the  dielectric  constant  of  the  medium  e 
there  is  a  unique  relationship  expressed  by  the  Clausius-Mossotti 
equation  (44.2): 


r,  e  —  I  At  4a 

P  =  TT2o=tNa«. 


on  the  basis  of  which  the  coefficient  a  may  be  obtained  from 
measurements  of  e. 

However,  this  equation  does  not  suit  the  case  of  a  polar  gas 
because  in  addition  to  polarisation  of  molecules  in  an  electric  field 
we  have  to  take  into  account  the  orientation  of  dipoles  with  respect 
to  the  field  direction.  Disregarding  thermal  motion,  we  will  have, 
for  the  molar  polarisation  contributed  by  each  molecule,  a  magni¬ 
tude  equal  to  its  dipole  moment  p  (plus  the  induced  dipole  moment 
due  to  polarisation  of  the  molecule  in  an  electric  field).  In  reality, 
however,  the  thermal  motion  disorients  the  molecular  dipoles  that 
tend  to  align  with  the  field.  As  a  result  we  measure  a  certain 
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efiective  value  of  the  dipole-moment  projection  of  the  molecules  on 
the  field  direction. 

In  the  molecular  theory  of  paramaynetism  (Sec.  47),  too,  we 
shall  encounter  a  similar  phenomenon:  the  orientiny  action  of  the 
field  and  —  its  opposite  —  the  disorienting  action  of  thermal  motion. 
In  this  theory  cla.ssical  concepts  yield  the  following  e.vpression  lor 
the  average  projection  of  the  magnetic  moment  of  the  molecule  on 
the  field  direction:  p'  =  p'  3kT  (for  the  field  intensity  |-|=l). 
Insofar  as  quantum  eifects  are  inessential  for  orieiitation  of  molecu¬ 
lar  dipoles  in  an  electric  field,  this  expression  may  be  a[>plied  in 
full  to  the  case  of  dipoles;  lor  this  we  rewrite  it  in  the  form 

P  =3^  (46  I) 

where  p'  denotes  the  average  value  of  the  dipole-moment  projection 
of  the  molecule  on  the  direction  of  the  electric  field.  Substituting 
into  (44.2)  the  sum  p'  +  ot  in  place  of  oc.  we  get  the  following 
expression  for  the  molar  polarisation  of  a  polar  gas: 


p.  e  —  1  At  4n  . ,  /  .  p* 


(46.2) 


This  expression  was  first  derived  by  Debye  and  is  called  the  Debye 
equation. 

The  Debye  equation  serves  as  the  basis  for  one  of  the  methods 
of  determining  dipole  moments.  By  measuring  the  dielectric  constant 
of  a  given  substance  at  different  temperatures,  the  results  of  these 
measurements  (according  to  equation  (46.2))  may  be  represented 

graphically  as  a  straight  line  P  =  a  + .-j:- (in  coordinates  P  and  I/T). 
The  magnitude  ol  the  moment  is  determined  from  the  angle  of 
inclination  of  this  line  to  the  axis  l/T.  the  tangent  of  which  is 


.  4n  Na 

b=-9--j^P 


p  =  0.0127  J/  b  X  fO"'*  absolute  unit. 


(46.3) 


In  the  particular  case  of  p  =  0,  the  dieh-ctric  constant  (like  the 
polarisation  P)  is  independent  of  temperature;  in  this  case,  the 
straight  iine  P  =  a  is  parallei  to  the  abscissa  axis.  Dipole  moments 
are  customarily  expressed  in  debyes,  1  debye==10''*  absolute  unit. 

The  accuracy  of  measurement  of  the  dipole  moment  by  means 
of  the  foregoing  method  is  determined  by  the  precision  with  which 
the  angle  of  inclination  of  the  straight  line  P  =  a  +  :^  is  found. 
Whence  it  follows  that  to  obtain  accurate  results  it  is  necessary  to 
perform  the  measurements  in  a  sufficiently  broad  temperature  inter- 
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val;  in  a  number  of  cases  this  involves  considerable  experimental 
difficulties.  Besides,  temperature  variations  may  involve  changes 
in  the  substance  under  study  (processes  of  dissociation  and  associa¬ 
tion.  etc.)  which  distort  the  measurement  results.  For  this  reason, 
one  often  resorts  to  another  method  that  permits  measuring  the 
dipole  moment  at  a  constant  temperature.  It  consists  in  the  simul¬ 
taneous  measurement  of  molar  polarisation  and  molar  refraction 
e.xpressed  by  the  Lorcnts- Lorenz  relation  (44.3); 


R 


r*  -  I 
r'  -)-2 


^  =  TNAa. 
Q  3 


From  (46.2)  and  (44.3)  it  follows  that 

H  K  9  iiT  P 
or 

p  =  0.0127l/(P  —  R)TX  10-'*  absolute  unit.  (46.4) 


Thus,  by  measuring  the  index  of  refraction  of  the  given  substance 
and  its  dielectric  constant  lor  a  certain  (constant)  temperature,  we 
find  the  appropriate  values  of  molar  refraction  and  molar  polarisa¬ 
tion,  substitution  of  which  into  (46.4)  gives  p. 

In  addition  to  the  above-considered  two  methods,  a  new  experi¬ 
mental  method  has  in  recent  years  been  successfully  employed  to 
determine  dipole  moments;  it  is  based  on  measurements  of  micro- 
wave  radio-frequency  spectra,  which  ordinarily  are  rotational  (less 
frequently  rotation-vibrational)  spectra.  In  an  electric  field,  the 
individual  rotational  lines  are  displaced  relative  to  their  position 
in  the  spectrum  in  the  absence  of  an  electric  field  because  of 
displacement  and  splitting  of  the  energy  levels  of  the  molecule, 
and  there  appear  new  lines  associated  with  transitions  between 
components  of  electrical  splitting  of  the  rotational  levels.  In  this 
process,  the  frequencies  of  lines  observed  in  the  presence  of  an 
electric  field  are  dependent  upon  the  field  intensity  and  the  electric 
moment  of  the  molecule.  Frequency  measurements  of  the  microw'ave 
spectra  of  molecules  in  an  electric  field  as  a  function  of  the  field 
intensity  enable  us  to  determine  dipole  moments. 

The  advantages  of  the  microwave  method  over  other  methods  of 
measuring  dipole  moments  are  its  high  accuracy  and  sensitivity, 
which  makes  measurements  possible  with  small  quantities  of  material. 
The  latter  is  especially  significant  in  the  case  of  low-volatile 
substances  whose  dipole  moments  either  could  not  at  all  be  deter¬ 
mined  by  the  old  methods  (because  it  was  impossible  to  measure 
the  dielectric  constant  and  index  of  refraction  of  these  substances 
due  to  the  low  vapour  pressure)  or  could  be  measured  only  in 
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a  solution,  which  frequently  entails  errors  caused  by  interaction 
of  the  molecules  of  the  substance  under  study  with  the  solvent. 
This  interaction  distorted  the  dipole  moment.  It  may  be  noted 
that  the  microwave  method  (in  a  modification  of  it  consisting  of 
measurements  in  a  molecular  beam  and  closely  resembling  the 
magneto-resonance  method,  see  p.  225)  was  used  to  measure  the 
dipole  moments  of  the  molecules  of  such  low-volatile  substances 
as  the  halogen  salts  of  alkaline  elements  (see  Table  27.  p.  282). 

All  the  foregoing  methods  of  determining  dipole  moments  yield 
the  moment  of  the  molecule  as  a  whole.  Yet  of  particular  interest 
in  clarifying  the  various  peculiarities  of  molecular  structure  — 
distribution  of  electron  density  in  the  molecule,  the  character  of 
intramolecular  bonds,  the  mutual  interaction  of  the  atoms,  and  the 
reactivity  of  the  molecule — are  the  dipole  moments  of  individual 
bonds  in  the  molecule.  In  certain  cases  the  latter  may  be  evaluated 
on  the  basis  of  a  vector  dipole  model  of  the  molecule  (see  below). 
This  evaluation,  however,  is  e.xtremely  crude. 

.4n  experimental  method  for  determining  the  dipole  moments 
of  intramolecular  bonds  has  been  proposed  by  Mecke  (already  men¬ 
tioned  on  p.  369);  it  consists  in  measuring  the  intensities  of  infrared 
vibrational  spectra.  According  to  quantum  mechanics,  the  inten.sity 
of  the  absorption  band  that  corresponds  to  the  transition  v — *v' 
(v  and  v’  are  vibrational  quantum  numbers)  is  determined  by  the 
square  of  the  respective  quasi-moment  Mw’  (see  p.  387)  which  may 
be  expressed  as  follows: 


.  i>  3hc  f  j  J 


JHV  !■< 


(46.5) 


Here.  Jp.dv  is  the  area  of  the  absorption  band  (p,  is  the  absorp¬ 
tion  coefficient  and  v  is  the  frequency),  4)v  (r)  and  >()v-  (r)  are  wave 
functions  that  correspond  to  the  combining  vibrational  states  of  the 
molecule,  and  p  is  the  electric  moment  of  the  chemical  bond 
whose  valence  vibrations  give  rise  to  the  given  absorption  band.  It 
is  thus  fundamentally  possible  to  determine  the  electric  moment 
of  the  bonds  from  the  experimentally  measured  area  of  the  appro¬ 
priate  absorption  band,  on  the  condition  that  we  know  the  wave 
functions  ipv  (r)  and  (r)  and  the  variation  of  the  dipole  transi¬ 
tion  moment  versus  the  interatomic  distance  r.  i.e.,  the  form  of  the 
function  p  (r). 

The  wave  functions  can  be  found  by  solving  the  wave  equation 
for  normal  vibrations  of  the  molecule.  The  question  of  the  depend¬ 
ence  of  p  upon  r  requires  special  investigation  and  at  the  present 
stage  of  development  of  quantum  chemistry  can,  apparently,  be 


456 


El.nCTRiCAL  AND  MAGNETIC  PROPERTIES 


rch.  9 


solved  only  seini-empirically,  i.e.,  by  correlating  the  computed 
values  of  the  dipole  moment  (on  the  assumption  of  a  certain  p-r 
relationship)  with  the  directly  measured  values  of  the  moments  of 
the  simplest  molecules  (including  diatomic).  The  presently  available 
experimental  data  are  insufficient  to  decide  on  the  fitness  of  such 
an  as-sumption  and  on  the  possibility  of  representing  the  p(r)  rela¬ 
tion  in  various  molecules  by  means  of  a  function  of  some  one 
type.  We  may  note  that  Mecke,  in  development  of  this  view, 
recently  proposed  an  empirical  formula  that  represents  the  dipole 
transition  moment  as  a  sum  of  the  ionic,  polar,  and  inductive 
components. 

From  measurements  of  intensities  in  the  infrared  spectra  of  HCI. 
H,0,  and  CHCl,,  Mecke  calculated  the  values  of  the  dipole  mo¬ 
ments  of  the  bonds  Cl — H,  O — H,  and  C — H.  In  this  way,  a  number 
of  workers  have  also  determined  the  moments  of  the  C  —  F  and 
Si — F  bonds  in  CF,  and  SiF,,  respectively,  the  moments  of  C — H 
and  C — D  bonds  in  C,H,  and  in  C,D,,  and  others. 

A  vector  dipole  model  of  a  molecule.*  Table  44  gives  the 
measurements  of  the  dipole  moments  of  a  number  of  simple  mole¬ 
cules,  and  can  serve  as  a  ba¬ 
sis  lor  certain  definite  conclu¬ 
sions  regarding  the  structure  of 
these  molecules.  For  instance, 
by  comparing  the  dipole  mo¬ 
ments  of  type  AB,  triatomic 
molecules  we  conclude  that 
the  molecules  H,0.  H,S,  SO, 
are  triangular,  in  contradistinc¬ 
tion  to  the  molecules  CO, 
and  CS,.  to  which  we  should 
assign  a  linear  structure  due 
to  p  =  0.  This  is  in  complete 
agreement  with  all  other  data 
relating  to  these  molecules. 
Further,  the  presence  of  a  di¬ 
pole  moment  different  from  zero 
in  the  case  of  the  molecules  NH„  PH,.  AsH,,  and  (C,H,),N  ex¬ 
cludes  a  planar  structure  and  compels  us  to  assign  to  them  the 
structure  of  a  trihedral  pyramid.  The  fact  that  CH,  and  CCI,  have 
zero  dipole  moments  is  equally  compatible  with  a  symmetrical  planar 
structure  and  with  a  tetrahedral  structure.  However,  the  entire 
assemblage  of  data  referring  primarily  to  the  optical  and  electrical 


Table  44 


Molecular  dipole  moments  (in  debyes) 


Moll’r  11  Ic 

P 

Molecule 

P 

H,0 

1.84 

CO, 

0 

H.S 

0.93 

CS, 

0 

SO, 

1 .61 

Clf, 

0 

NH, 

1.46 

CCl, 

0 

PH, 

0.55 

PCI, 

0 

AsH, 

0.16 

C,H. 

0 

(C,H,),N 

0.83 

C,H, 

0 

tCH.i.O 

1.30 

C,H, 

0 

(CH,),CO 

2.73 

C.H. 

0 

•  The  theory  given  here  is  simplined;  it  does  not  tskf 
instance,  the  atomic  dipole  moments  (see  p.  462). 


into  account,  for 


See.  4f>\ 


DIPOI.P.  MOMPNTS  OF  MOLPCULES 


457 


properties  of  the  CH,  and  CCI,  molecules  is  in  favour  of  a  tetra¬ 
hedral  structure.  Further,  the  molecule  is  symmetrically  planar 

and  the  C,H*,  C,H*.  and  C,H,  molecules  are  symmetrical,  and  the 
latter  one  is  linear.  Since  the  dipole  moment  of  (CH,)jO  is  different 
from  zero,  we  must  assij^n  to  it  a  triant^ular  structure.  The  fact  that 
the  dipole  moment  of  (CH,),CO  is  different  from  zero  and  also  the 
fact  of  directed  carbon  valences  compel  us  to  assign  to  it  the 
structure 

H.C^ 

c=o. 

H.c/ 

l(  is  interesting  to  note  that  unlike  PCI,  the  dipole  moment 
o(  BrF,.  is  not  zero  hut  1.51  debyes.  Whence  we  can  conclude  that 
the  BrF,  molecule  has  the  shape  ol  a  square  prism,  whereas  PCI, 
is  a  symmetrical  trigonal  bipyramid.  A  study  ol  isotope  exchange 
between  PCI,  and  Cl,  shows  that  of  the  five  chlorine  atoms  in  PCI, 
three  are  most  readily  exchangeable.  In  the  molecule,  these  three 
occupy  an  equatorial  position.  We  thus  see  that  the  five  P — Cl 
bonds  in  PCI,  are  not  equivalent. 

As  has  already  been  pointed  out,  all  diatomic  molecules  con¬ 
sisting  of  different  atoms  are  polar,  i.e.,  they  have  a  finite  dipole 
moment.  Such,  for  example,  are  NO  (0.16),  CO  (0.11),  HCI  (1.04). 
HBr  (0.79),  HI  (0.38),  ICl  (0.50),  OH  (1.54  debyes),  etc,*  This 

compels  us  to  assign  a  definite  moment  to  each  pair  of  directly 

bound  atoms  in  a  molecule  or  to  each  intramolecular  bond,  on  the 
condition  that  the  atoms  are  different  or  are  in  different  valence 
stales.  The  zero  dipole  moment  of  many  symmetric  polyatomic 

molecules  is  due  to  the  mutual  compensation  of  the  moments  ol 

individual  bonds. 

To  illustrate,  let  us  consider  the  CH,  molecule.  Undoubtedly, 
each  of  the  lour  C — H  bonds  of  this  molecule  has  a  certain  dipole 
moment  different  from  zero.  However,  due  to  the  symmetrical  tetra¬ 
hedral  structure  of  the  methane  molecule,  the  moments  of  the  indi¬ 
vidual  bonds  are  mutually  compensated.  Indeed,  if  the  moments  of 
the  C — H  (P)  bonds  are  directed  along  these  bonds,  as  is  shown  in 
Fig.  119,  we  get,  for  the  sum  ol  the  projections  of  the  three 
moments  on  the  direction  of  the  fourth,  3Pcos(HCH)  =  P  (because 
cos (HCH)  =  cos  109^28'=  1/3).  Thus,  the  three  moments  of  the 
C — H  bond  in  the  CH,  molecule  are  completely  compensated  for 
by  the  fourth. 

*  An  approximate  quantum-mechanical  calculation  gives  1.97  debyes  for  the 
dipole  moment  of  IheCH  molecule  (radical).  From  this  calculation  it  alsofollows 
that  the  *11  state  (near  which  is  the  *Z  state)  is  the  ground  state  of  CH. 
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If  we  replace  one  of  the  H  atoms  in  the  CH,  molecule  with 
some  other  univalent  atom  or  radical,  for  instance,  the  Cl  atom, 
we  violate  the  internal  compensation  of  moments  of  bonds,  and  the 
molecule  as  a  whole  (the  CH,C1  molecule  in  the  given  instance) 
will  acquire  a  finite  dipole  moment, 
obviously  equal  to  the  geometrical  sum 
of  moments  of  the  individual  bonds. 

The  vector  concept  of  the  moments 
of  bonds,  or  the  vector  dipole  model 
of  a  molecule,  which  was  first  intro¬ 
duced  by  J.  J.  Thomson,  is  very  im¬ 
portant  in  elucidating  the  structural 
peculiarities  of  molecules. 

Measurements  of  the  dipole  moments 
of  different  molecules  permit  of  the  con¬ 
clusion  that  in  a  large  number  of  mol¬ 
ecules  the  dipole  moments  correspond¬ 
ing  to  the  bond  of  a  given  pair  of  atoms  remain  approximately 
unchanged.  For  example,  if  on  the  basis  of  the  vector  model 
we  represent  the  dipole  moment  of  the  water  molecule  as 

2Pom  cos (HOH)  =  2Poii  cos52’30'.  where  Poii  is  the  moment 

of  the  O — H  bond,  we  find  Pon  =  l.51  debyes.  Further,  from 
the  dipole  moment  of  dimethyl  ester  (1.30  debyes),  which  we  rep¬ 
resent  as  2Pocn,  cos  Y  (H,  COCH,)  =  2Pocii,  cos  55'’30'.  we  get 

Pc)cii,=  l  l5  debyes.  Taking  advantage  of  these  values  of  the  mo¬ 
ments  of  Poll  and  PocH,  we  can  find  the  dipole  moment  of  the 
methyl  alcohol  molecule  CH.OH.  Calculating  the  latter  as  the  sum 

Pom  cos  (HOCH,)  +  Pocii,  cos  -|-(HOCH,)  =  (1 .51  -|-  1.15)  cos  54°, 

we  get  1.57  debyes  in  place  of  the  directly  measured  1.67  debyes. 

A  comparison  of  the  dipole  moments  of  different  alcohols  shows 
that  the  difference  in  dipole  moments  of  the  C  — bonds  is 
not  significant.  Indeed,  from  Table  45.  which  gives  the  values  of 
the  dipole  moments  of  a  number  of  normal  alcohols,  it  is  seen 
that  despite  the  great  diversity  of  alkyl  radicals  R  =  C„H,„^.,,  the 
dipole  moments  of  homologous  alcohols  differ  but  slightly  from  one 
another,  ranging  between  1.60  and  1.70  debyes.  A  comparison  of 
the  dipole  moments  of  the  compounds  of  other  classes  leads  to  an 
analogous  conclusion.  For  example,  the  dipole  moments  of  ketones 
of  various  structure  exhibit  a  surprising  constancy  which  again 
p^rov^es  evidence  for  the  small  dilTerence  in  dipole  moments  of 
C  —  CnH,„.^j  bonds. 


119.  Vt'Clor  dipole  model 
of  C.ll,  molecule 
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Dipole  moments  of  alcohols  (in  dcby<s) 


Alcohol 

p 

Ah  ohol 

'' 

Methyl  CH,OH 

1 .66 

Octyl 

1 .62 

Ethyl  CjHjOH 

1.70 

Nouyl  (-,11,, OH 

1 .60 

Propyl  C,H,OH 

1 .66 

Decyl  C,.,H„OH 

1.63 

Butyl  C,H,OH 

1  66 

I'lMlecyl 

1  66 

Hexyl  C*H„OH 

1 .64 

Duodecyl  (  ,jII„Oll 

1 .62 

Let  US  now  consider  the  dipole  moments  of  the  ortho-,  nieta*, 
and  para-dichlorobenzene.  Their  structural  formulas  and  measured 
values  of  dipole  moments  are: 

ortho  meta  para 


Expressing  the  dipole  moment  of  chlorobenzene  C,HjCI  as  the 
sum  Pfi.  n.ci  =  Pc-ci +Pc-H.  where  Pc-ci  and  Pc -n  are.  respec¬ 
tively,  the  dipole  moments  of  C — Cl  and  C — H  bonds  in  the  C^H^Cl 
molecule,  and  calculating  the  dipole  moments  of  the  three  dichloro¬ 
benzenes  from  their  vector  models,  we  obtain:  Po,„,o  =  2  (Pc-ci  + 
+  Pc  -  h)  cos  30®,  P„eta  =  2  (Pc  -Cl  -h  Pc  -  h)  cos  60®,  and 
=  2  (Pc -Cl  +  Pc  -  h)  cos  90®.  Introducing  the  experimental  values  of 

the  C,H,CI  moment,  Pc-ci  +  Pc  -  ii  =  I -55  debyes,  cos30®  =  -^^, 
cos60'’  =  — and  cos90°  =  0.  we  get  P„„„„  =  2.68,  =  1 .55, 

and  Pp„^  =  0  debyes.  Comparing  these  with  the  observed  values  we 
see  satisfactory  agreement  with  e.xperiinent.  One  cannot  expect 
exact  quantitative  agreement  (with  experiment)  of  the  results  of 
such  calculation  because  the  Cl  atoms  that  replace  the  H  atoms  in 
the  benzene  ring  deform  the  hydrocarbon  core.  The  magnitude  of 
this  deformat'on  is  determined  both  by  the  properties  of  the  latter 
and  by  the  electrical  properties  of  the  .substituting  atom.  In  addi¬ 
tion,  due  to  the  interaction  of  the  substituting  atoms  them.selves, 
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particularly  in  the  ortho  form  where  these  atoms  are  closer  together, 
the  angle  between  the  respective  bonds  cannot  be  considered  as 
exactly  equal  to  69’.  However,  the  possibility  of  an  approximate 
calcutation  of  the  dipole  moments  of  complex  molecules  on  the 
basis  of  their  vectar  models  shows  that  in  most  cases  these  elTects 
are  comparatively  slight. 

Let  us  also  consider  the  following  examples.  Below  we  give  the 
values  of  the  dipole  moments  and  the  positions  of  the  substituting 
atoms  or  groups  for  the  following  derivatives  ot  benzene: 


Bromotrenzene 


Nitrobenzene 


Parabromoni  trobenzene 


Br 

NO, 

NO, 

/'  , 

1  1 

1 

/  X 

1  I 

.52 

1  1 

/ 

1  1 
\/ 

3  96 

i 

Br 

2.60 

Aniline 

Parabromoaniline 

N  L 

NH, 

1 

I  j 

i 

1  1 

1  1 

1  1 

\/ 

1.5.3 

1 

Br 

2.91 

Expressing  the  dipole  moments  of  the  three  monosubstituted 
compounds  of  benzene  as  the  corresponding  sum  Pc.n,Br  =  Pc  - Br  4- 
+  Pc-ll.  Pc.H.NO,  =  Pc  -  NO,  +  Pc  -  H .  and  Pc.H.NH,  =Pc-NH. + 
+  Pc-ii.  from  the  two  first  sums  we  obtain  for  the  dipole  moment 
ot  parabromoni  trobenzene:  PNo,c,H.Br  =  Pc-No,  +  Pc-H  — Pc-Br  — 
—  Pc-ii=3  96  —  1.52  =  2.44  debyes.  This  value  is  in  fair  agree¬ 
ment  with  the  measured  value,  2.60  debyes.  Similar  calculation  of  the 
parabromoaniline  dipole  moment  gives  PNH.c.H.Br=  1-53— 1.52=0.01 
whereas  the  experimental  value  is  2.91  debyes.  It  seems  possible 
to  eliminate  this  discrepancy  by  assuming  that  the  Pc-h  moments 
in  C.H.Br  and  C.H,NH,.  as  well  as  the  Pc-nh,  and  Pc-Br  mo¬ 
ments  for  parabromoaniline,  have  different  signs,  whence  it  follows 
in  good  agreement  with  experiment,  that  PNH.c.H.Bt  =  Pc.h.nh.  + 
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+  Pc.  H.  Br  ~  Pc  -  NMi  -  Pc  -  II  “I"  Pc  -  Hr  “t”  Pc  -  U  =  I  -53  1  .52  — 

=  3.05  debyes. 

The  vector  dipole  model  of  a  molecule  is  ayain  useful  in  explain¬ 
ing  the  peculiarities  of  the  electrical  properties  of  substances  that 
have  isomeric  cis  and  trans  forms.  Such,  for  instance,  are  the 
disubstituted  derivatives  of  etliylene.  an  example  of  which  is 

H  ,CI 

dichloroethylene.  In  the  trans  form  ')C=Cc  the  moments  of 

CK 

the  individual  bonds  are  mutually  compen.sated.  as  a  result  of  which 
the  dipole  moment  of  the  molecule  is  zero.  In  the  cis  form 
H  /H 

^C  =  C<'  this  compensation  is  absent,  and  the  molecule  gets 

CK  ^Cl 

a  finite  dipole  moment.  The  dipole  moments  are  thus  a  sensitive 
criterion  for  determining  the  structure  of  a  given  isomer  and  lor 
distinguishing  individual  isomers.  In  the  foregoing  case  of  dichlo¬ 
roethylene  we  have  the  moments  1 .80  and  0  for  the  cis  and  trans 
forms.  The  third  isomer,  asymmetric  dichloroethylene.  with  the 
H.  /Cl 

structure  yC  =  C<'  very  sharply  differs  from  the  first  two. 
h/  ^CI 

having  a  dipole  moment  of  1.18  debyes. 

Calculations  of  dipole  moments  on  the  basis  of  the  vector  dipole 
model  of  the  molecule  show  that  in  some  cases  the  calculated 
results  are  close  to  the  observed  values,  while  in  other  cases  the 
discrepancies  are  rather  considerable.  The  cause  may  be  sought  in 
the  mutual  influence  of  atoms  or  atomic  groups,  which  influence 
distorts  the  total  moment  and  may  be  due  both  to  changes  in  the 
valence  angles  and  to  the  mutual  polari.sation  of  polar  groups  and 
of  the  hydrocarbon  core.  An  instance  of  a  molecule  where  a  sub¬ 
stantial  discrepancy  between  the  calculated  and  measured  moment 
should  be  due  mainly  to  the  effect  of  secondary  polarisation  is  that 
of  paranitroaniline  NO,C,H^NHj.  Computing  the  dipole  moment  of 
this  molecule  as  the  sum  of  moments  corresponding  to  the  bonds 
0,N — C  and  H,N — C.  we  get  3.96 -|- 1 .53  =  5.49  debyes.  whereas 
measurements  yield  6.2  debyes.  Despite  the  para  position  of  the 
NO,  and  NH,  groups  (when  both  substituted  groups  are  at  greatest 
separation),  the  discrepancy  between  the  calculated  and  measured 
values  of  the  moment  is  rather  great;  this  may  be  due  to  the  strong 
inductive  effect  of  the  substituting  groups.  Experiment  shows  that 
this  influence  is  particularly  great  when  the  substituting  groups  have 
radically  different  electrical  properties  (this  likewise  occurs  in  the 
case  of  NO,  and  NH,)  and  also  when  the  polarisabilities  of  these 
groups  are  great. 
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Moreover,  it  I’as  recently  been  demonstrated  that  very  often  the 
main  part  of  the  electric  dipole  moment  is  due  (as,  lor  instance,  in  the 
molecules  H,0  and  NH,)  to  un.shared  pairs  of  electrons  of  the 
cotnponent  atoms  of  the  molecule  {atomic  dipole  moments).  This 
still  more  litnits  the  possibility  of  assigning  definite  dipole  moments 
to  individual  bonds  in  the  molecules  of  different  compounds.  In 
general,  investigation  into  the  role  of  atomic  dipole  moments  has 
led  to  a  complete  revision  of  all  the  material  on  dipole  moments 
of  bonds  and  has  actually  made  it  impossible  to  construct  a  quan¬ 
titative  vector  model  of  molecules  without  account  of  atomic  dipole 
moments. 

Especially  big  changes  in  the  dipole  moments  are  observed  in 
the  formation  of  certain  molecular  complexes.  For  example,  the 
complexes  of  tin  tetrachloride  SnCI,-(C,Hj),0  and  SnCl.-C.HiCN 
have  dipole  moments  of  3.6  and  6.7  debyes,  whereas  the  dipole 
moments  of  (C,Hj),0,  C,H,CN,  and  SnCl,  are  1.1,  3.9,  and  0  debyes, 
respectively.  Similarly,  the  complexes  of  aluminium  trichloride 
AICI,  (C,H,,),0,  AICI.-C.H,NH,,  and  AICI.-C.H,NO,  have  dipole 
moments  6.7,  6.9.  and  9.3  debyes,  and  the  dipole  moments  of 
C,,H..NH,,  C,H.,NO,.  and  AlCI,  are  1.5,  3.9,  and  0  debyes.  Here, 
the  changes  in  the  dipole  moments  can  no  longer  be  accounted 
for  by  simple  deformation  of  molecules  and  are  a  reliable  indica¬ 
tion  of  chemical  bonds  between  the  molecules  forming  the  given 
complex. 

Summarising  the  foregoing  with  respect  to  vector  addition  of 
dipole  moments  of  individual  bonds  in  molecules,  we  can  state 
that  the  vector  model  method  is  not  always  reliable  quantitatively. 
However,  as  a  qualitative  method  it  is  very  important,  for  it  sim¬ 
plifies  orientation  in  the  experimental  material  and  systematisation. 
It  also  helps  to  clarify  the  structural  peculiarities  of  molecules 
precisely  in  those  cases  when  there  is  a  very  great  discrepancy 
between  the  calculated  and  measured  values. 

Dipole  moments  and  free  rotation  of  polar  groups.  A  substan¬ 
tial  supplement  to  the  static  molecular  vector  model  is  the  concept 
of  free  rotation  of  the  component  polar  groups  that  are  connected 
with  the  remainder  of  the  molecule  by  simple  valence  linkage.  To 
illustrate  this  type  of  molecule  we  take  the  simplest  case.  H,0,, 
hydrogen  peroxide.  One  of  the  most  probable  structures  of  this 
molecule  is  that  of  a  trapezium  (Fig.  I20a),  which  in  free  rotation 
passes  into  the  shape  depicted  in  Fig.  120b. 

Given  free  rotation,  the  dipole  moment  of  H,0,  may  be  calculat¬ 
ed  as  follows.  Designating  the  moment  of  the  O — H  bond  by  p 
and  the  angle  that  it  forms  with  the  axis  of  the  molecule 
(— O — O — )  by  0,  we  will  have,  for  the  momentary  value  of  the 
moment  of  the  molecule,  2p  sin0cos<p/2,  where  is  the  angle 
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between  the  planes  — O — O — H.  In  the  case  of  free  rotation,  all 
values  of  anfjle  ip  are  equally  probable,  whence  for  the  average 
square  of  the  effective  moment  of  the  molecule  we  qct 


that  is. 


P'  -  ;  2^  j  ^2p  sin  ^  cos  (i(p  --  2p*  sin'  0. 


P.-^  Pepsin  0. 


(46.6) 


Assuming  the  moment  of  the  O — H  (p)  bond  in  the  H,0,  mole¬ 
cule  to  be  equal  to  that  which  we  calculated  earlier  (p.  4.58)  lor 
this  bond  in  the  H,0  molecule,  p-  1.51  debyes.  and  the  angle 


0  0 


a) 


Fig.  J2(j.  Two  forms  of  HjO.,  inoliculc 


between  the  bonds  — O — O —  and  O — H  equal  to  the  valence 
angle  in  H,0,  ^ (HOH)  =  105°,  we  get  2.06  debyes  from  (46.6) 
for  the  dipole  moment  of  the  hydrogen  peroxide  molecule,  whereas 
the  measured  value  of  this  quantity  is  2.26  debyes.  The  satisfac¬ 
tory  agreement  of  both  values  is  a  weighty  argument  in  favour  of 
the  accepted  structure  of  the  H,0,  molecule. 

Like  the  H,0,  molecule,  nonzero  dipole  moments  are  found  in 
the  parasubstitutes  of  benzene  in  which  the  dipole  moments  of 
the  substituting  groups  form  a  certain  nonzero  angle  (due  to  direct¬ 
ed  valence)  with  the  axis  of  the  benzene  nucleus  (such  groups  are 
called  irregular  in  contrast  to  regular  groups,  the  moments  of 
which  are  parallel  to  the  axis  of  the  nucleus).  Such  molecules,  for 
instance,  are  those  of  hydroquinone  HOC,H^C)H  (P  =  2.47  debyes) 
and  para-diaminobenzene  H,NC,H,NH,  (P  —  1.55  debyes).  But 
the  dipole  moment  of  the  disubstitutes  of  benzene  with  regular 
substituents,  for  example,  paraxylene  H,CC,H,CH,,  paradinitro- 
benzene  0,NC,H^NO,,  paradichlorobenzene  ClC.H.Cl,  is  zero. 

Let  us  now  consider  molecules  of  the  XH,C  —  CH,X  type 
which  can  exist  in  two  isomeric  forms,  cis  and  trans;  in  the  cis 
form  the  C — X  bonds  form  an  angle  of  180°00' — 109°30' =  TO^SO' 
for  strictly  tetrahedrally  directed  valences  of  the  C  atom,  while 
in  the  trans  form  both  bonds  lie  in  the  same  plane  forming  an 
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angle  of  180’.  For  this  reason,  the  cis  form  should  have  a  finite 
dipole  moment,  whereas  this  moment  in  the  trans  form  should  be 
zero.  In  the  case  of  free  rotation  of  CH,X  groups  about  the  C  —  C 
bond  (axis  of  the  molecule)  one  form  is  constantly  passing  into 
the  other,  and  the  difference  between  the  two  isomers  is  actually 
obliterated. 

The  dipole  moment  of  a  molecule  of  this  type  (if  there  is  free 
rotation)  is  expressed  by  equation  (46.6).  Assuming  that  it  is 
determined  by  the  moments  of  the  C — X  bond,  we  will  have, 
for  the  cis  form. 

P  =  2p  sin  6  cos  30’  =  V^3  p  sin  d. 

Substituting  into  this  formula  and  into  (46.6)  p=1.5 

(X=CI)  and  0  =  70’30'.  we  find  for  the  cis  form  P  =  2,45  de- 
byes  and  for  the  freely  rotating  form  P  =  2.00  debyes,  whereas 
the  measured  dipole  moment  of  the  1,2-C,H,CI,  molecule  turns 
out  slightly  in  excess  of  1  debye.  i.e.,  considerably  less  than  the 
calculated  values.  To  account  for  this  discrepancy  (on  the  assump¬ 
tion  that  the  formulas  used  for  P  are  sufficiently  accurate)  we 
have  to  assume  that  at  room  temperature  (at  which  the  measured 
value  of  the  dipole  moment  of  dichloroethane  was  obtained)  there 
is  no  free  rotation  and  we  have  a  combination  of  cis  and  trans 
forms.  This  assumption  is  confirmed  by  the  observed  temperature 
dependence  of  the  dipole  moment:  for  a  rise  of  temperature  from  305° 
to  554’K  the  measurements  yield  an  increase  from  1.12  to  1.54 
debyes.  The  fact  that  the  temperature  coefficient  is  positive  indicates 
that  the  nonpolar  trans  form  has  less  energy  than  the  cis  form 
and  the  freely  rotating  form,  as  a  result  of  which  the  equilibrium 
is  displaced  towards  the  latter  when  we  have  a  rise  in  temperature. 

The  difficulty  of  free  rotation,  which  is  established  on  the  basis 
of  the  temperature  dependence  of  the  dipole  moment  of  dichloro¬ 
ethane.  is  due  to  the  tact  that  (as  in  all  similar  cases  as  well)  two 
(or  more)  isomeric  modifications  are  separated  by  an  energy  poten¬ 
tial  barrier.  For  a  sufficiently  high  barrier  the  molecule  in  each 
state  (tor  instance,  cis  or  trans)  can  perform  only  torsional  oscilla¬ 
tions  about  the  equilibrium  position,  the  amplitude  of  which  in¬ 
creases  with  the  temperature.  With  increasing  temperature,  these  os¬ 
cillations  pass  into  free  rotation:  from  calculations  by  Meyer  it 
follows  that  the  latter  is  practically  realised  on  the  condition 
AU-c^j^kT  (AU  is  the  barrier  height). 

The  temperature  dependence  of  the  dipole  moment  has  also  been 
established  in  the  case  of  dibromoethane  BrH,C — CH,Br,  chloro- 
bromoethane  C1H,C — CH,Br,  diacetyl  H,COC  —  COCH,.  etc.  In  a 
number  of  cases,  on  the  basis  of  an  approximate  coincidence  of 
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calculated  (on  the  assumption  of  free  rotation)  and  measured  dipole 
moments  we  can  draw  the  conclusion  that  there  is  free  rotation 
for  individual  substituting  groups  even  at  room  temperature.  Such, 
tor  instance,  are  the  groups  OH,  CH,,  NH,  in  the  disubstituted 
derivatives  of  benzene.  In  a  number  of  cases,  free  rotation  has 
also  been  established  on  the  basis  of  measurements  of  heat  capacity, 
the  Kerr  constant,  and  electrono-  and  roentgenographic  studies. 

47.  Magnetic  Properties  of  Molecules 

Diamagnetism.  The  magnetic  moment  of  an  atom  or  molecule 
is  equal  to  the  geometrical  sum  of  the  moments  of  all  electrons  in 
the  atom  or  molecule.  In  a  particular  case,  as  the  result  of  mutual 
compensation  of  the  components  of  moments,  the  total  moment  of 
the  atom  or  molecule  may  be  equal  to  zero;  this,  obviously,  occurs 
in  the  case  of  atoms  in  the  ‘S  state,  and  molecules  in  the  slate. 
A  gas  consisting  of  such  atoms  or  molecules  will  be  diamaijiiel ic. 
Such  are  the  inert  gases  He.  Ne,  Ar,  Kr.  and  Xe.  and  also  H,. 
Nj.  CO.  H,0.  CO,.  CH,.  C.H,.  and  many  other  gases.  Otherwise, 
that  is,  if  the  atoms  or  molecules  have  a  magnetic  moment,  the 
gas  is  paramagnetic. 

Diamagnetic  bodies  have  negative  magnetic  susceptibility;  this 
is  seen  in  the  repulsion  experienced  by  diamagnetics  when  intro¬ 
duced  into  a  magnetic  field.  A  pictorial  interpretation  of  the  dia¬ 
magnetic  properties  of  gases  may  be  obtained  by  the  Bohr  theory. 

From  the  standpoint  of  mechanics  an  electron  revolving  in  orbit 
is  like  a  top.  The  stability  of  a  top  whose  axis  of  rotation  forms 
a  certain  angle  with  the  vertical  (direction  of  the  force  of  gravity) 
is  due  to  the  precessional  motion  of  the  top's  axis  about  the  ver¬ 
tical.  The  electron  orbit  follows  the  same  precessional  motion  about 
the  direction  of  a  magnetic  field  due  to  magnetic  forces  (Larmor 
precession).  Given  orbital  precession,  an  electron  will  experience,  in 
addition  to  a  magnetic  force 

fu  =  e  |v  V  H| -^evH  sin  (V,  H) 

(V  is  the  electron  orbital  velocity.  H  is  the  magnetic  field  inten¬ 
sity),  the  direction  of  which  is  perpendicular  to  the  plane  v,  H, 
also  a  Coriolis  force 

fcor  ==  2m  Iv  X  o|  =  2mvo  sin  (v,  o) 

(o  is  the  angular  velocity  of  precession).  Since  vector  o  is  parallel 
to  vector  H,  the  forces  fn  and  fcor  are  also  parallel.  Besides  these 
two  forces,  the  electron  experiences  an  additional  centrifugal  force 
proportional  to  o'.  However,  since  the  angular  velocity  of  the 
electron  oj  is  much  greater  than  that  of  precession  (in  ordinary 
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magnetic  fields),  the  centrifugal  force  rr»ay  be  disregarded  in  com¬ 
parison  with  the  first  two  forces.  The  equilibrium  condition  of 
these  forces,  which  is  the  condition  of  stability  of  motion,  has  the 
form  f  — fn-l-fcof~0.  whence  for  the  angular  velocity  of  preces¬ 
sion  we  have 


o  = 


2 


m 


(47.1) 


The  Lariiior  precession  gives  rise  to  an  induced  magnetic  moment 
that  may  be  calculated  in  the  same  way  as  we  earlier  (p.  162)  calcu¬ 
lated  the  orbital  magnetic  moment.  Representing  a  current  equiva¬ 
lent  to  a  precessing  orbit  in  the  form  i=eo  2n  and  the  area  over 
which  this  current  flows,  in  the  form  S  =  nr'',  where  r'  is  the  pro¬ 
jection  of  the  mean  orbital  radius  on  the  plane  perpendicular  to 
the  field  direction,  we  get  the  following  e.xpression  for  the  sought- 
for  induced  moment  Ap: 


Ap 


CO  ,t 


e»Jj 

4in 


(47.2) 


Accordingly,  for  the  atom  or  molecule  with  N  electrons  we  have 
=  ri-.  (47.3) 

Assuming  that  all  orientations  of  the  orbit  to  the  field  direction 
are  equally  probable,  it  can  be  readily  shown  that  r'*  is  connected 
with  the  mean  square  of  the  orbital  radius  r‘  by  the  relation 
r  ' =  ^  r*.  whence  it  follows  that 

A|.  =  ^-e^,|.  r*.  (47.4) 

In  the  case  of  atoms  and  molecules  with  compensated  electron 
moments.  Ap  obviously  expresses  at  the  same  time  also  the  total 
magnetic  moment.  In  this  case,  multiplying  Ap  by  the  Avogadro 
number  Na  and  dividing  by  H.  we  get  the  following  expression 
for  the  molecular  susceptibility  x- 

e’N* 

x  =  — gHrXrf.  ,47.5) 

The  negative  value  of  magnetic  susceptibility  points  to  a  diamag¬ 
netic  effect.  Further,  in  accordance  with  the  empirical  regularities 
established  by  P.  Curie,  it  follows  from  expression  (47.5)  that  the 
diamagnetic  susceptibility  is  independent  of  the  temperature  and 
also  (to  the  extent  that  the  sum  i^rf  retains  its  value)  of  the  ag- 
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gregate  state  of  the  substance.  It  may  be  added  that  rr’ ordinarily 
turns  out  but  slightly  dependent  on  the  chemical  transformations 
e.xperienced  by  the  atoms. 

As  follows  from  the  foregoing  rca.soning.  the  magnitude  and  sign 
of  the  induced  moment  are  independent  of  the  presence  or  absence 
of  a  permanent  moment  in  the  molecule.  The  diamagnetic  cITect  is. 
therefore,  equally  peculiar  to  dia-  and  paramagnetic  gases.  However, 
for  the  latter  it  plays  a  comparatively  secondary  part,  giving  way 
to  the  much  stronger  paramagnetic  elTect. 

Paramagnetism.  Underlying  modern  views  on  the  nature  of  para¬ 
magnetism  is  the  classical  theory  of  Langevin,  which  treats  the 
paramagnetic  effect  as  the  result  of  a  simultaneous  orienting  action 
of  the  field  and  a  disorienting  action  of  molecular  thermal  motion. 
Designating  the  permanent  magnetic  moment  of  a  molecule  by  p. 
we  will  have,  for  the  equilibrium  number  of  molecules,  the  magnet¬ 
ic  axes  of  which  form  the  angle  0  ±  with  the  field  direction, 

pH  co^  H 

dn  =  2jiN!e  sin  Odd 

where  jiHcosO  is  the  magnetic  energy  of  the  molecule.  Calculating 
the  average  value  of  the  projection  of  moment  on  the  field  direction 
p'  (on  the  assumption  that  all  angles  are  equally  possible)  from  the 
equation 

*  pH  cc.iti 

r  ^  \e  kl  cos  Osin  0  do 

_  \  H  cos  Odn  J 

- 

J  lie  Li  sill  Odd 


which,  for  pHc^kT  (this  is  practically  always  the  case),  reduces  to 


—  P'H 
=-kT 


^cos*  dsili  Odd 


(I'H 


^  sin  0  4 


kT 


cos'  0 


we  find 


(g  _pH 
p  3kT- 


(47.6) 


(47.7) 


Multiplying  p'  by  the  Avogadro  number  and  dividing  by  H,  we 
obtain  for  the  molecular  paramagnetic  susceptibility 

p'Na  C 

x=^rr=T- 


(47.8) 
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Equation  (47.8)  expresses  the  well-known  Curie  law,  according  to 
which  the  magnetic  susceptibility  of  a  paramagnetic  gas  is  in¬ 
versely  proportional  to  its  absolute  temperature. 

A  weak  point  in  the  classical  theory  of  paramagnetism  is  the  as¬ 
sumption  of  equal  possibility  of  all  angles  0.  In  reality,  however, 
due  to  the  space  quantisation  of  atomic  (molecular)  elementary 
magnets  in  a  magnetic  field,  the  projections  of  the  magnetic  mo¬ 
ment  of  molecules  on  the  field  direction  take  on  discrete  values 
that  correspond  to  definite  discrete  values  of  the  angle  d. 

In  accord  with  this  quantisation  of  angle  0.  and,  consequently, 
of  cosO,  there  should  also  be  a  change  in  the  average  value  of  n', 
because  cos'O  in  expression  (47.6)  will  no  longer  be  equal  to  1/3. 
Inasmuch  as  the  projection  of  the  magnetic  moment  on  the  field 
direction  in  the  Bohr  theory  is  expressed  by  the  formula  n'  =  pBm_ 
(PB  is  the  Bohr  magneton),  and  the  quantum  number  m,  takes  on 

the  values  0.  ±1 .  ±(0, —  1),  ±  n...  i.e.,  a  total  of  2n.-j-l 

values  (n.  is  the  Bohr  azimuthal  quantum  number),  by  calculating 
the  average  value  of  cos'd  from  the  formula 


cos’  0  = 


1 


(2.1,  -f  l)n’. 


.  2(l’-(-2'q- ... -f-nj)  I  . 

j  m-i  ,  ,,..1  An 


(2n, -M)n’ 


and  substituting  it  into  equality  (47.6).  we  get 


1  -l-n,MH 
lU  3kT 


whence,  due  to  =  we  find 

“7  n.  (n..  •+•  1)  t 

u  =: -ti-i— = - :  I1» 


3kT 


PbH. 


(47.9) 


Accordingly,  for  the  magnetic  susceptibility  we 
(47.8). 


_ M'Na n..  (II-  - 

*  H  3k1 


I)  2m  C' 
—  MbNa  . 


get. 


in  place  of 
(47.10) 


We  further  refine  the  theory  by  calculating  the  average  projection 
of  the  magnetic  moment  on  the  direction  of  the  magnetic  field  on 
the  basis  of  quantum  mechanics.  Proceeding  from  the  quantum-me¬ 
chanical  expression  of  p'  =  gmpB  (30.3),  for  the  square  of  p'  that 
enters  into  expression  (47.6),  which  we  rewrite  as 


p'=. 


kT 
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(47.11) 

(47.12) 


This  expression  is  in  excellent  agreement  with  experiment. 

Comparing  expressions  (47.12)  and  (47.10),  we  can  readily  dem¬ 
onstrate  that  for  large  n.  (because  of  n.  =/-(-!  and  J=/±ij 
(47.10)  passes  into  the  exact  expression  (47.12), 

Let  us  examine  in  more  detail  the  paramagnetic  susceptibility 
of  molecules.  The  quantum  states  of  the  latter,  if  they  belong  to 
Hund's  cases  a  and  b  (see  p.  327)  to  which  we  will  confine  ourselves 
here,  are  defined  by  the  quantum  numbers  .\  and  (or  S).  The 
simplest  case  is  the  term  ’i),  which  corresponds  to  the  ground  state 
of  a  large  number  of  molecules.  Here,  since  — 0  and  S  =  0,  the 
magnetic  moment  is  zero,  as  a  result  of  which  all  molecules  in  the 
state  are  diamagnetic. 

The  spin  in  molecules  in  states  ’S,  ’S . imparts  paramagnet¬ 

ic  properties.  Such,  lor  example,  are  the  molecules  O,  and  S,,  the 
principal  term  of  which  is  ‘1.  For  the  projection  of  the  magnetic 
moment  of  the  molecule  on  the  field  direction  in  the  case  of  mole¬ 
cules  in  S!-states,  we  have  p'  =  2mpB.  where  m  takes  on  the  values 
m  =  ±S,  ±(S —  1),  .  .  .  In  the  case  of  molecules  O,  and  S,,  S  =  1 
(’i))  and  the  maximum  projection  is  2,uii,  Studies  of  the  Stern-Ger- 
lach  effect  in  O,  and  S,  yield  experimental  confirmation  of  this 
conclusion. 

Measurements  of  the  paramagnetic  susceptibility  of  oxygen  lead 
to  the  same  coincidence  of  theory  and  experiment.  To  calculate  this 
susceptibility  in  the  case  of  molecular  ii-terms,  we  can  make  use  of 

(47.12),  putting  J=S=1  and  g  =  2.  In  this  way  we  get  the  for¬ 
mula  x  =  ^^Na,  from  which  for  the  specific  susceptibility  of  oxy¬ 
gen  (susceptibility  of  I  cm’  of  gas)  at  760  mm  Hg  and  20’C.  we 
get  0.142  X  lO"*.  whereas  measurements  under  the  same  conditions 
yield  (0.1447  to  0. 1434)  X  lO’*. 

In  the  general  case  of  a  molecular  term  with  nonzero  A  and  S 
the  projection  of  magnetic  moment  of  the  molecule  on  the  field 
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diroction  is  expressed  by  the  formula 

fi'  =  HH(2i:  +  A)cosd  (47.13) 

where  is  the  angle  formed  by  the  ax'S  of  the  molecule  with  the 
direction  of  the  magnetic  field  H.  The  average  value  of  \x'  in  this 
ease  is 

^  3kT 

whence  for  the  molecular  paramagnetic  susceptibility  we  find 
jkT 

strictly  speaking,  this  equation  is  applicable  to  tenns  lor  which 
strong  interaction  (S,  A)  is  characteristic.  And  since  the  latter  de- 
tennines  also  the  magnitude  of  multiple  splitting  of  a  term  (natu¬ 
ral  splitting),  we  can  take  the  following  inequality  for  the  criterion 
of  applicability  of  (47.14): 

hAv„  >kT 

where  Av„  is  the  width  of  the  multiplet. 

But  when  hAv, <^kT,  i.e.,  when  the  interaction  energy  between 
the  spin  and  the  A  vector  is  small  compared  with  the  mean  thermal 
energy,  the  spin,  to  a  first  approximation,  may  be  regarded  as  a 
tree  vector.  In  this  case,  we  obtain  the  magnetic  susceptibility  as 
the  sum  of  the  expressions 

4p^s(s.fn_^' 

*  3kT 

and  (47.14),  putting  ^  =  0  in  the  latter,  i.e., 

X  =  ^14S(S+1)-1-A‘]Na.  (47.15) 

All  the  foregoing  cases  have  referred  to  isolated  molecular  terms. 
Yet  there  may  be  cases  when  another  term  with  different  magnetic 
properties  is  adjacent  to  the  given  term.  Such,  for  instance,  is  the 
case  of  the  NO  molecule,  the  principal  term  of  which  is  '11.  Here, 
the  magnetic  susceptibility  is  determined  by  the  components  '111,, 
and  Mfv,  of  term  ’fl,  which  possesses  different  magnetic  properties; 
moreover,  due  to  different  population  of  the  terms  TIi/,  and  *11./, 
lor  different  temperatures,  the  temperature  dependence  of  the  sus¬ 
ceptibility  no  longer  follows  the  (iurie  law.  The  magnetic  suscepti¬ 
bility  of  NO  as  a  function  of  temperature  was  calculated  by  van 
VIeck  on  the  basis  of  the  Boltzmann  distribution  of  molecules  be- 
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tween  the  levels  and  *11',,.  The  formula  he  derived  is 


X 


I  -  «■  "  4-  xe  « 

3kT  X  +  \e  -  » 


(47.16) 


where  x  =  hAv„kT.  Av„  =  *n-.  —  *n.  ..  Experimental  verification 
of  this  formula  leads  to  a  practically  complete  coincidence  of  cal¬ 
culated  and  measured  values  of  x- 

Magnetochemistry.  Measurements  of  magnetic  susceptibilities  play 
a  significant  part  in  studies  of  molecular  structure  {magnelonielric 
rnelhod).  Pascal’s  invtsligations  showed  that  the  molecular  magnetic 
susceptibilities  x.m  a  first  approximation)  are  additivety  com¬ 
posed  of  atomic  susceptibilities  {atomic  increntents)^  like  molar 
refraction  is  composed  of  atomic  refractions  (see  Sec.  44).  In  the 
second  approximation,  to  the  sum  of  atomic  increments  are  added 
certain  “constitutive  components”  X,.  which  take  into  account  the 
structural  peculiarities  of  a  given  molecule  (the  presence  of  multi¬ 
ple  bonds,  etc.).  We  thus  have 

+  (47.17) 

The  values  of  the  atomic  increments  for  certain  atoms  (after  Pas¬ 
cal  and  Klemm)  are  given  in  Table  46.  The  minus  sign  here  indi¬ 
cates  diamagnetism  and  the  plus  sign,  paramagnetism. 

Tabic  46 


Atomic  increments  Xa  (^^  I®*  absolute  ui  its) 


H  — 2.M 

F  —II..') 

l.i  —  4.2 

C  —G.OO 

C!  —20.1 

Na  —  9.2 

N  in  open 

chains  — 5.57 

Br  —30.6 

K  —13.5 

N  in  rings  — 4.6! 

1  -45 

A\g  —10 

N  in  monoamides— 1 .54 

S  —15.0 

Ca  —16 

N  in  diamides  • 

and  imides  — 2. 1 1 

Se  —23 

Al  —13 

O  —4.6! 

Te  —37 

Ag  -31 

O.  bound  lo  C 

P  —26.3 

Zn  —13.5 

O  in  carboxyl 

group  — 3.36 

> 

1 

Cl) 

Hg  -33 

Table  47  gives  the  constitutive  components  for  certain  of  the  sim¬ 
plest  bonds. 

To  illustrate,  let  us  follow  through  the  method  of  computing  Xa. 
on  the  basis  of  Tables  46  and  47.  First  we  take  normal  he.xane 
C,H,,.  We  have  6C  atoms  and  14  H  atoms  with  single  bonds  be¬ 
tween  them,  for  which  X  =  0.  Therefore,  according  to  (47.17) 
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X„  =  6X(.  +  14x„  =  -  (6X6.00+  14X2.93)X10-=-77.0XIO-. 
whereas  experiment  yields  —  77.1X10"*. 

Let  us  further  consider  benzoyl  chloride  C,Hj  —  C  —  Cl. 


O 

In  this  case,  formula  t47.l7)  must  obviously  be  written  as  Xm  = 
=  7-Xc  -1-  5x„  +  Xo  +  Xc,  -I-  6^C.  +  XC.  =  -  (7  X  6.00  +  5X2.93- 
—  t.73  +  20.1  +  I.44  +  1.29)X10"*  =  — 77.8X10"*.  The  experi¬ 
mental  value  o(  x.M  is  — 77.9X10"*. 


Table  47 


Constitutive  components  X  (XItt*  absolute  units) 


-1-  5.5 

1 

-C-CI 

1 

+3.1 

1 

n— 

II 

n— 

1 

o— 

II 

o— 

1 

+10. 6 

-  Br 

1 

+4.1 

1 

n 

Hi 

n 

1 

4-  0.8 

1 

-C  — 1 

1 

+4.1 

CH.  =  Clt  -CH,- 

+  -I.S 

Cl  -c-i— Cl 

1  1 

+  .3 

-  N  =  N  — 

-1-  18 

Br-i— d-Br 

+6.2 

—  C- 

N'lt 

—  N  =0 

c'- 

c*'* 

mi; 

+  8.2 

+  1.7 

—  0.24 

—  3  1 

—  4.0 

*  *  Ci 

y 

/\i 

C,” 

c... 

C,  and  C.  •*. 

+1.4 

—1.29 

—1.54 

—0.48 

*  C|  corresponds  to  the  posUioti,  in  an  aromatic  compound,  of  a 
carbon  atom  belonging  to  one  ring,  Cn  and  C|||,  to  C  atoms  that  are 
simultaneously  components  of  two  and  three  rings,  respectively. 

**  C,  and  C4  refer  to  C  atoms  connected  with  three  and  four  other 

C  atoms,  respectively  (in  the  positions  a,  y>  e).a-.  etc.,  C  atoms 

correspond  to  their  following  position  in  the  molecule) 

R- 

•••  The  same,  but  in 

i  f! 

position 

J  i  i... 

See.  47| 
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The  foregoing  examples  clearly  indicate  the  importance  of  nia<»- 
netometric  measurements  In  determining  the  structure  of  a  variety 
of  chemical  compounds.  The  procedure  in  these  measurements  is 
based  on  measuring  the  force  experienced  by  bodies  in  an  inhomo¬ 
geneous  magnetic  held,  which  force  is  (in  the  case  of  diamagnetic 
bodies)  equal  to 

F  =  xjH^dv  (47.18) 

where  H  is  the  intensity.  ^  the  field  gradient,  and  dv  is  a  volume 
element  of  the  body.  By  replacing  the  body  under  consideration  (a 
gas.  for  e.xample)  with  a  body  of  known  susceptibility  x«  and  of 
equal  volume  and  shape,  it  is  frequently  possible  to  avoid  difficult 
measurements  of  the  magnitude  of  the  field  gradient.  In  this  case, 
from  a  measurement  of  the  force  F  and  the  force  experienced  by  a 
standard  body  (F,)  we  get  x  =  (F/Fo)Xo  °n  the  basis  of  (47.18). 


CHAPTER  10 
MOLECULAR  CONSTANTS 

48.  Geometrical  Constants 

The  molecule  as  a  chemical  entity  is  characterised  by  definite 
munbers.  nwlecular  constants.  Molecular  constants  may  be  divided 
into  two  large  classes:  geometrical  constants  and  energy  constants. 
The  geometrical  constants  characterise  the  dimensions  and  structure, 
the  arrangement  of  atoms  in  the  molecule,  and  the  electric-charge 
distribution  in  them.  The  constants  of  this  cla.ss  include  molecular 
diameters,  distances  between  atoms  in  the  molecule,  angles  between 
bonds,  and  dipole  moments.  The  class  of  energy  constants,  which 
describe  the  various  energy  states  of  the  molecule,  its  stability  in 
a  given  energy  state,  etc.,  include  the  energies  of  molecular  terms, 
the  heats  of  dissociation,  average  bond  energies,  etc.  The  vibrational 
frequencies  of  molecules  may  be  put  in  this  class  of  constants. 
The  present  chapter  is  devoted  to  a  brief  survey  of  these  constants 
and  to  a  description  of  certain  experimental  methods  of  determining 
them. 

Dimensions  of  molecules.  Molecular  dimensions  represent  a  certain 
conventional  magnitude.  Indeed,  each  molecule  is  a  more  or  less 
complex  system  of  electric  charges  and  is  surrounded  by  a  field 
of  force  extending  to  infinity.  In  quantum  theory  the  infinite  extension 
of  the  molecular  field  corresponds  to  the  fact  that  the  density  of 
the  electronic  cloud  of  the  molecule  becomes  zero  only  at  infinity. 
However,  the  force  field  of  a  molecule  rapidly  falls  off  with  the 
distance  r  from  its  centre,  becoming  negligibly  small  at  a  certain 
distance  r„  which  may  arbitrarily  be  called  the  radius  of  the  molecule. 
Since  the  dimensions  of  molecules  are  most  significant  for  their 
interaction,  the  natural  criterion  for  the  strength  or  weakness  of 
a  molecular  field  at  a  given  distance  is  the  magnitude  of  interaction 
energy  of  the  molecules  separated  by  the  distance  r.  For  the  limiting 
value  of  interaction  energy  we  can  take  the  mean  energy  of  relative 
thermal  motion  of  molecules  kT,  thus  subjecting  r,  to  the  condition 

U(2r.).-.kT 
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where  U(2r^)  is  the  energy  of  interaction  of  molecules  at  a  dis¬ 
tance  2r^. 

This  condition  should,  in  particular,  be  fulfilled  at  the  critical 
point  when  the  forces  of  molecular  adhesion  are  not  able  to  counteract 
the  thermal  motion  (as  a  result  of  which  the  dilTerence  between  liquid 
and  gaseous  states  of  the  substance  vanishes).  For  this  reason,  to 
compute  the  dimensions  of  a  molecule  of  a  given  substance  we  can 
take  advantage  of  its  critical  volume  v^.,.  Representing  the  molecules 
as  spheres  of  radius  r^  and  proceeding  from  the  most  dense  packing 
(to  which  there  corresponds  a  three-fourths  population  of  the  volume), 
we  have 

lnrjNA  =  |-V,,  (18.1) 

whence  we  can  calculate  r„.  It  may  be  noted  that  due  to  the  Unown 
relation  between  the  critical  volume  and  constant  b  in  the  van  der 
Waals  equation.  V„  =  3b.  equation  (48.1)  yields 

b  =  -^nr>N..x;  (48.2) 

this  also  enables  us  to  calculate  r,  trom  constant  b.  The  values  of 
r,  obtained  from  these  formulas  in  the  case  of  molecules  that  do 
not  have  spherical  symmetry  are  obviously  certain  mean  values  of 
molecular  radii. 

Another  method  for  determining  molecular  dimensions  is  based  on 
transfer  phenomena  (diffusion,  thermal  conduction,  internal  friction). 
Since,  according  to  the  kinetic  theory  of  ga.ses.  transport  phenomena 
are  essentially  determined  by  the  mean  free  path  of  the  molecules  X. 
which  in  turn  depends  upon  the  molecular  diameter  d,  =  2r,. 


V  2  nil  n 

(n  is  the  number  of  molecules  in  1  cm’,  which  at  normal  p  and  T 
is  2.69X10'*.  3nd  C  is  the  Sutherland  constant),  we  have  the 
following  relationships  between  the  coefficients  of  dilTusion.  thermal 
conduction,  and  internal  friction,  on  the  one  hand,  and  the  diameter  d„. 
on  the  other.  These  relationships  permit  calculating  d„  from  the 
measured  value  of  any  one  of  the  three  indicated  coefficients.  Mostly 
used  is  the  coefficient  of  internal  friction 

q  =  0.499QvX  (48.3) 

(0  is  the  density  of  the  gas.  v  is  the  mean  square  of  molecular 
velocity).  Calculating  the  constant  C  from  the  temperature  dependence 
of  the  internal  friction,  we  find  d,  by  (48.3)  from  the  measured  q. 
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We  shall  not  dwell  on  other  methods  used  to  determine  molecular 
dimensions  and  shall  confine  ourselves  to  certain  data  taken  from 
Stuart  (Table  dS). 


Tabic  48 

Diameters  of  molecules  (in  A) 


-Mole¬ 

cule 

Calculated 
iroiii  1, 

Calculated 
from  \' 

cr 

or  b 

Mole¬ 

cule 

Calculated 
from  T, 

Calculated 

from 

or  b 

He 

1  .% 

2.52 

NO 

3.0 

_ 

Nc 

2.35 

— 

'CO 

3.2 

2.86 

-Ar 

2.92 

2.92 

:HCI 

3.0 

2.85 

Kr 

3.2 

— 

HBr 

3,12 

_ 

Xe 

3.5 

3.1 

CH^ 

3.34 

2.96 

H, 

2.47 

2.5 

CO, 

3.32 

2.92 

N, 

3.18 

2.86 

H,0 

2.72 

— 

o, 

2.^)8 

2.45 

!n,o 

3.2 

— 

Cl, 

3.7 

_ 

so. 

3.38 

— 

Br. 

4.04 

_ 

iccc 

3.8 

— 

u 

4.46 

— 

1C.H. 

4.1 

- 

Intramolecular  distances.  Unlike  the  dimensions  of  a  molecule, 
the  distance  between  the  atoms  of  a  molecule  is  a  physically  strict¬ 
ly  definite  magnitude  —  the  equilibrium  distance  at  which  the 
attractive  forces  experienced  by  each  atom  are  balanced  by  the 
forces  of  repulsion.  Vibrations  or  rotation  of  the  molecule  do  not 
introduce  any  uncertainty,  because  any  change  in  the  equilibrium 
distances  caused  by  them  can.  generally  speaking,  be  taken  into 
account. 

An  experimental  determination  of  the  intramolecular  distances 
does  not  encounter  particular  difficulties  in  the  case  of  diatomic 
molecules,  nor  in  the  case  of  the  simplest  (especially  symmetric) 
polyatomic  molecules,  the  structure  of  which  are  known  on  the  ba¬ 
sis  of  certain  properties  of  the  molecule.  Of  the  methods  now  in 
use,  most  important  are  the  spectroscopic  (including  microwave 
spectroscopy),  roentgeno-  and  electronographic  methods.  In  the  case 
of  diatomic  molecules,  all  these  methods  solve  the  problem  of  in¬ 
tramolecular  distances  r„  quite  unambiguously.  The  spectroscopic 
method  based  on  an  analysis  of  rotational  band  structure  is  the 
most  precise. 

As  we  saw  in  Chapter  8,  the  distances  between  two  adjacent 
lines  in  a  band  (Av)  are  connected  by  definite  relations  with  the 
moment  (or  moments)  of  inertia  of  the  molecule.  By  measuring  the 
quantities  Av,  it  is  not  difficult  to  find  the  moment  of  inertia  on 
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the  basis  of  these  relations: 

I  fiKnu  » 

whence  we  can  also  find  r„  (we.  of  course,  assume  tliat  the  masses 
of  the  atoms  in  the  molecule  m,  and  m,  are  Unown). 

Just  as  simple  is  the  determination  of  intramolecular  distances 
in  the  case  of  symmetric  triatomic  linear  molecules  (CO,.  CS,,  and 
others).  Here  the  moment  of  inertia,  which  determines  the  fine 
structure  of  the  spectrum,  is  e.xpressed  by 

l.  =  2mr= 

where  m  is  the  mass  of  each  of  the  e.\treme  atoms  and  r„  is  their 
distances  from  the  central  atom. 

In  the  case  of  symmetric  trianoular  molecules  (H,0.  H,S,  SO,, 
etc.),  we  have  the  following  relations  between  the  principal  moments 
of  inertia  I,.  1,,  and  I,,  which  are  determined  from  the  rotational 
structure  of  the  spectra,  and  the  distances  r,  and  r,  (r,  is  the  dis¬ 
tance  between  identical  atoms,  r,,  between  different  atoms); 

1, 

I. 

I. 

(m  is  the  mass  of  each  of  the  identical  atoms,  and  M  is  the  mass 
of  the  third  atom).  We  thus  have  two  independent  equations  to  de¬ 
termine  the  two  unknowns  r,  and  r,. 

The  quantities  r,  are  uniquely  determined  from  l„  also  in  the 
case  of  symmetric  tetrahedral  molecules  (CH,,  CCI,,  etc.),  whose 
principal  moments  of  inertia  are  e.\ pressed  by  the  formulas 

I,  =  l,  =  -!^rf  and  l,  =  mrl 


2 

2niM 
2ni  4-  M 
=  !.+  >. 


[--mi 


(m  is  the  mass  of  each  of  the  end  atoms,  r,  is  the  distance  between 
these  atoms).  The  distance  between  the  end  atom  and  the  central 
one.  i.e.,  between  the  vertex  and  centre  of  the  tetrahedron,  is 


fi- 


In  all  the  foregoing  cases,  the  number  of  unknown  intramolecular 
distances  T)  was  equal  to  the  number  of  independent  moments  of 
inertia  of  the  molecule,  from  which  it  was  possible  to  determine  r,. 
In  the  more  general  case  of  asymmetric  linear  triatomic  molecules 
(COS,  HCN,  etc.),  and  also  in  the  case  of  linear  tetra-atomic  mol- 
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ccules  (C,H,,  C,N,,  etc.)  and  more  complex  molecules,  the  number 
of  independent  moments  of  inertia  is  always  less  than  the  number 
of  distances  r,.  and  we  need  additional  data  to  find  them. 

By  way  of  illustration,  let  us  consider  the  linear  molecule  HCN. 
Here  we  have  two  distances,  namely,  r,  =  (C  —  H)  and  r,  =  (C  —  N), 
and  one  moment  of  inertia: 


1  =111117;  -(-  itiNr; 


(ihhi,  -  unI'i)* 

niu  "h  hIq  + 


(mil.  me; ,  mx  are  the  atomic  masses  of  H,  C,  and  N).  In  this  case,  the 
missing  second  equation  (lor  a  determination  of  the  two  unknowns 
r,  and  r,)  can.  for  example,  be  obtained  from  an  analysis  of  the 
rotational  structure  of  the  spectrum  of  the  DCN  molecule.  Indeed, 
because  of  identical  chemical  properties  of  the  H  and  D  atom  (as 
in  all  cases  of  the  isotopes  of  the  same  element),  the  distances 
(C — H)  and  (C— D) — and,  of  course,  the  distances  (C — N) — in  the 
HCN  and  DCN  molecules  must  be  the  .same.  Consequently,  for  the 
DCN  molecule  we  have  (C — D)=r,  and  (C — N)  =  r,,  and 


I ’  —  1111)7;  4-  niNr; 


Impr,  -  niNf,)* 
nip  -f-  iTic  "h  h'n 


(nip  is  the  mass  of  deuterium).  Thus,  having  determined  1  and  I' 
wc  get  two  equations  to  find  the  unknowns  r,  and  r,.  The  spectro¬ 
scopically  measured  values  of  the  moments  of  inertia  of  the  mole- 
cults  HCN  and  DCN  are  1  =  18.935  X  •0“*°  i  cm*  and 
r  =  23.159  X  lO"**  g  cm',  whence  by  means  of  the  previous  for¬ 
mulas  we  get  r,  =  1.058,  A  and  r,  =  1.157,  A. 

I'nderlying  the  roentgeno-  and  electronographic  methods  is  the 
scattering  of  X-rays  and  electrons  by  the  molecules  of  the  substance 
under  study.  These  methods  of  measuring  intramolecular  distances 
are  particularly  suitable  for  cases  when  the  molecule  contains  sev¬ 
eral  heavy  atoms  situated  symmetrically  with  respect  to  the  re¬ 
mainder  of  the  molecule,  as  in  the  case  of  CCI,,  PCI,,  CH,C1,,  etc., 
inasmuch  as  the  diffraction  pattern  here  is  less  complicated;  this 
makes  the  calculation  more  reliable  and  accurate.  In  addition,  the 
intensity  of  the  scattered  rays  that  give  rise  to  the  diffraction  pat¬ 
tern  is  greater  for  heavy  atoms,  and  this  too  simplifies  the  meas¬ 
urements. 

The  scattering  of  X-rays  is  the  result  of  interaction  between  a 
light  wave  and  the  electrons  that  form  the  electron  clouds  of  the 
scattering  atoms,  while  the  cause  of  electron  scattering  is  the  action 
of  the  intramolecular  electric  field  on  the  electrons  being  scattered. 
Outwardly,  the  scattering  of  X-rays  and  electrons  appears  the  same, 
obeying  nearly  the  same  laws:  in  both  cases  the  diffraction  pattern 
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produced  by  scalterinj^  is  a  system  of  concentric  interference  rin^s 
Tile  reason  for  the  identity  of  both  dllTraction  patterns  lies  in  the 
wave  properties  of  an  electron  beam.  makiiiL!  it  possible  to  ret'ard 
the  latter  as  a  plane  wave. 

The  calculation  of  a  diiTraction  pattern  ( roentj^eno- and  electro- 
not;rams)  is  based  on  the  law  of  intensity  distribution  of  the  scat¬ 
tered  rays  over  the  scattering'  anjile  i  e..  over  the  an^le  between 
the  directions  of  the  scattered  and  primary  rays. 

Let  iis  first  consider  the  scatteriiiij  of  a  beam  of  monochromatic 
X-rays  of  wavelength  h  by  an  individual  atom.  Under  the  action 
of  the  electric  vector  of  the  incident  wave  (E^)  the  ebari'es  (elec¬ 
trons)  contained  in  the  volume  element  dv  perform  forced  oscilla¬ 
tions  and  emit  secondary  waves.  The  amplitude  of  these  waves  at 
the  distance  R  (which  is  larj^e  compared  with  the  si/.e  of  the  atom¬ 
ic  nucleus)  from  the  iuicli‘us  of  the  scattering  atom  will  be  e.\- 
press.'d  as 


R 


inc’  I  2 


E„o<lv 


where  e  and  ill  are  the  charge  and  mass  of  the  electron,  c  is  the 
velocity  of  light,  and  0  is  the  density  of  the  electric  charges  equal 
to  n=el'K|'  (T  is  the  wave  function  of  the  atom).  On  the  assump¬ 
tion  of  spherical  symmetr)  of  charge  distribution  in  the  atom,  i.  e.. 
(_i==:o(r),  we  obtain  the  following  e.vpression  for  the  amplitude  of 
secondary  emission  of  the  atom  as  a  whole  (as  a  result  of  inteigra- 
tion  o;er  the  whole  volume  of  the  atom): 


where 


4.T  e-  -I  /” I  cos*  0 

R"  V  2 


E.  r-^l-Knrrdr 

tt 


P  =  -T- 


The  integral  in  this  e.\pre.ssion 

F  „  (0)  ■=  -Irt  J  K  (r)  |=r‘  dr  (48  4) 

9 

which  characterises  the  effect  of  the  electronic  structure  of  the  atom 
on  the  intensity  of  scattered  radiation  is  called  the  structural  (atom¬ 
ic)  [actor.  To  a  certain  degree  of  accuracy,  the  latter  may  be 
determined  either  theoretically  or  experimentally.  Experimentally. 
F|(  is  found  from  measurements  of  the  intensity  of  scattered  radia¬ 
tion  proportional  to  Fr. 
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Let  US  examine  electron  scattering  by  an  atom,  in  other  words, 
let  us  attempt  to  determine  the  effect  of  the  atomic  electric  field  on 
the  primary  electron  beam.  To  do  this,  we  must  solve  the  Schrod- 
ingcr  equation  that  corresponds  to  the  perturbation  problem.  Here, 
the  potential  energy  of  the  electron  being  scattered  in  the  field  of 
the  atom  is  the  perturbing  function.  In  the  case  of  spherical  sym- 
melry  of  charge  distribution  in  the  atom,  this  energy  is  expressed 
by  the  formula 

r 

V  (r)  =  -  J  j 4n  J  K'  (r)  I'  r*dr -  z}  dr.  (48.5) 
« 

Solving  the  Schrddinger  equation  we  find  the  function  ip',  which 
characterises  the  scattered  beam  of  electrons.  Like  the  amplitude  of 
secondary  .X-radiation,  the  function  'll'  may  be  represented  in  the 
form  of  the  product  of  a  constant  quantity  and  a  certain  factor  Fe, 
the  square  of  which  yields  the  distribution  of  scattered  electrons 
over  angle  0  Mott  demonstrated  that  Fe  and  Fr  are  connected  by 
the  following  relation: 

Fe  (0)  =  2^.  {Z  -  Fr  («)}  cosec'  -5-  (48.6) 


(V  is  Ihe  eleciron  velocity).  Thus,  with  the  aid  of  this  relation, 
F.  which  may  be  called  the  atomic  faclor  [or  eleciron  diffraction, 
can  be  calculated  directly  from  the  atomic  factor  for  X-rays.  It 
will  be  noted,  however,  that  Fr,  which  in  equality  (48.6)  has  the 
meaning  of  a  screening  term,  plays  only  a  secondary  part  and  can 
frequently  be  discarded  without  greatly  affecting  the  accuracy  of 
measurements.  Then  the  expression  for  Ff  reduces  to 


Fe 


e’Z  , 


2  • 


(48.7) 


The  principal  formulas  for  calculating  the  intensity  of  secondary 
X-rays  scattered  by  gas  molecules  were  given  by  Debye  and  Ehren- 
fest.  Following  Debye  and  considering  each  atom  in  a  molecule 
as  an  independent  scattering  point-centre,  we  can  calculate  the 
oscillation  amplitude  of  the  radiation  scattered  by  a  given  mole¬ 
cule  as  the  sum  of  amplitudes  of  the  separate  elementary  waves 
.scattered  by  the  individual  atoms  in  the  molecule  (taking  into  ac¬ 
count  the  phase  differences).  Calculation  of  the  average  square  of 
this  total  amplitude  for  all  possible  orientations  of  the  molecule 
yields  Ihe  intensity  of  the  radiation  scattered  by  the  molecule.  By 
introducing  the  atomic  factors  we  .take  account  of  the  charge  distri¬ 
bution  in  the  atoms. 
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In  this  way,  Debye  derived  the  (ollowiny  equation  for  the  inten¬ 
sity  of  X-radiation  scattered  by  a  gas,  the  molecules  of  which  con¬ 
tain  n  atoms  separated  by  the  distance  r,|  and  characterised  by  the 
aloniic  factors  F,,  Fj .  F„: 


F,F,^i^i.  (48.8) 

i  I  j  =  I  ^  ‘i 

A  similar  equation  for  the  case  of  electron  scattering  has  the  satne 


form  as  (48.8)  minus  the  factor 


I  +O..S-0 . 


I  (0)=-kc  X  Z 

i=  I  j  =  1  *  ’  • 


In  the  case  of  X-rays,  F  are  e.vpres.sed  by  (48. 4);  but  in  eleclron 
.scatterinp,  F  represent  atomic  factors  for  electron  dilTraction  and  are 
expressed  by  (48.6).  In  the  latter  instance  (formula  48.9),  X  in  the 
expression  p  =  sin-^  is  the  de  Broglie  wavelength.  Besides,  these 
two  cases  differ  in  the  values  of  the  constant  factor  k  (ki<  and  kj. ), 

According  to  (48.8)  and  (48.9),  the  intensity  of  scattered  radia¬ 
tion  passes  through  a  series  of  maxima  and  minima  with  variation 
of  the  scattering  angle  i).  For  this  reason,  due  to  the  axial  sym¬ 
metry  of  scattering  in  the  ca.se  of  a  narrow  beam  of  rays,  the 
dilTraction  pattern,  which  ordinarily  is  recorded  photographically, 
presents  a  system  of  concentric  rings  of  variable  intensity  (see 
Fig.  4,  p.  33).  which  is  determined  by  the  values  of  the  respective 
double  sums.  The  radii  of  the  interference  rings  depend  upon  the 
wavelength  X.  the  distances  r||  between  the  scattering  atoms  and  also 
the  distances  between  the  scattering  entity  and  the  photographic 
plate  (R).  Therefore,  if  we  know  R  and  X,  we  can  find  the  values 
of  the  intramolecular  distances  rj|  from  the  measured  radii  of  the 
rings. 

The  method  of  interpreting  a  diffraction  pattern  usually  consists 
in  the  following.  Having  specified  a  definite  molecular  structure 
that  appears  probable  on  the  basis  of  certain  reasoning,  from  (48.8) 
or  (48.9)  and  with  the  aid  of  known  values  of  the  atomic  factors 
we  plot  a  curve  of  the  relative  scattering  intensity  versus  the  pa¬ 
rameter  x  =  pr|j.  By  changing  the  scale  of  x  this  theoretical  curve  is 
made  to  coincide  with  the  curve  of  intensity  distribution  over  the 
angle  d  obtained  by  photometry  of  the  appropriate  roentgeno-  and 
electronograms,  and  we  obtain  proof  of  the  proper  selection  of  the 
molecular  model  by  the  coincidence  both  of  intensities  and  of  the 
arrangement  of  interference  maxima  (rings).  If  the  theoretical  and 
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experimental  curves  cannot  be  made  to  coincide,  this  indicates  that 
tile  selected  molecular  model  is  not  the  right  one. 

Tables  49  to  51  give  some  data  on  intramolecular  distances. 

1  a  b  I  e  49 

Inlraniolecular  distances  in  (lie  molecules  of  elements  (after  Herzber^) 


Table  50 

Intramolecular  distances  in  diatomic  molecules  of  hydrides  (after  Herzberg) 


M*  4H| 


i  uk  ai. 


I  .1  li  I  i'  ol 
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Table  49  gives  the  values  of  r..  obtained  from  the  moments 
inertia  1^  expressed  by  the  formula 


ol 


=  -  I0-"  g  cm'. 

(48.10) 

Unlike  r,,  r„  is 

computed  from  the  equation 

•o  — —  X  10  g  cm'. 

(48.11) 

The  connection 
relation: 

between  r.  and  r„  is  evident 

from  the  following 

B,  — 

(48.12) 

(cf.  (38.1 1)  p.  370)  The  quantity  r,.  corresponds  to  the  minimum  ol 
the  potential  curve,  whereas  r„  is  the  mean  value  of  the  interim- 
clear  distance  in  the  state  v^O.  We  may  note  that  the  dilTerence 
between  r  and  r.  is  small:  (or  Be  O,  r,  1.331  A  and  r„^  1.335  A. 

The  data  given  in  Tables  49-51  exhibit  a  number  of  regularities 
that  are  particularly  marked  in  (he  lighter  elements  (.second  and 
third  periods).  In  diatomic  molecules  of  the  elements  in  the  Li-F 
series  (Table  49).  r...  which  is  maximum  in  the  Li,  molecule 
diminishes  with  increasing  atomic  number  and  passes  through  a 
minmmm  m  nitrogen.  This  change  in  r,  corresponds  to  a  change 
in  the  bonding  strength  from  least  in  Li.  (single  chemical  bond) 
to  greatest  in  N,  (triple  bond).  A  similar  variation  of  r,  is  ob¬ 
served  111  other  periods  as  well.  In  the  case  of  hydrogen  conmounds 
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(Table  50).  there  is  a  regular  decrease  in  r,  in  each  of  the  first 
two  periods;  apparently,  this  may  be  correlated  with  the  decrease 
in  size  of  the  atoms  bound  to  hydrogen  and  an  increase  in  the 
stability  of  the  molecule.  Also  characteristic  of  A  H  bonds  is  the 

constant  distance  between  A 
Table  52  and  H  atoms  in  various  com¬ 


pounds.  as  may  be  seen  from 
Table  52.  This  must  be  attrib¬ 
uted  to  the  small  change  in 
stability  of  the  respective  bond 
when  passing  from  one  com¬ 
pound  to  the  next  (see  Sec.  49). 

The  approximate  constancy 
of  bond  length  is  also 
marked  in  the  case  of  single, 
double,  and  triple  bonds 
of  carbon  atoms  (Table  51). 
As  may  be  seen  from  this 
table,  to  an  accuracy  of 
hundredths  of  an  Angstrom,  r=1.54  A  corresponds  to  a  single 
(aliphatic)  C — C  bond,  r=1.34  A  to  a  double  C  — C  bond,  and 
r=1.20  A  to  a  triple  bond.  There  is  a  similar  constancy  of  bond 
length  also  in  the  case  of  the  bonds  C — O  (1.44  A),  C — N  (1.4  A). 
C— Cl  (1. 7-1.8  A).  C  =  0  (-1.2  A),  C=N  (1.16  A),  etc.  The 
bond  length  between  two  carbon  bonds  in  molecules  with  conjugat¬ 
ed  and,  particularly,  with  aromatic  bonds  differs  from  the  length 
of  the  aliphatic  C — C  bond  and  the  double  carbon  bond.  For 
instance,  in  the  benzene  molecule  the  length  of  the  carbon-carbon 
(aromatic)  bond  is  1.40  A,  in  C,CI,,  1.42  A  and  in  C,  (CH,),. 
1.42  A.  From  these  examples,  it  is  seen  that  the  length  of  an 
aromatic  bond  in  benzene  and  its  derivatives  is  interm^iate  be¬ 
tween  the  lengths  of  single  and  double  bonds. 

Let  us  further  consider  the  lengths  of  carbon-carbon  bonds  in 
the  molecules  of  butadiene  H,C=  CH — CH  =  CH,,  where  C — C  is 
1.46  A  and  C  =  C  1.35A;  of  diacetylene  HC  =  C — C  =  CH,  where 
C — C  is  1.36  A  for  C  =  C  equal  to  1.20  A;  of  methylacetylene 
H,C — C  =  CH,  where  the  length  of  the  C — C  bond  is  1.46  A,  etc. 
We  see  that  the  lengths  of  the  bonds  C — C,  C==C,  and  C  =  C  in 
these  conjugated-bond  molecules  differ  less  than  in  molecules  with 
isolated  carbon-carbon  bonds  (Table  51).  This  indicates  a  certain 
similarity  of  bonds  in  conjugated  systems  and  a  complete  simi¬ 
larity  of  bonds  in  the  simplest  aromatic  compounds. 

The  above-mentioned  regularities,  namely,  the  approximate  con¬ 
stancy  of  distance  between  a  given  pair  of  atoms  in  •  different  com¬ 
pounds  with  covalent  bonds  and  the  regular  decrease  in  this  distance 


l.enclli  ot  A-H  bond  in  different 
molcculc'i 
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with  iiicre.-isiii!;  imil  tipi  icily  of  the  bond  permit  iis.  in  purely  fonmil 
fashion,  to  attrihiite  to  each  atom  in  its  yiven  valence  slate  a  ih  /i- 
nile  railing,  as  was  proposed  hy  Paulina.  The  radii  of  certain  atoms 
computed  (after  Paulina)  (rom  crystal lo»raphic  structures  and  also 
from  speciro.scopic  and  electronoaraphic  data  (these  computations  are 
based  on  the  assumption  that  the  distance  between  adjacent  atoms 
in  a  crystal  or  in  a  molecule  is  ecpial  to  the  sum  of  their  radii) 
are  given  in  Table  53  (for  a  single  bond).  Atomic  radii  lor  double 
(r,)  and  triple  (r,)  bonds  arc  approximately  satisfied  by  the  following 
empirical  relations: 

r,  —  0.90r,  and  r, --  0.79r,. 


For  the  atoms  B,  C,  N.  O.  and  S.  the  values  of  r..  obtained  from 
this  relation  are,  respectively.  (I.8I),  0.69,  0.63,  0  .59,  and  0,9-1  ,\. 
Similarly,  for  r,  in  the  case  of  C  and  N  we  find  0.61  and  0.5,5  A. 
It  will  be  readily  seen  that 


Covalent  radii  ol  atoms  (or  -i 
bonds  (r,)  in  A 
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these  values  arcclosc  to  those 
computed  from  Table  49. 

Using  r,,  r,.  and  r.,  it  is 
possible  to  find  the  approxi¬ 
mate  distances  between  the 
atoms  in  different  molecules. 

In  addition,  the  possibility 
to  assign  to  the  atoms  in  a 
molecule  definite  radii  may 
also  be  very  important  for 
determining  the  character 
of  the  valence  bond  in  var¬ 
ious  compounds.  Let  us 
consider  the  SO  and  CO 
molecules.  The  close  agree¬ 
ment  of  the  value  of  r  cal¬ 
culated  on  the  a.ssumption  of 
a  double  bond  and  the  observed  value  in  the  case  of  SO  (1,53*  and 
1.49  A)  niay  serve  to  indicate  that  the  bond  between  the  atoms  S 
and  O  in  tliis  molecule  is  indeed  a  double  bond.  But  in  the  case 
of  CO  the  distance  between  atoms  calculated  as  the  sum  of  the  radii 
of  the  C  and  O  atoms  is  1.28  A**  lor  a  double  bond,  whereas  the 
measured  value  of  this  distance  comes  out  to  1,13  A,  Whence  it 
may  be  concluded  that  the  bond  in  a  CO  molecule  should  be  strong¬ 
er  than  an  ordinary  double  C  =  0  bond;  which  is  actually  the  case. 
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From  the  data  in  Table  49,  we  get  1,51  A  for  r^Q  as  tlie  average  of 

fs.. 

'  From  the  data  in  Table  49,  we  ge,  r^o=l,26  A. 
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A  number  of  other  properties  of  the  CO  mofecule  (for  instance,  its 
preat  siinifarity  to  the  nitrogen  molecufe  N  =  N)  permits  us  to  con¬ 
sider  the  bond  in  CO  as  efose  to  the  triple  C  =  0  bond.  The  sum 
of  the  radii  of  the  atoms  C  and  O  calculated  from  the  r,  values 
j^iven  in  Table  53  for  a  triple  bond  comes  out  to  1.13  A.  i.e.. 
it  coincides  with  the  measured  value  of  the  bond  length  in  the  CO 
molecule. 

As  may  be  seen  from  the  foregoing,  the  concept  of  "atomic  radius", 
unlike  that  of  the  interatomic  distance  (in  the  molecule),  is  con¬ 
ventional.  just  like  the  concept  of  ionic  radius,  which  is  introduced 
in  the  case  of  ionic  compounds,  ionic  crystals  for  instance.  All  meth¬ 
ods  for  determining  ionic  radii  proceed  from  the  view  of  ions  as 
rigid  spheres  closely  packed  in  the  crystal  lattice  and  surrounded 
by  spheres  of  opposite  electric  charge.  From  the  directly  measured 
constants  of  the  crystal  lattice  (these  constants  give  the  distance 
between  ions  in  the  crystal,  i.  e..  the  sum  of  their  radii)  the  radius 
of  each  ion  may  be  calculated  only  on  the  basis  of  certain  simpli¬ 
fying  a.ssumptions.  To  illustrate,  in  the  ca.se  of  crystals  built  up  of 
large  anions  iT.  for  instance)  and  small  cations  (Li",  for  e.xample) 
the  dimensions  of  the  latter  may  be  ignored,  whence  the  radius  of 
the  anion  comes  out  to  half  the  distance  between  two  anions.  Then, 
from  the  inlcrionic  distances  in  the  lattices  built  up  of  this  anion 
and  of  other  cations,  it  is  possible  to  determine  the  radii  of  the 
latter.  Using  known  cation  radii,  it  is  possible  from  the  crystal 
structure  to  calculate  the  radii  of  other  anions.  In  this  way  we 
get  a  system  of  ionic  radii  that  is  used  to  determine  molecular 
structure,  electrical  and  optical  properties,  types  of  crystal  lat¬ 
tices.  etc. 

Ion  radii  can  also  be  calculated  from  the  properties  of  the  elec¬ 
tronic  shells  of  the  ions,  for  instance,  from  ionic  polarisation  or 
from  the  law  for  the  repulsive  force  that  counteracts  further  approach 
of  adjacent  ions.  A  common  feature  to  all  systems  of  ionic  radii 
worked  out  on  the  basis  of  different  initial  data  is  the  tact  that 
they  are  confined  to  a  comparatively  small  range  of  compounds  for 
which  the  ion  radii  are  indeed  certain  (though  conventional)  constants. 
Outside  this  range,  i.e.,  when  applying  this  system  to  other  com¬ 
pounds,  the  additivity  of  the  interionic  distances  is,  as  a  rule ,  not 
fulfilled;  whence  it  follows  that  the  ionic  radii  are  not  constant. 
Further,  we  have  to  distingui.sh  ion  radii  as  a  function  of  the  type 
of  crystal  lattice.  This  brings  the  ion  radius  closer  to  the  “chemical 
radius"  of  the  atom.  However,  the  concept  of  approximate  constancy 
of  ionic  (like  atomic)  radii  turns  out  to  be  useful  in  studies  of 
various  properties  of  atoms  and  ions,  in  evaluating  interatomic  and 
inlcrionic  distances  in  molecules  and  in  crystals,  and  in  interpreting 
the  structure  of  a  variety  of  compounds.  The  radii  of  ions  that 
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have  the  electronic  structure  of  an  inert  f'as  are  i»iven  in  fal)lc  j  1 
(after  Rice). 
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Molecular  structure.  The  problem  o(  geometrical  molecular  struc¬ 
ture  belongs  to  the  field  of  slereochemistry.  Since  the  time  of  van’t 
Hoff  and  LeBel  —  the  founders  of  this  important  branch  of  the 
science  of  matter— a  vast  holy  of  experimental  material  has  been 
amassed.  The  principal  concepts  originated  on  a  purely  chemical 
ground,  were  subjected  to  physical  verification  through  experiment 
and  now  rest  on  a  firm  theoretical  foundation.  One  of  these  is  the 
concept  of  directed  valency.  As  was  demonstrated  in  Chapter  7,  it 
follows  directly  from  the  quantum-mechanical  theory  and  is  thus 
substantiated  theoretically.  Earlier  examined  instances  have  shown 
the  importance  of  the  theory  of  directed  valency  for  establishing 
the  geometrical  structure  of  molecules. 

Here  we  shall  dwell  only  on  the  basic  results  obtained  from  an 
experimental  establishment  of  molecular  geometry  and  also  on 
some  of  the  methods.  Some  of  the  results  and  methods  that  have 
already  been  considered  will  be  omitted. 

One  of  the  important  physico-chemical  methods  that  played  the 
chief  part  in  an  experimental  substantiation  of  the  concept  of  the 
tetrahedral  directivity  of  carbon-atom  valences  (van’t  Hoff)  is  the 
po'arimelric  method,  which  is  based  on  studies  of  the  rotation  of 
the  plane  of  polarisation.  It  is  precisely  with  this  method  that  the 
discovery  of  optical  isomers  —  substances  that  have  identical  compo¬ 
sition  but  rotate  the  plane  of  polarisation  in  different  directions  — 
is  connected.  As  follows  from  the  theory  of  this  phenomenon,  the 
spatial  arrangement  of  atoms  (or  atomic  groups)  in  optical  isomers 
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should  be  such  that  one  molecule  is  a  mirror  image  of  the  other. 
Such,  for  e.xample,  are  the  molecules 

R.  R,  R.  R. 

\/  \/ 

C  and  C 

/\ 

R.  R.  R.  R. 

(R,,  R,.  R,.  and  are  different  atoms  or  radicals)  that  are  obtained 
from  one  another  by  interchanging  two  radicals.  It  will  readily 
be  seen  that  in  the  case  of  two  identical  radicals  one  molecular 
model  passes  into  the  other  as  a  result  of  simple  rotation,  and 
therefore  both  models  have  identical  structure,  i.e.,  they  coincide. 
Inasmuch  as  optical  isomerism  is  experimentally  observed  only  in 
the  case  of  four  diQerent  R|,  these  experiments  must  be  regarded 
as  proof  of  the  arrangement  of  atoms  or  radicals  in  the  vertexes  of 
a  tetrahedron. 

One  of  the  manifestations  of  directed  tetrahedral  carbon-atom 
valences  is  the  constancy  of  the  angle  between  the  valence  bonds 
of  a  tetrahedral  C  atom.  For  instance,  from  measurements  of  the 
angles  of  H — C — Cl  or  Cl — C — Cl  in  the  molecules  CCI^,  CCI,H, 
CCI,H,,  and  CCIH,  it  follows  that  upon  substitution  of  hydrogen 
by  a  chlorine  atom  these  angles  undergo  a  comparatively  small 
change.  Yet  in  the  absence  of  directed  valency,  for  instance  in  the 
case  of  the  CCI,H,  molecule,  one  should  (for  reasons  of  symmetry) 
expect  an  arrangement  of  Cl  atoms  in  a  single  straight  line,  i.e., 
^Cl — C — Cl  =  180“,  whereas  in  reality  we  have  an  angleof  132'’. 

Cogent  proof  of  the  constancy  of  the  valence  angle  of  carbon  is  given 
by  X-ray  studies  of  normal  hydrocarbons,  the  molecules  of  which  are  in 
the  form  of  an  extended  chain.  These  investigations  show  that  the  dist¬ 
ances  between  planes  of  the  crystal  lattice  of  normal  hydrocarbons  vary 
in  proportion  to  the  number  of  C  atoms  in  the  molecule  with  two 
other  practically  unchanged  lattice  parameters.  From  this  it  follows 
that  the  axes  of  the  molecules  in  the  crystal  are  oriented  perpendi¬ 
cular  to  the  plane  of  the  lattice.  Dividing  the  measured  distances 
between  planes  by  the  number  of  C  atoms  in  the  molecule  yields  a 
practically  constant  value  of  1.2  A  in  all  cases.  Dividing  this 
number  by  the  distance  between  the  C  atoms  for  an  aliphatic  bond 

(this  distance  is  1.5  A)  (see  p.  484),  we  gel  sin -I-  — 0.8,  and,  con¬ 
sequently,  the  angle  between  the  bonds  C— C— Ca=107°  is  close 
to  the  angle  between  the  axes  of  a  regular  tetrahedron,  I09'28'. 
Therefore,  the  zigzag  structure  of  hydrocarbon  chains  that  follows 
from  these  data  is  a  consequence  of  the  constancy  of  the  valence 
angle  of  the  carbon  atom.  The  constant  valence  angle  of  carbon. 
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together  with  the  constancy  o[  interatomic  distances  helueen  the 
carbon  atoms  belong  to  the  fundamental  principles  of  the  stereo¬ 
chemistry  of  carbon,  which  play  a  guiding  role  in  modern  investi¬ 
gations  into  the  structure  of  organic  compounds. 

Theoretically  substantiated  directed  valency  occurs  also  in  the 
case  of  Iri-  and  bivalent  elements.  In  this  respect,  trivalent  N  and  P 
and  bivalent  O  and  S  have  been  studied  in  greatest  detail.  I'rom 
the  quantum-mechanical  theory  of  atoms  with  valence  p-electrons 
(such  as  N.  P,  O,  and  S)  it  follows  that  in  the  absence  of  peitui- 
batioiis  the  valence  bonds  must  be  mutually  perpendicular,  whence 
we  get  90'  for  the  angle  between  bonds.  In  reality,  however,  due 
to  the  interaction  of  the  atoms  the  valence  angle  must,  to  a  greater 
or  lesser  degree,  differ  from  SO'  (e.vceed  it).  Theoretically,  one 
should  e.vpect  triangular  molecules  of  HjO,  H,S.  (',1,0.  (('.1-1,),( ), 
etc.,  and  pyramidal  molecules  of  NH,,  PH,.  NCI,,  PCI,.  N(C,H,),. 
etc.  This  conclusion  is  brilliantly  confirmed  by  extensive  experi¬ 
mental  material  obtained  on  the  basis  of  diverse  methods  of  lesearch. 

By  way  of  illustration,  let  us  consider  the  PCI,  molecule.  The 
pyramidal  structure  of  this  molecule  with  the  P  atom  at  the  vertex 
of  the  pyramid  and  Cl  atoms  at  its  base  is  obtained  from  various 
data.  First  we  must  point  to  a  dipole  moment  (1.1  debyes)  that  is 
incompatible  with  the  symmetrical  planar  structure.  The  Raman 
spectrum  of  PCI,  exhibits  four  frequencies  (510,  -fb^O,  and 

190  cm"'),  which  is  the  number  to  be  expected  (or  a  symmetric 
molecule  of  pyramidal  structure  (two  of  these  frequencies  correspond 
to  doubly  degenerate  oscillations);  if  the  molecule  were  planar  there 
would  be  only  three  active  frequencies  in  the  Raman  spectrum. 
The  electronogram  of  PCI,  vapour  is  likewise  compatible  only  with 
a  pyramidal  molecule.  Its  calculation  gives  the  following  interatomic 
distances:  Cl — Cl  ==  3. lb  —  0.06  A  and  P— Cl  —  2.0-1  3=- 0.06  A,  from 
which  follows  ^C1 — P -Cl  ==102’.  Through  the  use  of  the  same 
re.search  methods,  the  pyramidal  structure  was  established  also  in 
the  case  of  NH,,  PH,,  PF,.  PBr,,  AsF,.  AsCI,.  and  SbCI,. 

Interesting  from  (he  standpoint  of  (he  effect  of  directed  valency 
on  molecular  structure  is  the  difference  between  the  molecules  C,H, 
and  H,(3,.  The  former  is  in  the  .shape  of  a  stick,  the  latter,  a  tra¬ 
pezium.  The  linear  shape  of  the  HC  CH  molecule  follows  from 
the  directed  valence  of  the  .  C —  atom,  the  trapezoidal  structure 
0—0 
/  \ 

of  the  H  H  molecule  likewise  directly  follows  from  the  theo¬ 

retical  angle  of  valence  of  (he  oxygen  atom.  As  has  already  been 
pointed  out.  this  angle  is  ordinarily  somewhat  greater  than  90':  in 
the  case  of  H,0,  it  is  close  to  105’.  The  difference  in  the  molecu¬ 
lar  structure  of  C,H,  and  H,0,  is  evident  from  the  absence  of  a 
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dipole  inoinent  in  the  case  ot  acetylene  and  its  presence  in  hydro¬ 
gen  peroxide.  The  dipole  moment  of  H,0,  (2.26  debyes)  is  close  to 
that  of  H,0  (1  84  debyes).  whence  it  may  be  concluded  that  the 
an}<le  ^HOO  in  H,0,  differs  but  slif<htly  from  the  angle  ^HOH 
ill  H,0.  Let  it  be  emphasised  that  from  the  viewpoint  of  the  sym¬ 
metrical  arrangement  of  atoms  in  the  molecule  one  should  expect 
an  identical  geometrical  structure  of  the  molecules  HCCH  and  HOOH. 

Let  us  consider  two  more  methods  of  studying  the  geometrical 
structure  of  molecules.  The  first  —  the  parachor  method  —  which  is 
similar  to  the  earlier  considered  refractoinetric  and  niagnetometric 
methods,  consists  in  the  following.  The  parachor  is  the  temperature- 
independent  and  constant  coefficient  P  in  the  empirical  formula 

I/^=PD  (48.1.3) 

or  in  the  more  precise  formula 

{/a:^-P(D-d)  (48.14) 

that  relate  the  surface  tension  of  a  pure  liquid  a  to  its  density  D 
(d  is  the  vapour  density  above  the  liquid).  The  parachor  is  an 
additive  constant  (of  a  given  substance)  composed  of  individual 
elements  that  characterise  the  atoms  and  groups  of  atoms  (radicals! 
in  the  molecule  —  P,  and  also  various  structural  peculiarities  of  the 
molecule  —  n,.  i.e.. 

P  =  2;‘"i+2]"i-  HS.IS) 

Definite  values  of  P,  and  rij  were  established  from  an  analysis 
of  experimental  material  tor  different  structural  elements  of  mole¬ 
cules  and  these  may  be  utilised  for  calculating  the  parachor  of  a 
chemical  compound  (liquid).  These  values  for  certain  structural 

elements  follow:  Pii  =  l7.1.  Pc  =  4.8,  Pn  =  12.5.  Pch.  =  39.0. 
Pci  =  54.2;  for  a  double  bond.  n=  =  23.2;  for  a  triple  bond  Jt3  = 
=  46.6;  lor  a  six-member  ring  ji,>  =  6.1. 

Let  us  take  advantage  of  these  figures  to  calculate  the  parachors 
of  some  compounds.  In  the  case  of  CCl,  we  find  P  =  Pc-^4Pci  = 
=  4.8  +  4  X  54.2  =  221.6  in  place  of  the  measured  value  of  219. 
For  normal  heptane  C,H,,  P  =  7Pc+ 16Pn  =307.2  in  place  of  309.3. 
For  benzene  C,H,  P  =  6Pc +  6Ph +3n- +«<>  =  207.1  in  place 
of  206.3. 

We  see  that  the  calculated  values  of  the  parachors  practically 

coincide  with  the  measured  values.  Thus,  by  comparing  the  calcu¬ 
lated  and  measured  values  of  the  parachor  of  a  given  compound  it 
is  possible  to  judge  of  the  correctness  of  the  structure  attributed 
to  the  molecules  of  the  compound. 

\nother  method  of  studying  molecular  structure  is  based  on  the 
Jiamsaner  effect.  The  essence  of  this  effect  is  that  when  slow  electrons 
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(or  protons)  pass  through  a  "as  we  observe  a  peculiar  depeiulence. 
upon  the  electron  velocities,  of  the  total  eflective  cross  section  lor 
the  interaction  of  electrons  with  the  yas  molecules.  Depeniliny  on 
the  nature  of  the  gas.  the  elTective  cross-section,  which  is  usually 
taken  as  the  sum  of  the  crrss-sections  of  the  molecules  conlaineci 
in  I  cm’  at  1  mm  Hg  and  0  C.  varies  with  the  electron  velocities 
in  accordance  with  a  curve  that  is  characteristic  of  the  given 
compound  or  the  given  class  of  compounds.  W’e  will  not  go  into  the 
theory  of  the  Ramsauer  effect,  but  will  only  note  that  this  effect 

is  a  dilTraction  elTect  since  it  is 
caused  by  the  wave  properties 
of  electrons  and  protons. 

Figs.  121  and  122  show  curves 
of  effective  cross-section  Q  (in 
cm"')  as  a  function  of  the  elec¬ 
tron  velocities  in  N,.  C,H,.  and 
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F/g.  121.  Effective  cross-sections  for  fig.  122.  Effective  cross-sections  (or 
slow  electrons  in  N,.  C,Hj.  and  H(1N  slow  electrons  in  CO,  and 

(after  Brucche  and  Schinieder)  (alter  Brucche  and  Schmieder) 


HCN  (Fig.  121)  and  CO,  and  H,CCCH,  (Fig.  122).  We  see  that 
the  curves  for  each  class  of  molecules  are  charateristic  of  this  class. 
The.se  data  are  interesting  from  the  viewpoint  of  Grimm's  law  of 
the  displacement  of  hydrides  (Table  34.  p.  334)  according  to  which 
the  CH  molecule  and  the  N  atom,  just  like  CH,  and  O.  that  have 
the  same  number  of  electrons  (isoeicctron  particles)  must  in  a  cer¬ 
tain  sense  be  regarded  as  chemical  and  physical  analogues.  This 
peculiarity  is  also  evident  from  the  shape  of  the  curves  under  con¬ 
sideration  because  the  substitution  of  an  N  atom  by  a  CH  group 

or  of  an  O  atom  by  a  CH,  group  does  not  essentially  aller  the 
shape  of  the  respective  curve.  Hence,  the  intramolecular  field  — 

that  acts  on  the  electron  and  determines  the  magnitude  of  the 

effective  cross-section  (for  a  given  electron  velocity)  —  in  molecules 
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that  belonK  to  each  of  the  two  classes  under  consideration  has  a 
similar  structure  within  the  limits  of  a  given  class.  And  since 
this  is  hardly  possible  for  unlike  molecular  structure  we  must 
conclude  that  the  molecules  of  each  given  class  have  a  similar 
structure  peculiar  only  to  the  given  class.  Thus  the  C  atoms  in  the 
molecule  H.CCCH,,  like  the  C  and  O  atoms  in  the  CO,  molecule, 
should  be  situated  on  a  single  straight  line. 

Apparently,  Q  is  also  a  sensitive  indicator  of  the  type  of  valence 
bond  in  a  molecule.  Interesting  in  this  respect  are  the  curves  for 
the  molecules  O,  and  H,C=CH,  given  in  Fig.  123.  Despite  the 
same  number  of  electrons  in  these  molecules  and  the  double  bond 
in  both,  the  curves  that  correspond  to  them  are  radically  different. 

However,  this  difference  be¬ 
comes  understandable  if  one 
takes  into  account  that  oxygen 
is  paramagnetic,  whereas  eth¬ 
ylene  is  diamagnetic.  Whence 
we  get  the  different  type 
of  bonding  between  the  O 
atoms  in  the  O,  molecule  and 
between  the  methylene  radi¬ 
cals  CH,  in  the  C,H,  mole¬ 
cule:  in  O,  the  cheriiical  bond 
is  accomplished  by  four  elec¬ 
trons.  two  of  which  have  un¬ 
compensated  spins  (’Estate) 
while  in  the  C,H,  molecule 
all  electron  spins  are  mutual¬ 
ly  compensated.  This  differ¬ 
ence  in  valence  bonding  undoubtedly  exerts  its  effect  on  the  struc¬ 
ture  of  the  field  of  the  molecules  under  comparison.  It  is  this,  there¬ 
fore,  that  accounts  for  the  marked  difference  in  the  shapes  of 
the  respective  Ramsauer  curves. 

It  may  be  noted  that  in  recent  years  new  methods  have  emerged 
in  the  study  of  molecular  structure.  These  methods  are  associated 
with  the  development  of  nuclear  physics.  One  consists  in  the  use 
of  scattering  and  diffraction  of  neutrons.  On  the  basis  of  the 
scattering  of  thermal  neutrons  by  the  molecules  of  sulphuric  acid. 
Janik  e,stablished  the  presence  of  OH  hydroxyls  in  the  H,SO, 
molecule.  Applying  neutron  diffraction,  Levi  and  Peterson  studied 
the  crystalline  structure  of  NH,CI  and  determined  the  distance 
N— H  (1.03  ±0.02  A). 

The  .second  in  this  group  of  new  methods  is  one  that 
utilises  positron-electron  interaction  to  produce  positronium.  It 
is  capable  of  measuring  the  rate  of  transformation  of  ortho- 


Fig.  123.  Effective  cro»-sections  for  slow 
electrons  in  oxygen  and  ethylene  (after 
Brueche) 
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positroniiim  into  pnra-positroniiim  (l>y  nieasiirinf.'  the  lifotiiiic  of 
positroniuni  with  tlw  help  of  counters  and  coincidence  circuits). 
Since  this  transformation  is  accomplislicd  with  particular  ease  on 
free  and  unpaired  elc*ctrons  in  atoms  and  molecules  and  since  as 
a  result  we  f>et.  in  place  of  the  relatively  lont,'-lived  ortho  positroniuni 
that  decays  into  three  )>amnia-(|uanta.  para-positronium.  which  is 
a  thousand  times  more  lone- lived  and  decays  into  two  eamma- 
(|uanta.  it  becomes  possible  to  determine  the  concentration  of 
electrons,  atoms,  and  radicals  in  the  suiistance.  .\nolher  possibi I ity 
of  the  positron  method  is  connected  with  observine  the  annihilation 
of  positrons  in  their  col lisions  with  electrons.  This  pernii ts  stiidyint! 
the  dis'rihution  of  electron  density  in  molecules. 

Final  I  y,  molecular  structure  may  be  studied  by  a  method  based 
on  the  iMossbauer  elTect,  which  consists  in  the  resonance  scattering 
of  gamma-quanta  by  nuclei.  Since  the  resonance- level  width  of 
excited  nuclei  is  many  orders  of  maeniliide  les^  than  the  recoil 
energy  obtained  by  the  nucleus  due  to  its  emission  of  a  gamma- 
quantum.  resonance  scattering  of  gamma-qu-anta  does  not  occur  in 
the  case  of  recoil.  However,  it  is  observed  (this  is  the  Ahissbauer 
effect)  if  recoil  is  eliminated.  This  is  achieved  by  getting  the 
scattering  atoms  (nuclei)  firmly  fixed  in  the  crystal  lattice  at  low 
temperatures.  The  very  slightest  external  elTect  (for  example,  changes 
in  the  chemical  composition  of  the  scatterer)  brings  about  a 
displacement  (shift)  in  the  nuclear  levels.  This  upsets  resonance 
because  of  the  above-mentioned  small  width  of  the  resonance 
levels.  Resonance  may  be  restored  with  the  aid  of  the  Doppler 
frequency  shift,  which  is  used  to  measure  the  shift  in  nuclear 
levels.  Studying  such  shifts  in  the  nuclei  of  iron  Fe‘'  in  its  various 
compounds.  Kistner  and  Fynyar  made  a  quantitative  determination 
of  the  contribution  of  different  electron  shells  to  the  valence  bonds 
of  iron.  Afeasurements.  made  by  Hanna  and  others,  of  the  magnitude 
of  the  shifts  in  the  case  of  metallic  iron  and  its  oxide  Fe,0,  have 
further  led  to  the  conclusion  that  iron  nuclei  arc  situated  in  strong 
magnetic  fields  (of  the  order  of  hundreds  of  thousands  of  oersteds) 
induced  by  electron  shells.  It  is  very  probable  that  subsequent 
elaboration  of  this  method  will,  in  the  near  future,  open  up  great 
possibilities  for  studying  the  fine  structure  of  the  electron  shells 
of  atoms  and  molecules. 


49.  Energy  Constants  of  Molecules 


Methods  for  determining  bond  energies.  Let  us  first  take  up  the 
experimental  methods  of  determining  the  energy  of  chemical  bonds 
(heats  of  dissociation).  .Most  widespread  are  the  Ihermal  methods. 
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which  are  based,  for  example,  on  measurements  of  thermodynamic 
equilibrium.  In  the  simplest  case,  one  of  these  methods  amounts 
to  measuring  the  pressure  of  a  heated  gas  or  to  measuring  the 
concentration  (pressure)  of  the  initial  gas  or  its  products  of  disso¬ 
ciation  at  various  temperatures.  Having  in  view  to  determine  the 
lieat  of  dissociation  of  a  diatomic  gas,  we  can  express  the  constant 
of  equilibrium  ,\,  — t2X 


(px  and  px,  are  the  partial  pressures  of  the  atomic  and  molecular 
components),  on  the  assumption  that  both  components  obey  the 
law  of  ideal  ga.ses,  by  the  following  formula: 


^ _ 4  i^pi* 

p  -  2Ap 


(49.1) 


where  Ap  =  p  —  (T/T,)p,.  p  is  the  overall  pressure  at  temperature  T 
and  p„  is  the  initial  pressure  of  X,  at  temperature  T„.*  Calculating 
K,,  (49.1)  from  the  values  of  Ap  (measured  at  various  temperatures) 
b/  means  of  equation 


d  /nKp _  Qp 

dT  “FT* 


(49.2) 


we  find  the  heat  of  dissociation  D  =  Q.  at  temperature  T.  The 
heat  of  dissociation  at  absolute  zero  D°  may  be  obtained  from 
the  equation 

T  T 

D'  =  D  -  2  5  Cp^dT  +  J  dT  (49.3) 

•  0  * 

which  is  one  of  the  particular  expressions  of  the  Kirchhoff  formulas. 

As  may  be  seen  from  (49.1).  Ap,  at  a  given  temperature,  is  the 
greater  the  higher  the  equilibrium  constant  K.,  i.  e..  the  less  the 
heat  of  dissociation  D.  Therefore,  this  methocf  of  determining  the 
heats  of  dissociation  (due  to  measuring  difficulties  at  high  temper¬ 
atures  and  the  associated  considerable  errors)  yields  the  most 
precise  results  only  in  the  case  of  small  D  when  the  atom  concen¬ 
tration  even  at  relatively  low  temperatures  is  appreciable.  This 
method  has  yielded  good  results  in  the  case  of  the  halogens  Cl,, 
Br,.  and  I,.  By  way  of  illustration,  we  give  the  results  of 
measurements  of  the  heat  of  dissociation  of  iodine  obtained  by 
Perlman  and  Rollefson.  The  values  of  D'  computed  by  these 


•  At  this  temperature  the  partial  pressure  of  the  atomic  component  p.^ 
is  practically  zero.  It  will  be  noted  that  px=2Ap. 
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workers  from  measurements  at  dillercnt  temperatures  are:  'Mi.7r^7 
(872' K),  35.r)83  (973' K(.  35.528  (t073‘K).  35.50-t  (tt73  K).  and 
35.515  kcat  mot  U274'K ).  The  mean  weifjhted  value  of  35. 5 1  I  kcal  mol 
practicallycoincides  with  35.556  kcal  mol  obtained  spectroscopically. 

It  should,  however,  be  noted  that  diirin;'  recent  years  as  a 
result  of  considerable  refinement  in  methods  of  nieasiirinu  temper¬ 
atures  and  concenli  ations.  ways  have  been  found  lor  extending 
this  thermal  method  to  leinperaUires  up  to  3000  K  aiul.  conserpiently. 
for  measuring  comparatively  hieh  values  of  heats  of  dissociation. 


To  illustrate.  Fig.  124  gives  the  measured  *  (at  various  temperatures) 

values  of  the  degree  of  dissociation  of  hydrogen  .\  -,r — r-rs— >  100" 

‘  M..  reH 

(open  circles).  In  this  figure,  the  curve  is  plotted  from  the  values 
of  X  obtained  from  the  heat  of  dissociation  of  H,. 

Further  possibilities  for  measuring  large  heats  of  dissociation  are 
to  be  found  in  the  shock-wave  method,  which  is  based  on  the 
relationship  between  the  rate  of  propagation  of  a  shock  wave  in 
a  gas  and  the  state  of  the  latter,  its  temperature,  pressure,  and 
density.  Correlating  the  measured  and  calculated  rates  of  propaga¬ 
tion  of  a  shock  wave  in  nitrogen.  Toennis  and  Greene  showed 
that  of  the  two  spectroscopically  obtained  values  of  the  heat  of 
dissociation  of  nitrogen.  D'=  170.22  and  225.09  kcal  mol.  only 
the  latter  value  yields  rates  of  propagation  that  coincide  with  the 
measured  ones. 


•  In  tliese  experiments  the  concentration  of  the  atomic  component  was 
determined  by  tlie  dettection  of  a  molecular  beam  in  a  nonunitorm  magnetic 
field. 
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All  the  foregoing  methods  are  based  on  measurements  of  thermo¬ 
dynamical  equilibrium  in  heat  gases.  Besides  these  there  are 
thermal  methods  that  might  also  be  called  kinetic  inasmuch  as 
they  deal  with  measuring  the  rates  of  chemical  processes.  Of  this 
group  we  shall  consider  only  the  pyrolitic  method,  which  consists 
in  measuring  the  rate  of  thermal  decomposition  of  the  substances 
concerned . 

Obviously,  we  can  here  speak  only  -  of  the  decomposition  of 
molecules  info  radicals,  i.e..  of  the  monomolecular  process  of 
type  R,R,  =  R,  +  R,-  The  activation  energy  E  that  enters  into 
the  e.xpression  for  the  constant  of  the  rate  of  this  process 

'‘  =  -,R7R7)T=Ae‘^  (49.4) 

is  in  most  cases  equal  to  the  bond  dissociation  energy  of  R,  —  R,  (D). 
Thus,  D  may  be  obtained  from  the  rate  constant  of  monomolecular 
decomposition  measured  at  various  temperatures: 

D  =  E  =  — (49.5) 

“(t  ) 

Frequent  use  is  made  of  a  simplified  modification  of  this  method 
based  on  the  fact  that  the  pre-exponential  factor  A  in  (49.4)  is,  in 
most  cases,  of  the  order  of  10'*sec"‘.  Putting  A=  I0'*sec"'  and 
measuring  l<  at  a  certain  (single)  temperature,  one  obtains  the 
dissociation  energy  of  the  bond 

D  =  E  =  RTIn-!^.  (49.6) 

This  simplified  method  was  first  used  by  Butler  and  Polanyi  to 
determine  the  dissociation  energy  of  the  C — I  bond  in  various  organic 
iodides.  It  later  found  wide  application  in  many  studies. 

Spectroscopic  methods  comprise  another  important  group  of 
experimental  methods  for  determining  the  heats  of  dissociation  of 
molecules.  Of  this  group,  the  most  precise  method  is  that  based  on 
a  determination  of  the  convergence  limit  of  bands  in  the  absorption 
spectrum  of  a  given  gas  (v  progressions,  p.  398).  As  follows  from 
the  theory  of  molecular  electronic  spectra  the  frequency  v„„.  which 
corresponds  to  the  convergence  limit  of  the  bands,  is  in  the  following 
relationship  to  the  excitation  energy  E  and  the  heat  of  dissociation 
of  the  excited  molecule  D': 

hv„„  =  hv.,  +  D'=E  +  D'.  (49.7) 

Using  this  expression,  one  can  determine  the  dissociation  energy 
of  an  excited  molecule  to  the  accuracy  with  which  the  values  of 


Sec.  491 


LNTRGY  COiXSIANTS  OP  MOLrCf  l.PS 


407 


and  E  are  determined.  And  to  find  the  dissociation  cneriry  of  a 
molecule  in  the  tjround  state  it  is  necessary  to  have  additional 
information  on  the  origin  of  the  terms  that  correspond  to  the  ground 
and  e.xcited  states  of  fhe  molecule.  Here,  various  cases  are  possible. 
We  shall  e.xamine  three. 

Case  a.  The  ground  and  excited  terms  of  the  BC  molecule  originate 
from  terms  of  the  B  and  C  atoms  which  are  in  the  ground  state. 


c) 


Fig.  125.  Different  cases  of  the  photoclisso- 
ciation  of  diatomic  molecules 


In  this  case,  as  a  result  of  the  dissociation  of  the  e.xcited  molecule 
we  get  two  atoms  in  the  ground  state  iFig.  125  a)i  the  sum  E -|- D' 
will  be  equal  to  D  (the  heat  of  dissociation  of  the  molecule  in  the 
ground  state): 

D  =  E  +  U'  =  hv.^„,,  (49.8) 

Case  b  (Fig.  125  b).  The  ground  term  of  the  BC  molecule  originates 
from  the  ground  terms  of  atoms  B  and  C;  the  e.xcited  term,  from 
fhe  ground  term  ol  atom  B  and  the  excited  term  of  atom  C.  In  this 
case,  the  dissociation  of  an  excited  molecule  yields  B-^C',  while 
the  dissociation  of  the  molecule  in  the  ground  state  yields  B-j-C. 
The  sum  E-f-D'  here  should  equal  the  sum  D-j-A,  where  A  is  the 
excitation  energy  of  atom  C,  i.e., 

D  =  E  +  D'-A  =  hv„„  — A.  (49.9) 

In  this  case,  to  determine  the  dissociation  energy  in  the  ground 
state  from  the  convergence  limit  of  bands,  it  is  necessary,  consequently, 
to  know  the  excitation  energy  of  one  of  the  atoms. 

Case  c.  The  ground  term  of  the  BC  molecule  originates  from  the 
terms  of  atom  B  in  the  ground  state  and  from  the  excited  atom  C; 
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the  excited  term,  from  the  terms  B  and  C,  which  are  in  the  ground 
state.  In  this  case,  obviously  (Fig.  12.5c), 

D=E  +  D'  +  A  =  hv„„  +  A.  (49.10) 

Here,  as  in  the  preceding  case,  we  must  know  A  in  order  to  find  D. 

It  should  he  noted  that  cases  a  and  b.  particularly  the  latter,  are 
tile  most  frequently  encountered  ai  d,  for  this  reason,  the  most  important 
practically.  Unfortunately,  the  convergence  limits  of  the  bands  are 
observed  only  in  very  few  cases,  for  example,  for  Cl,,  Br,,  I,,  O,, 
and  certain  other  molecules.  Case  b  is  encountered  for  all  these 
molecules. 

In  connection  with  this  spectroscopic  method,  of  interest  is  the 
history  of  the  determination  of  the  heat  of  dissociation  of  oxygen. 
Before  the  discovery  of  this  method  nothing  definite  was  known 
about  the  heat  of  dissociation  of  O,,  and  the  figures  given  by 
iliflercnt  workers  ranged  from  45  to  400  kcal  mol.  The  experimentally 
determined  convergence  limit  of  the  absorption  bands  of  oxygen 
came  out  to  162  kcal  mol  (Birge  and  Sponer).  For  some  time  it  was 
believed  that  both  the  ground  and  excited  term  of  the  O,  molecule 
originates  from  the  ’P  terms  of  O  atoms  (case  a).  Accordingly,  the 
dissociation  energy  of  oxygen  D  was  considered  equal  toD  =  hv,„„  = 
—  162  kcal  mol.  However.  Herzberg  demonstrated  that  the  excited 
state  of  the  O,  molecule  unlike  its  ground  state  (*27).  does 

not  originate  from  the  ground  terms  of  O  atoms  (’P-|-’P,  cf.  p.  327), 
but  from  the  terms  'P^-'D  (case  b).  Therefore,  a  precise  determi¬ 
nation  of  the  heat  of  dissociation  of  O,  proved  possible  only  after  A 
was  found;  A='D  —  ’P  —  45  kcal  mol  (Frerichs).  On  the  basis  of 
this  value,  from  (49.9)  we  find  D=I62  —  45=  117  kcal/mol.  At 
(he  pre,sent  time,  as  a  result  of  a  precise  determination  of  the  band 
convergence  limit  (Herzberg)  we  have  D“  (at  0'’K)=  117.96  kcal/mol. 

It  is  to  be  noted  that  the  heat  of  dissociation  of  hydrogen 
(D”=  103.24  kcal  mol)  was  determined  from  observations  of  the 
convergence  limit  in  the  emission  spectrum  (v'  progressions).  In  this 
case,  the  convergence  limit  directly  yields  the  dissociation  energy  of 
the  H,  molecule  in  the  ground  state  (that  originates  from  atomic 
terms  which  correspond  to  the  ground  state  of  H)  as  the  difference 
D  =  hv,|  — hv,„„.  (49.11) 

As  was  pointed  out  earlier,  the  band  convergence  limit  is  actually 
observed  in  very  rare  instances.  And  the  spectra  of  most  gases  are 
either  a  system  of  bands  consisting  of  the  initial  members  of 
progressions  or  are  continuous.  In  the  first  case,  to  find  the  disso¬ 
ciation  energy  from  the  spectral  data,  use  is  made  of  an  approximate 
method  of  extrapolation  (Birge  and  Sponer),  which  is  based  on  the 
fact  that  the  maximum  vibrational  energy  of  a  molecule  is  equal  to 
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its  dissociation  energy.  The  follovvinj^  approximate  formula  is  ordi¬ 
narily  used: 

D  -  (49  12) 


(Sec.  37).  wliicli  is  obtained  on  the  assumption  that  the  vibrational 
energy  of  a  molecule  is  e.xpressed  by  the  two-term  ecpiation  (37.10) 
(p.  355).  As  has  already  been  pointed  out.  this  equation  is  suitable 
only  for  an  approximate  description  of  the  vibrational  structure  of 
the  spectrum.  Still  less  suitable  should  it  be  for  extrapolation. 
The  extrapolation  formula  (49.12)  should  therefore  yield  only 
extremely  approximate  values  of  D.  As  experiment  shows,  in  most 
cases  it  gives  exaggeratedly  high  values,  as  may  be  seen  from  the 
data  in  Table  55.  which  gives  the  true  values  of  the  dissociation 
energies  (D,„..„)  for  a  number  of  molecules  and  also  the  values 
calculated  from  (49.12)  and  the  departures  of  these  )rom  the 

true  values  (in  percentage).  It  is  seen  that,  on  the  average,  the 
extrapolated  values  exce^  the  true  values  by  -^20" 

One  should  expect  greater  accuracy  in  the  extrapolation  method 
when  using  a  more  precise  expression  (or  the  vibrational  energy,  a 
three-term  expression  for  instance: 

Evib  =  l'‘'>  (v  -h-j)  —  hox  fv  4-h(,)y  (v  +4')' 

or  a  four-term  one. 

Table  55 


Itcats  of  dissociation  of  some  diatomic 
molecules  obtained  by  the  extrapolation 
method  (in  kcal.mol) 


Mokcule 

i> 

mvAS 

'A-xl.U. 

H. 

III 

I0;t.2 

7 

N, 

275 

225.1 

22 

o. 

147 

118.0 

25 

NO 

179 

150.0 

19 

OH 

127 

101 .5 

25 

CO 

2.*)y 

25b.  1 

1 

HCI 

ri.i 

102.2 

20 

HBf 

111 

86.5 

17 

Cl. 

57 

.57.2 

0 

Br, 

70 

45.4 

53 

Indeed,  using  the  extrapolation  formula 
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•  derived  from  the  three*tenn  expression,  we  find  for  the  heat  of 
dissociation  of  the  hydroxyl  OH  —  the  vibrational  energy  of  which 

is  expressed  by  the  formula  =  h -13738.48  — 

-  85.482  (v +4)’ +  0.7232  (v  + 4-)’ -0  04544  — 

118  kcal  mol.  i.e.,  a  magnitude  IS';,  in  excess  of  the  true  value, 
whereas  the  value  given  in  Table  55  obtained  from  (49.12)  exceeds 
the  true  value  by  25” 

The  extrapolation  method  is  applicable  in  the  case  of  a  vibrational 
structure  of  the  spectrum.  However,  when  the  absorption  spectrum 
is  continuous  throughout,  then,  as  follows  from  what  has  been  said 
about  the  nature  of  continuous  absorption  spectra  (Sec.  41),  one  can 
calculate  the  upper  Until  of  the  dissociation  energy  from  the  long¬ 
wave  limit  of  the  spectrum.  Experiment  indicates  that  this  method 
ordinarily  has  an  accuracy  of  several  tens  per  cent,  rarely  of  units 
per  cent.  Continuous  absorption  spectra  have  been  detected  in  the 
ca.se  of  molecules  of  type  HX,  MX  (X  is  a  halogen),  etc.,  and  also 
in  the  case  of  a  large  number  of  polyatomic  molecules,  for  instance 
N.O,  Cl,0,  COS,  .XCN,  H,0,  H,S,  H,0,,  SO,,  saturated  hydrocar¬ 
bons,  alcohols,  ethers,  acids,  etc. 

Let  us  now  consider  the  spectroscopic  method  based  on  a  determi¬ 
nation  of  the  predissociation  limit.  In  the  case  of  diatomic  molecules 
the  predissociation  limit  (frequency  Vp.cj)  almost  always  yields 
only  the  upper  limit  of  the  dissociation  energy: 

D<hv„„d.  (49.14) 

However,  when  it  is  possible  to  observe  a  break-off  in  the  rota¬ 
tional  structure  in  several  vibrational  levels  of  the  molecule  and 
thus  to  establish  the  trend  of  the  perturbation  curve,  the  pre¬ 
dissociation  method  is  an  extremely  precise  method  for  determin¬ 
ing  the  magnitude  of  D.  Such  is  the  case  for  the  molecules  H,, 
N,,  CO,  P,,  and  SO.  In  a  number  of  cases  (including  four  of 
the  above  five),  difficulties  arise  because  it  is  impossible  to  give 
an  unambiguous  solution  to  the  problem  of  the  state  of  the  dis¬ 
sociation  products  of  a  predissociating  molecule.  For  example,  a 
strictly  definite  limit  of  dissociation  (from  Vp,ed  for  several 
bands)  of  the  P,  molecule  lies  at  116.03  kcal/mol.  Identification 
of  this  number  with  the  heat  of  dissociation  of  P,  is  based  on 
the  assumption  that  in  the  region  of  predissociation  the  P,  mole¬ 
cule  decomposes  into  the  atoms  P(”S)  and  P(’D).  Another  pos¬ 
sible  value  of  the  heat  of  dissociation  of  P,  equal  to  94.98 
kcal/mol  is  obtained  if  we  consider  the  atoms  P(*S)  and  P('P) 
to  be  the  products  of  dissociation.  The  latter  value  must,  appar¬ 
ently,  be  considered  less  probable. 
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In  the  case  of  polyatomic  molecules,  the  sharp  limit  of  predissocia¬ 
tion  probably  ratherclosely  coincides  with  the  dissociation  energy,  as 
far  as  it  is  possible  to  judge  from  the  few  known  e.xamplcs.  One  such 
rase  is  observed  in  the  spectrum  of  NO,,  from  which  we  have 
70,8  kcal'mol  for  the  dissociation  energy  corresponding  to  the  proc¬ 
ess  NO,  — eN0-|-0,  whereas  thermochemical  data  yield  D”  =  69.() 
kcal'mol.  In  the  majority  of  cases,  the  prcdissociation  limit  in 
the  spectra  of  polyatomic  molecules  is  highly  dilTuse.  and  its  deter¬ 
mination  yields  only  the  upper  limit  D. 

Of  late,  the  mass-spectroscopic  method  of  determining  the  bond 
energy  has  become  widespread.  This  method  consists  in  electron 
bombardment  of  the  molecules  of  the  gas  under  study,  in  measur¬ 
ing  the  minimum  energy  of  the  bombarding  electrons  at  which 
appropriate  ions — detected  by  their  mass  spectrum  —  make  their 
appearance  (appearance  poicniial  of  ions  of  this  kind)  and  in 
measuring  the  energy  of  these  ions.  Of  greatest  interest  from  the 
viewpoint  of  determining  the  bond  energy  is  the  following  process: 

R,R.  +  e=R+  +R.-f  2e. 

Knowing  the  energy  of  this  process,  E,,  and  the  ionisation  potential 
of  the  radical  R,.  we  can  obtain  from  equation 

D  =  E.  — elR,  (49.15) 

the  bond  energy  R,  —  R,  (D).  E,  is  found  from  the  appearance  poten¬ 
tial  of  the  R  +  ion,  i.e..  from  the  minimum  energy  of  the  bombard¬ 
ing  electrons  at  which  the  formation  of  these  ions  is  observed. 

The  ionisation  potential  of  the  radical  R,  in  formula  (49.15)  may 
be  measured  directly  by  means  of  the  electron  impact  method. 
When  R,  is  an  atom,  the  value  of  its  ionisation  potential  can  be 
obtained  spectroscopically. 

Stevenson,  who  first  applied  the  above-described  method  for 
determining  bond  energies,  proposed  another  method  that  dispenses 
with  the  ionisation  potential  of  the  resultant  ion.  To  illustrate,  let 
us  consider  the  case  of  the  H,C — H  bond,  the  energy  of  which 
was  also  obtained  via  the  measured  ionisation  potential  of  the 
radical  CH,  (first  method).  Summing  the  equalities 

RCH.=  R-^-|-CH.  +  e-ERcii. 

R^-fH  +  e=RH-fERH 

CH.  -4-  RH  =  RCH,  +  2H  +  AHch.  +  AHri,  -  AHrch.  -  2AHi, 
we  get 

CH.  =  CH.+  H-D„^c-h 
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where 

Dh.c  -  H  =  Erch.  —  Erh  —  AHch.  —  AHrh  + 

+  AHrch,  +  2AHh  (49.16) 

Thus,  by  measuring  the  appearance  potential  of  the  R*  ion  under 
electron  bombardment  of  RH  and  RCH,,  i.e.,  the  quantities  Erh 
and  Ercii,  (it  is  taken  here  that  the  energy  of  R'^  is  equal  to 
zero),  we  find  Dh.c-h  from  the  known  heats  of  formation  of  meth¬ 
ane  (AHch,).  the  substances  RH  and  RCH,  (AHrh  and  AHrch,). 
and  atomic  hydrogen  (AHh).  using  (49.16).  In  the  first  experi¬ 
ments,  Stevenson  took  ethane  C,H,  (RH)  and  propane  C,H,  (RCH,), 
i.e.,  R=C,H,.  From  the  measured  values  of  Ec,h.=  15.2  eV, 
Ec.h.  =  14.5  eV  and  from  the  known  heats  of  formation  (  —  AHch.  — 
—  AHc,h,,  +AHc.Hi  +2AHH=5.08eV)  it  follows  that  Dh,c-  h= 
=  4.4  ±  0.2  eV,  which  coincides  with  the  value  obtained  by  means  of 
the  ionisation  potential  of  CH,. 

Let  us  briefly  dwell  on  the  theoretical  determination  of  the  energy 
of  chemical  bonds.  Theoretically,  the  dissociation  energy  of  a  given 
bond,  for  instance  the  energy  of  the  R,  —  R,  bond  in  the  molecule 
R,R,.  may  be  calculated  as  the  energy  difference  of  the  particles 
R,  and  R,  and  the  molecule  R,R,.  The  mean  energy  of  the  bonds 
is  determined  from  the  heat  of  atomisation,  which  is  obtained  as 
the  difference  between  the  energy  of  all  the  atoms  of  the  given 
molecule  and  the  energy  of  the  molecule.  Thus,  the  theoretical 
problem  of  determining  bond  energies  reduces,  in  the  final  analysis, 
to  calculating  the  energy  of  the  molecules. 

However,  even  in  the  case  of  the  simplest  diatomic  molecules, 
this  calculation,  which  consists  in  the  solution  of  the  quantum-me¬ 
chanical  problem  of  the  interaction  of  a  definite  number  of  elec¬ 
trons  and  nuclei,  encounters  tremendous  mathematical  difficulties. 
Suffice  it  to  say  here  that  it  was  only  in  the  17th  approximation 
that  calculation  of  the  H,  molecule  (a  system  consisting  only  of 
two  electrons  and  two  nuclei)  gave  a  heat  of  dissociation  of  H, 
that  coincided  with  the  experimental  value  (see  p.  288),  The  heats 
of  dissociation  of  certain  other  simple  diatomic  molecules  were 
calculated  with  less  accuracy. 

Substantial  progress  in  this  field  should  be  expected  with  the 
development  of  computer  techniques.  The  molecules  O,  and  N, 
were  the  first  to  be  attacked  by  computing  machines.  Meckler 
calculated  the  heat  of  dissociation  of  O,.  which  came  out  only  2% 
less  than  the  true  value  (116  in  place  of  118  kcal/moi).  Using 
two  computational  methods  (variational  and  electrostatic)  for  the 
heat  of  dissociation  of  nitrogen,  Bruchner  obtained  227.07  and 
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227.95  kcal  mol.  which  difler  from  the  true  value  of  225  kcal  mol 
by  roughly  1','6. 

Naturally,  the  calculation  of  triatomic  and  more  complex  mole¬ 
cules  is  a  still  more  difficult  problem.  As  yet  there  is  not  a  single 
satisfactory  solution  Therefore,  of  interest  are  various  semi-empirical 
methods  of  calculating  complex  molecules  that  in  part  utilise  experi¬ 
mental  data,  in  this  way  greatly  simplifying  the  computations. 

Bond  dissociation  energies.  Table  56  gives  the  heats  of  dissocia¬ 
tion  of  some  diatomic  molecules.  These  heals  are  of  interest  in  that 
they  serve  as  the  initial  data  lor  determining  the  bond  energies  in 
other  diatomic  and  polyatomic  molecules. 

Table  56 


Heats  of  dissociaiion  of  certain  diatomic  molecules  in  kcal.Tnol  al  O^K 


103  24 

O, 

117.96 

N; 

225.09  1 

,38.5  1 

110 

loi  4 

104  05 

98.5 

p. 

116.03  i 

Cl, 

57.10' 

CO 

256.14 

105.02 

M 

65 

Asj 

90.8  ' 

Br, 

45  44 

NO 

152.3 

61  .07 

Q 

53 

i  Sb, 

1 

70.6 

1 

K 

35.. 57  j 

SO 

123.6 

In  this  table,  the  heats  of  dissociation  of  H,,  HD,  D,,  H^,  N,, 
CO.  O,.  Cl,.  Br,,  and  I,  are  exact  values;  the  errors  do  not  exceed 
hundredths  of  a  kcal  mol.  The  heats  of  dissociation  of  nitric  oxide 
and  hydroxyl  may  be  considered  accurate  to  within  ±0.9  and 
±0.5  kcal, mol,  respectively.  The  heats  of  dissociation  of  the  other 
molecules  given  in  Table  56  (S,,  Se,.  Te,.  P,.  As,,  Sb,.  SO)  are 
dependent  upon  certain  assumptions,  the  validity  of  which  has  as 
yet  not  been  definitively  proved. 

It  may  be  noted  that  the  heat  of  dissociation  of  CO  is  connected 
with  the  heat  of  formation  of  gaseous  carbon  AHc  by  the  relation 

Deo  =  AHc  +  Do,  -  AHco 

from  which  it  follows  that  AHc  =169.96  Ifcal-  is  of  funda¬ 

mental  significance  for  computing  the  bond  energies  in  molecules  of 
organic  compounds. 

The  heat  of  dissociation  of  NO  may  be  obtained  from  the  heats 
of  dissociation  of  N,  and  O,  and  the  heat  of  formation  of  NO  from 
the  formula 

DAB=y(DA.-f  Db.)  — AHab.  (49.17) 

On  the  basis  of  (49.17),  we  can  calculate  the  heats  of  dissociation 
of  many  other  molecules.  For  example,  from  the  well-known  heats 
of  formation  of  the  halogen  hydrides  HX  and  the  heats  of  dissocia- 
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tioii  of  hydrogen  and  the  halogen  molecules  we  obtain  the  follow¬ 
ing  heats  of  dissociation  of  HX  molecules  (at  O'*  K);  134.1  (HF). 
102.2  (HCI),  86.5  (HBr),  and  70.5  (HI)  kcal  mol.  In  the  same  way, 
from  the  heats  of  formation  of  gaseous  alkali-halogen  salts  MeX 
(Me  stands  for  an  alkali  metal  atom)  and  the  heats  of  dissociation 
of  halogens  we  get  the  most  precise  values  of  the  heats  of  dissocia¬ 
tion  of  MeX  molecules. 

The  heals  of  dissociation  are  also  used  for  calculating  the  ener¬ 
gies  of  splitting  of  complex  molecules  into  atoms  (heats  of  atomisa¬ 
tion).  For  instance,  from  the  heat  of  formation  of  water  vapour 
AHh, 0=57.11  kcal  (at  0’ K)  and  the  heats  of  dissociation  of  H, 
and  b,  (Table  56)  we  get  219.3  kcal  for  the  heat  of  atomisation  of 
H,0.  The  heats  of  atomisation  are  of  prime  importance  in  deter¬ 
mining  the  average  bond  energies  (see  below). 

1 1  may  be  noted  that  when  the  heat  of  formation  of  a  substance 
AB  is  unknown,  the  following  procedure  is  often  resorted  to  to  find 
the  heat  of  dissociation.  Pauling  and  dost  postulated  the  additivity 
of  the  energies  of  single  covalent  bonds;  by  this  the  energy  of  a 
normal  covalent  bond  between  unlike  atoms  A  and  B  is  equal  to 
the  arithmetical  mean  of  the  two  energy  values  Da.  and  Db,.  Later, 
however,  it  was  found  that  this  postulate  had  to  be  replaced  by  a 
similar  geometrical-mean  postulate.  According  to  the  latter,  the 
energy  of  a  normal  covalent  bond  between  atoms  A  and  B  is 

I 

(Da.Db,)’.  Here,  the  difference  between  the  true  energy  of  dissocia¬ 
tion  and  the  value  obtained  for  the  geometrical  mean  must  be  the 
less  the  smaller  the  difference  between  atoms  A  and  B  as  regards 
electronegativity,  i.e.,  the  more  covalent  the  bond  in  the  AB 
molecule. 

However,  it  will  readily  be  seen  that  this  method  of  determin¬ 
ing  the  dissociation  energy  is  suitable  only  for  a  rough  evaluation 
of  this  quantity.  Indeed,  taking  advantage  of  the  data  in  Table  56 
and  calculating  the  heats  of  dissociation  of  NO  and  HO  molecules 
from  the  formula 


Dab  =  KDa.Db..  (49.18) 

we  get  163  kcal/mol  for  NO  in  place  of  152,  and  111  for  HO  in 
place  of  101,  i.e.,  values  that  exceed  by  109o  those  given  in 
Table  56.  A  still  greater  discrepancy  is  found  in  the  case  of  halo¬ 
gen  hydrides  where  the  values  of  D  calculated  from  (49.18)  are  less 
than  the  true  values  by  14  to  54%. 

The  bond  dissociation  energy  in  saturated  molecules  and  radicals 
is  a  quantity  that  is  of  interest  both  from  the  viewpoint  of  the 
structure  of  these  particles  and  for  elucidating  the  kinetics  and  reac¬ 
tivity  of  the  compound.  This  quantity  may  be  calculated  from  the 
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following  equation: 

D  (R,  —  R.)  =  AHr,  —  AH„,  —  AHr.r,  (q9. 19) 

from  the  heats  of  formation  AH  of  the  appropriate  molecules,  radi¬ 
cals.  and  the  particles  formed  in  their  decomposition.  Table  57 
gives  the  quantities  thus  obtained  for  .some  of  the  simplest  mole¬ 
cules  that  decompose  with  rupture  of  a  simple  chemical  bond. 


Table  57 

The  energy  of  decomposition  of  molecules  info  two  univalent  radicals 
at  25*  C  (in  kcal  mol) 


H 

CH, 

C,H, 

C  H 

NH, 

Oil 

CN 

NO 

NO, 

c, 

Br 

1 

H 

10-1.2 

103 

98 

102 

104 

119.2 

114 

— 

— 

|i'3.2 

87.5 

71  4 

CH. 

103 

8G 

84 

90 

81 

89 

90 

— 

49 

82 

68 

54 

C.H. 

98 

84 

80 

88 

— 

90 

— 

— 

56 

80 

65 

51 

C.Hj 

102 

90 

88 

98 

90 

105 

— 

— 

62 

85.6 

70.9 

57 

NH, 

1 04 

81 

— 

90 

60 

63 

— 

— 

— 

— 

— 

— 

OH 

110.2 

89 

90 

105 

63 

50 

— 

51 

51 

— 

— 

— 

CN 

lU 

90 

— 

— 

— 

112 

— 

— 

85 

75 

63 

NO 

— 

— 

— 

— 

— 

51 

— 

2.9 

9.6 

38.0 

30.6 

— 

NO, 

— 

59 

56 

62 

— 

51 

— 

9.6 

13.7 

— 

— 

— 

Cl 

103.2 

82 

80 

85.6 

— 

85 

38.0 

— 

58.0 

52.5 

Br 

87.5 

68 

65 

70.9 

— 

75 

30.6 

— 

52.2 

46.1 

1 

1 

71.4 

54 

51 

57 

B 

B 

■63 

— 

— 

50.3 

42.5 

Of  great  interest  is  the  dissociation  energy  of  simple  chemical 
bonds  in  the  homologous  series.  From  general  reasoning  that  follows 
from  ordinary  concepts  concerning  the  mutual  interaction  of  atoms  in 
molecules  it  may  be  concluded  that  as  radicals  becomemore  complex 
in  the  molecules  that  form  the  given  homologous  series,  for  example, 
the  aliphatic  radical  R„  =  C„H,„.(-,  in  the  series  R„  —  X  (X  =  H, 
OH,  halogen,  C.H,.  etc.),  the  energy  of  the  R„  —  X  bond  must 
tend  to  a  certain  constant  value.  An  analysis  of  experimental  data 
referring  to  paraffin  hydrocarbons  (both  normal  and  of  isostructure) 
carried  out  by  Voyevodsky  yielded  77.6  kcal/mol  as  the  limiting 
value  of  the  C„H,„  +  i  —  H  bond  energy.  The  decrease  in  bond  dis¬ 
sociation  energy  when  passing  from  methane  to  ethane  and  other 
heavier  hydrocarbons  is  to  be  explained,  according  to  Voyevodsky 
by  the  inductive  effect  of  CH,  groups.  Proceeding  from  this  assump¬ 
tion,  Voyevodsky  obtained  for  the  C — H  bond  dissociation  energy 
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the  following  equation 

Dc  -  H  =  D  (C„  H.„  +  .  —  H)  =  77.6  -f  8.0  2  0.4  k.  (49.20) 

where  ki  is  the  number  of  C  atoms  in  each  of  the  three  radical 
chains  R,,  R,,  and  R, 

R. 

I 

R.-C-R,. 

I 

H 


For  example,  in  the  case  of 

CH. 

I 

H.C  — C  — CH.CH, 

H 

we  have  k,  =  k,=  l  and  k,  =  2.  The  energy  values,  obtained  from 
(49.20),  lor  the  detachment  of  an  H  atom  from  various  hydrocar¬ 
bons  are  in  good  agreement  with  experiment. 

A  formula  similar  to  (49.20)  was  derived  by  Voyevodsky  also 
for  the  C  —  C  bond  dissociation  energy  in  paraffin  hydrocarbons. 

With  respect  to  known  experimental  data  on  the  bond  energies 
in  homologous  series  we  note  that  in  the  case  of  the  series  R„  —  H. 
R„ — CH,,  R„ — C,H,,  R„ — C,H,  the  C — X  bond  energy  dimin¬ 
ishes,  in  accord  with  theoretical  reasoning  (see  p.  505),  with  increase 
in  the  number  of  the  series  term  (n)  and  tends  to  a  certain  constant 
value.  Unlike  these  series,  the  energy  of  the  C  —  OH  bond  in  al¬ 
cohols  fluctuates  about  a  certain  mean  value,  which  for  normal 
alcohols  is  89.4  kcal/mol.  The  same  constancy  of  bond  energy  is 
observed  in  the  homologous  series  of  ethers  Rn  —  ORm,  and  also  of 
alkyl  nitrites  RnONO.  alkyl  nitrates  RnONO,,  and  alkyl  peroxides 
R.,OOR„, 

From  the  foregoing  it  may  be  concluded  that  the  bond  energies 
in  the  homologous  series  of  different  compounds  retain  approximate 
constancy  if  the  participant  in  the  bond  is  an  oxygen  atom  (C  —  O 
bond  in  alcohols  and  ethers.  O  —  O  in  peroxides,  and  N — O  in 
nitrites  and  nitrates),  while  the  C  —  C  and  C — H  bonds  exhibit  a 
monotonic  decrease  to  a  certain  constant  value. 

This  decrease  in  the  R„ —  X  bond  energy  in  the  case  of  X  =  H 
and  CH,  (and  also  in  the  case  of  X  =  1  and  Br)  and  the  practically 
constant  bond  energy  in  the  case  of  X=OH  (alcohols)  is  correlated 
by  Baughan,  Evans,  and  Polyani  with  the  particular  stability  of 
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Rii  — OH  molecules  that  is  due  to  the  considerable  weight  of  the 
ionic  structures  R„ — O'H’’  and  R,rO"H. 

If  the  decomposition  of  a  molecule  of  a  paraffin  hydrocarbon 
(C„H;n  +  :)  with  rupture  of  the  C  —  H  bond  involves  the  expendi¬ 
ture  of  100-80  kcal  mol  and  of  the  C  —  C  bond  with  85  to  75  heal  mol, 
then  the  corresponding  decomposition  of  alkyl  radicals  C„H.„  +  i  takes 
about  40  kcal  mol  and  25  kcal  mol  respectively.  This  decrease  in 
the  C  —  H  and  C  —  C  bond  energies  when  passing  from  saturated 
compounds  to  radicals  is  caused  by  the  fact  that  in  the  decomposi¬ 
tion  of  the  latter  the  expended  energy  is  partially  compensated  for 
by  the  energy  released  as  a  result  of  the  formation  of  a  new  bond, 
as  is  evident  from  the  following  scheme: 

H  H  H  H 

II  II 

H,C  —  C  —  C - -  H.C  --  -j-  C  =  C  . 

II  II 

H  H  H  H 

This  compensation  is  absent  in  the  decomposition  of  saturated  com¬ 
pounds. 

If  as  the  result  of  the  rupture  of  a  simple  chemical  bond  in 
the  dissociation  of  saturated  molecules  there  appear  tree  univalent 
radicals,  the  rupture  of  a  double  bond  leads  to  the  formation  of 
bivalent  radicals,  biradicals,  or  valence-saturated  molecules.  For 
instance,  biradicals  can  form  by  rupture  of  the  double  C  =  C  bond 
in  the  ethylene  molecule  H,C  =  CH, — "2CH,  or  in  the  propylene 
molecule  H,C  =  CH  —  CH, — 'CH,-(-CH  —  CH,.  It  might  even  be 
that  in  the  latter  case  there  occurs,  simultanecusly  with  the  rupture 
of  the  double  bond,  a  displacement  of  the  H  atom  in  the  biradical 
CH  —  CH,  that  leads  to  the  formation  of  a  new  double  bond,  and 
the  process  follows  the  scheme  H,C  =  CH  — CH, — -CH,  +  H,C  =  CH,. 
Due  to  partial  compensation,  the  latter  is  more  advantageous  ener¬ 
getically  than  a  process  that  leads  to  the  appearance  of  two  biradi¬ 
cals.  Indeed,  whereas  the  rupture  of  the  C  =  C  bond  in  propylene 
(it  leads  to  the  formation  ol  two  biradicals)  requires  146  kcal/mol, 
decomposition  into  CH,  and  H,C=CH,  requires  an  energy  of  only 
85.6  kcal/mol.  which  is  close  to  the  dissociation  energy  of  a  single 
C  —  C  bond. 

The  compensation  effect  is  naturally  greater  w'hen  it  is  possible 
for  the  molecule  to  decompose  into  two  olefines.  For  instance,  in 
the  case  of  the  decomposition  of  2-butylene  CH,CH  =  CHCH,  into 
two  molecules  of  ethylene  we  have  CH,CH  =  CHCH,  =  2C,H,. 
23  kcal/mol  or  in  the  case  of  the  decomposition  of  2-pentene  into 
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ethylene  and  propylene  CH,CH  =  CHCH,CH,  =  C,H4  +  C,H,, 
25  kcal  mol . 

In  addition  to  total  rupture  of  a  double  bond  we  can  also  have 
a  partial  rupture,  i.e.,  the  transformation  of  a  double  bond  into 
a  single  bond,  as  a  result  of  which  the  molecule  passes  into  the 
state  of  a  biradical  without  decomposing,  for  instance,  H,C  = 

I  I 

=  CH, — >  H,C  —  CH,.  The  energy  of  this  process  (65  kcal/mol) 
was  obtained  as  the  energy  expended  on  cis-trans-isomerisation  of 
dideutero-ethylene  that  is  accomplished  via  the  intermediate  bi- 
radical  slate: 

H  H  H  H  HD 

II  II  II 

c=  c  — —  c— c - .c=c. 

II  II  II 

D  D  D  D  D  H 

Biradical  states  are  most  frequently  encountered  experimentally 
among  the  aromatic  compounds,  in  the  case  of  which  the  energy 
of  transition  into  the  latter,  i.e..  the  energy  difference  between 
the  biradical  and  ground  states  of  the  molecule,  is  particularly 
small.  For  example,  the  excitation  energy  of  the  biradical  state  of 
the  paraquinodimethane  molecule 

h.c=/^\=ch. 

is  only  about  10  kcal/mol.  Because  of  the  low  excitation  energy 
of  the  biradical  stale,  the  concentration  of  biradicals  of  paraquino¬ 
dimethane 

I  /=.  I 

H.C-^ _ >-CH. 

is  very  considerable  already  at  room  temperature. 

Another  example  is  the  Chichibabin  hydrocarbon 

(C.H,),C  =  =  =  C(C.H4).. 

for  which  the  excitation  energy  of  the  biradical  state 

(C.H.).C  V C  (C.H.). 

is  estimated  at  several  kilocalories.  The  ease  with  which  biradi- 
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cals  are  formed  in  these  cases  is  due  to  the  large  energy  gain  in 
the  formation  of  aromatic  rings.  In  this  sense,  we  can  again  speak 
of  the  compensation  elfect. 

Transition  to  the  biradical  state  frequently  signifies  a  transition 
of  the  molecule  from  the  ground  singlet  state  to  an  e.YCited  iriplfl, 
which  is  one  of  the  electron  stales  of  the  given  molecule.  For  this 
reason,  in  addition  to  thermal  e.xcitation,  direct  radiative  excita¬ 
tion  of  the  biradical  state  of  the  molecules  is  possible  to  the  extent 
of  probable  inlercombination  transition  from  the  singlet  to  the 
triplet  state.  Terenin  demonstrated  that  the  biradical  triplet  stales 
of  molecules  play  a  very  great  part  in  photochemical  reactions, 
particularly  in  the  reactions  of  various  dyes.  And  Terenin  established 
that  under  the  conditions  of  a  photochemical  reaction  the  biradicals 
can  make  their  appearance  both  by  nieans  of  a  direct  radiative 
transition  to  the  triplet  stale  and  via  an  intermediate  excited  sin¬ 
glet  state  with  subsequent  transition  to  the  triplet  stale  upon  col¬ 
lisions  with  molecules.  In  the  case  of  radiative  excitation  of  birad¬ 
ical  triplet  stales  the  excitation  energy  can  obviously  be  determined 
directly  from  the  positions  of  the  respective  absorption  bands  in 
the  spectrum  of  the  given  compound.  This  energy  can  also  be  ob¬ 
tained  theoretically. 

It  may  be  added  that  in  a  number  of  cases  the  triplet  biradical 
state  has  been  detected  by  measuring  the  paramagnetic  susceptibil¬ 
ity  of  the  compounds.  This  measurement  is  possible  due  to  the 
considerable  concentrations  of  excited  molecules,  which  concentra¬ 
tions  are  in  turn  possible  because  triplet  excited  states  are  melasla- 
hie  and.  hence,  comparatively  long-lived  electronic  states  of 
molecules 

Proton  affinity.  Of  considerable  interest  is  the  bond  energy  of 
various  neutral  particles  (molecules  and  radicals)  with  the  proton. 
It  has  been  established,  for  example,  that  molecular  ions  of  water 
H,0*,  which  initially  form  in  an  electric  discharge  in  water  vapour, 
interact  with  H,0  molecules,  this  yields  hydroxonium  H,0*  and 
hydroxyl  OH.  It  will  readily  be  seen  that  the  thermal  elTect  Q  of 
the  process 

H,0^  +  H,0  =  H,0^  +OH 

can  be  expressed  as  the  difference  of  the  heats  of  proton  attachment 
to  the  H,0  molecule  and  to  the  OH  radical,  i.e.,  as  the  difference 
of  proton  affinity  of  H,0  and  OH; 

Q==  Ph.o  —  PoH- 

Proton  affinity  also  determines  the  thermal  effects  of  the  forma¬ 
tion  of  alkyl  ions  from  protons  and  olefine  molecules  or  complex 
alkyl  ions  from  simpler  ions  and  olefines. 
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Table  58  {jives  the  values  of  proton  affinity  of  free  and  hydro- 
{jenated  atoms  O,  N.  apd  C.  These  values  are  obtained  for  atoms 
and  radicals  from  measured  ionisation  potentials  and  the  heats  of 
dissociation  of  the  appropriate  radicals.*  The  proton  affinity  of  the 
KH,  molecule  was  obtained  indirectly. 

Table  58 

Proton  atfinity  of  free  anti  hydrogenated  atoms 
of  o.xygen.  nitrogen,  and  carbon  (in  kcal  mol) 


C. 

138 

N 

44 

CH 

158 

o 

115 

NH 

1*18 

CH, 

183 

OH 

U2 

NH, 

185 

CH. 

118 

OH, 

169 

NH, 

202 

CH, 

122 

The  values  of  proton  affinity  of  H,0  and  CH,  molecules  have 
been  measured  by  Frankevich  and  Talroze.  In  Table  58  we  note 
a  regular  increase  in  proton  affinity  of  the  O  and  N  atoms  with 
their  increasing  degree  of  hydrogenation  and  the  absence  of  an  anal¬ 
ogous  regularity  in  the  case  of  carbon.  It  is  extremely  probable  that 
the  sharp  decrease  in  proton  affinity  in  the  transition  from  CH,  to 
CH,  is  due  to  the  absence  of  an  unshared  electron  pair  in  methyl. 

Other  alkyl  radicals,  halogen  atoms,  olefines  and  other  substances 
also  display  substantial  proton  affinity.  Some  of  the  relevant  data 
are  given  in  Table  59. 


Table  59 

Proton  affinity  of  halogen  atoms,  alkyl  radicals 
and  the  simplest  olefines  (in  kcahniol) 


tl 

B 

Olefines 

■ 

(120) 

CH, 

118 

QH, 

156 

124  5 

C,H, 

144 

C.H. 

176  (H-C,H,) 

EB 

134.5 

C.H, 

136 

C,H, 

184  (iso-CjH,) 

■ 

147 

n  -C,H, 

166 

C4H, 

196  (tert-C.H,) 

Average  bond  energies  and  the  rule  of  additivity  of  bond 
energies.  The  bond  energies  in  the  simplest  molecules,  such  as  H,0. 
NH,,  CH^  or  CI^O,  NCI,,  CCl,,  which  contain  the  same  bonds,  may 

•  For  example,  the  proton  affinity  of  an  oxygen  atom  is  Po~^OH"l“ 
H-cIh  “®1oh*  Dqh  dissociation  of  OH,  1^^  and  Iq^i  are 

the  ionisation  potentials  of  H  and  OH. 
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be  calculated  Irom  the  heats  of  formation  of  the  molecules  and  the 
heats  of  formation  of  the  component  atoms.  For  example,  by  calcu¬ 
lating  the  eneryy  of  formation  of  the  methane  CH,  molecule  from 
the  H  and  C  atoms  (the  energy  of  atomisation  of  methane)  from  the 
formula  Acu.  =  AHc  + -tAHi,  —  AHcn.  =  171 .3  + -1  >'52. 1  +  17.9-= 
=  397.5  kcal  inol.  for  the  mean  energy  of  the  C  —  H  bond  in  CFI, 
we  find,  in  view  of  the  identity  of  all  four  C  —  H  bonds  in  the 
CH,  molecule.  Ec  _  n  =  '  , -Acn.  =  99.1  kcal  mol.  In  similar  fashion, 
for  the  mean  energy  of  the  bonds  N  — H  in  NH,  and  O  —  H  in 
HjO  we  get  En  -  h  =  , Ami,  =  93  -1  and  Eq  -  n  = ',1s  Ah,o  = 
=  1 10.8  kcal  mol. 

In  the  case  of  more  complex  molecules  with  dilTerent  bonds,  the 
mean  energy  of  the  bonds  between  respective  pairs  of  atoms  may  be 
determined  if  we  proceed  from  the  fact  that  the  bond  energy  of 
a  given  pair  of  atoms  is  approximately  constant  in  dilTerent  cojii- 
pounds.  The  most  convincing  experimental  proof  of  this  constancy 
consists  in  the  possibility  of  a  rather  exact  representation  of  the 
energy  of  atomisation  of  the  various  compounds  (with  single  or  with 
isolated  *  multiple  bonds)  in  the  form  of  a  sum  of  the  bond  ener¬ 
gies  of  the  respective  pairs  of  atoms  (additive  formula).  Let  us 
consider,  by  way  of  illustration,  the  normal  paraffins.  Assuming  the 
additive  formula  to  hold,  we  represent  the  energy  of  atomisation  of 
these  compounds  as  the  sum 

Ac„ti,ii*,  =  2  (n  1)  Ec_ H  -j- (n  —  1)  Ec  -c-  (49. 21) 

On  the  other  hand.  .A  may  be  calculated  from  the  experimentally 
known  heats  of  formation  of  hydrocarbons  of  the  class  under  study; 

Aciiiiint,  =  nAHc  2  (n  1)  AHh  —  AHc„u,„+,. 

The  experimental  values,  calculated  from  this  formula,  of  the  energy 
of  atomisation  of  normal  paraffins  are  given  in  the  second  column 
of  Table  60.  In  the  third  column  are  given  the  values  of  .A  obtained 
from  the  additive  formula  (49.21)  for  the  following  values  of  the 
mean  bond  energies:  Ec_h  =  98.75  and  Ec-c=  82.87  kcal, mol. 

As  may  be  seen  from  the  data  of  Table  60,  already  beginning 
with  pentane  there  is  complete  agreement  of  the  atomisation  energies 
computed  from  the  additive  formula  and  obtained  experimentally. 
It  will  be  noted  that  the  mean  bond  energy  Ec-h  =  99.4  kcal.'mol 
(see  above)  obtained  from  the  experimental  value  of  the  atomisation 
energy  of  methane  diders  by  only  0.6  from  the  value  of  98.75  kcal, mol 
taken  in  the  additive  formula. 


•  Isolated  multiple  bonds  are  bonds  separated  by  more  tlian  one  single 
bond. 
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Table  60 


Atomisation  energy  of  normal  hydrocarbons 
of  the  paraffin  series  (in  kcal/mol) 


Hydro* 

carbon 

^mcas 

*calc 

^meas  ~^calc 

CH* 

397.5 

395.0 

2.5 

C,H. 

675.3 

675.4 

— O.l 

C.H, 

95,>.3 

955.7 

—0.4 

C.H.o 

1235.8 

1236. 1 

—0.3 

C,H„ 

1516.5 

1516.5 

0.0 

C.H„ 

1796.8 

1796.8 

0.0 

2077.2 

2077.2 

0.0 

•  C.H,, 

2357.6 

2357.6 

0.0 

C.H., 

2637.9 

2637.9 

0.0 

C„H„ 

2918.3 

2918.3 

0.0 

C„H,. 

3198.7 

3198.7 

0.0 

C„H.. 

3479.1 

3479. 1 

0.0 

Correlating  the  mean  energy  of  the  C  —  C  bond  with  the  mean 
energies  of  single  bonds  of  other  atoms  of  the  same  period; 

C— C  N— N  0—0  F— F 

82.9  75.3  59.5  37.6 

we  note  a  decrease  in  bond  energy  from  carbon  to  fluorine. 

From  the  additive  formula  for  the  atomisation  energy  of  normal 
alcohols 

Acniijii+iOH  =  (2n  1)  Ec-h  +  (n  —  1)  Ec-c  + 

+  Ec-o+Eo-h  (49.22) 

with  the  aid  of  the  e.xperimental  values  of  the  atomisation  energy 
obtained  from  formula 

AcnH,„+,OH  =  nAHc  +  2  (n  -|-  1)  AHh  +  AHo  —  AHc„h,„+,OH 
and  the  above-obtained  mean  values  of  bond  energies  Ec-h  =98.75, 
Ec.-c  =  82.87,  and  Eo-h=110.8  kcal  mol,  we  get  Ec-o  = 
=  85.5  kcal/mol  for  the  mean  energy  of  the  C  —  O  bond  in  alcohols. 
A  value  of  Ec-o  close  to  this  is  obtained  from  the  heats  of  for¬ 
mation  of  ethers  (85.3)  and  also  from  the  heat  of  formation  of  ethy¬ 
lene  glycol  CH,OH — CH,OH  (85.9).  Following  are  the  mean 
energies  of  a  single  bond  with  oxygen  for  other  elements  as  well: 

C— O  N— O  0—0  F— O 

85.5  75.5  59.5  45.8 

Here  En-o  is  obtained  as  '/,Dno*  and  Ep_o  as  '|,Df,o. 

*  En -o  calculated  as  */•  Apjo  comes  out  to  74.7  kcal/mol. 
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In  similar  lashion  we  can  calculate  the  C  —  N  bond  energy.  Such 
calculation  from  the  heats  of  formation  of  CH,NH,.  C,HsNH,. 
(CH,), NH,  and  HCN  yields,  on  average,  Ec.n=69  0  kcal|'niol 
with  an  average  spread  of  ±0.7kcalmol.  For  dilTerent  elements  we 
get: 

C— C  C— N  C— O  C— F 

82.9  69.0  85.5  102  2 

Here  Ec_f  is  obtained  as  ';,Acp.. 

Let  us  also  calculate  the  average  energies  of  the  bonds  C  —  Cl, 
C — Br,  and  C — 1,  For  Ec-ci  from  the  heats  of  formation  of  CCI,, 
CHCl,,  CH.CI,,  CH.Cl,  C,HC1.,  C,H.C1„  C,H,C1.,  C,H,CI„  and 
C,HjCI  we  get  79.2  kcal  mol,  for  Ec-bc  from  the  heats  of  forma¬ 
tion  of  CBr.,  CHBr,,  CH.Br,,  CH.Br,  C.H.Br,,  C,H,Br, 
66.6  k cal  mol.  and  for  Ec-i  from  the  heats  of  formation  of  CHI,, 
CH,1,,  CH,I,  C,H,1,,  and  C,H,I,  52.4  kcal  mol.  For  the  average 
bond  energy  of  dilTerent  elements  with  the  chlorine  atom  we  get; 

C  — Cl  N  — Cl  O  — Cl  F  — Cl 
79.2  37.9  49.6  61.0  . 

Here  En -ci  is  obtained  from  the  heat  of  formation  of  NOCl,  Eo-ci 
3s  '/, Doi.o  and  Ep-ci  as  Dpci- 

It  will  be  noted  that  the  energy  of  the  C  —  C  bond  in  trimethylene 

CH. 

/\ 

CH.— CH, 

comes  out  appreciably  reduced  as  compared  with  the  hydrocarbons 
of  the  paraffin  series.  From  the  heat  of  formation  of  trimethylene 
(considering  Ec-h  =  98.75  kcal  mol)  we  get  Ec-c  =  73.8  in  place 
of  82.9  kcalmol. 

Also  reduced  are  the  energies  of  the  C  —  C  and  C  —  O  bonds  in 
the  molecule  of  ethylene  o.xide 

O 

/\  . 

H.C— CH. 

Considering  Ec-h  =98.75,  from  the  heat  of  formation  of  ethylene 
oxide  we  get  Ec-c  +  2Ec -o  =  215,5  in  place  of  253.9  kcal/mol. 
The  decrease  in  the  bond  energies  in  both  of  the  cases  just  consid¬ 
ered  (thi:  signifies  a  rise  in  the  energy  of  the  molecule)  is  caused 
by  a  deformafion  of  valence  angles  that  is  associated  with  ring 
structure.  Let  it  be  noted  that  in  the  case  of  cyclohexane  C.H,, 
where  the  deformation  of  the  valence  angles  (tension)  is  absent. 
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calculation  of  the  average  energy  of  the  C  —  C  bond  yields  a  normal 
value,  82.9  kcal'mol. 

Smaller,  but  quite  clearcut,  differences  in  the  bond  energies  are 
observed  also  in  passing  from  normal  hydrocarbons  to  hydrocarbons 
of  a  diflerent  structure;  this  is  directly  evident  from  their  heats  of 
formation.  For  instance,  the  heat  of  formation  of  isobutane 


H 

I 

H.C— C-CH, 

I 

CH. 


conies  out  to  1.6  kcal'mol  more  than  that  of  normal  butane 
H,C  —  CH,  —  CH, — CH,.  In  the  same  way,  the  heats  of  formation 
of  the  three  isomers  of  pentane;  normal  pentane  H.C  —  CH,  —  CH, — 
—  CH,  —  CH,.  2-methylbutane  CH,CH,CH  (CH,),,  and  2,2-dimethyl- 
propane  (neopentane)  (CH,),C  are  35.0,  36.9,  and  39.7  kcal.mol, 
thus  differing  by  1.9,  2.8,  and  4.7  kcal/mol. 

Appro.Timate  constancy  of  bond  energies  is  frequently  observed 
also  in  the  case  of  multiple  bonds.  For  example,  this  constancy  of 
energy  of  the  double  carbon-carbon  bond  occurs  in  the  case  of 
olefines,  as  may  be  seen  from  the  data  given  below;  calculating  the 
energy  of  the  C  =  C  bond  from  known  heats  of  formation  of  olefines 
of  normal  structure  and  from  the  earlier  accepted  values  of  Ec-n= 
=  98.75  and  Ec-c  =  82.97,  we  get,  for  the  first  twelve  olefines, 
the  following  values  of  Ec=c;  143.4,  146.1,  145.8,  146.1,  146.1, 
146.2,  146.1,  146  1,  146.2,  146.2,  146.2,  and  146.2  kcal/mol.  We 
see  that  beginning  already  with  the  second  member  of  the  series  of 
normal  olefines,  Ec=c  is  practically  constant. 

As  in  the  case  of  paraffin  hydrocarbons,  the  heats  of  formation 
of  olefines  of  iso-structure  turn  out  somewhat  greater  than  those  of 
the  corresponding  normal  olefines.  If  this  difference  is  due  to  the 
C  —  C  bond,  tor  example,  in  the  case  of  pentenes,  we  will  have; 
for  2-cis-  and  2-trans-pentenes  CH,CH  =CHCH,CH,  Ec=c=  147.8 
and  148.7.  for  2-niethyl-l-butene  Ec=c=  149  8,  for  3-methyl-l-butene 
Ec=c=  148.0,  and  for  2-methyl-2-butene  Ec=c=  151.3,  whereas 
lor  normal  pentene  we  had  Ec=c=  146.1  kcal/mol. 

.An  appreciably  different  mean  energy  of  the  C  =  C  bond  is  also 
obtained  for  the  compounds  of  certain  other  classes.  For  instance, 
in  the  case  of  allene  H,C  =  C  =  CH,  we  have  Ec-c  =  140.6  kcal/mol. 

Whereas  the  heats  of  formation  of  olefines  are  known  to  a  high 
degree  of  accuracy  for  a  large  number  of  the  members  of  the 
homologous  series,  due  to  a  lack  of  such  data  for  aldehydes,  ke¬ 
tones,  carbonic  acids,  and  their  alkyl  derivatives,  the  mean  energy  of 
the  C  =  0  bond  in  compounds  of  these  classes  may  be  determined 
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only  tor  the  first  two  members  of  the  homolotjoiis  series  of  each  of 
these  classes.  For  this  reason,  one  can  only  speak  conditionally  of 
the  average  energy  of  the  C-— O  bond  for  these  compounds. 

The  values  of  this  energy  obtained  from  known  heals  of  formation 
of  aldehydes  RCHO,  ketones  R,COR,.  and  acids  RCOOH  are  173.(1, 
181.6,  and  189.5  kcal  mol  respectively.  Despite  the  rather  appro.xi- 
inate  nature  of  these  values,  variation  in  the  averat;e  ener!.,'y  of  the 
C  =  0  bond  when  passinu  from  aldehydes  to  ketones  and  to  acids 
is.  apparently,  regular.  The  principal  reason  lor  this  dincrence  is  to 
be  sou"ht  in  the  conjugaiim  ctfi'cl  (see  below). 

Bond  energies  in  conjugated  systems.  When  a  hydrocarbon  mole¬ 
cule  has  two  or  more  double  bonds,  the  energy  of  the  carbon-carbon 
bonds  depends  upon  their  relative  arrangement.  We  have  already 
seen  that  the  energy  of  the  double  bond  C--  C  in  allene  H,C  C  —  ('l  l., 
which  is  a  representative  of  hydrocarbons  with  cumulated  doubie 
bonds,  is  considerably  less  (140.6  kcal  mol)  than  the  energy  of  the 
('  =  C  bond  in  olefines,  where  there  is  no  cumulation  of  double 
bonds  (146.2  kcal  mol).  On  the  contrary,  in  compounds  with  conju¬ 
gated  double  bonds,  i.e.,  with  double  bonds  separated  by  a  single 
C  —  C  bond,  the  energy  of  carbon-carbon  bonds  is  always  greater. 
For  instance,  in  propylene  H,C  =  CH' — CH,  or  in  1 .4-pentadicne 
H,C  =  CH  —  CH,  —  CH  =  CH,.  in  which  the  double  bonds  are  isolat¬ 
ed.  the  sum  of  the  energies  of  single  and  double  bonds  Ec_c  + 
+  Ec-c  is  229.0  and  228.8  kcal, 'mol,  whereas  in  isoprene  H.C=-  (iH  — 
—  CH  =  CH.  and  1,3-pentadiene  H.C  =  CH  —  CH  =  CH  —  CH..  i.e., 
in  molecules  with  conjugated  bonds,  this  sum  is  230.1  and 
232.1  kcal  mol.  In  the  symmetric  benzene  molecule  with  its  most 
perfect  system  of  conjugated  bonds,  the  sum  of  energies  of  two 
carbon  bonds  is  242.6  kcal, mol. 

The  phenomenon  of  conjugation  is  not  a  specific  peculiarity 
solely  of  carbon-carbon  bonds  and  is  observed  also  in  the  case  of 
C  =  0  and  other  multiple  bonds;  conjugation  is  also  possible  be¬ 
tween  a  double  bond  and  an  unshared  pair  of  electrons  of  some 
atom  (for  instance,  an  O  atom  or  a  halogen  atom).  These  types  of 
conjugation  akso  lead  to  a  strengthening  of  chemical  bonds.  An 
instance  of  conjugation  of  C  =  0  bonds  is  glyoxal 


O 

C  — C 


o 


/ 

H 


\ 

H 


in  which  the  energy  of  the  C  =  0  bonds  is  substantially  higher 
than  the  energy  of  isolated  C  =  0  bonds  in  aldehydes  (180.2  and 


GIG 


MOLECULAR  CONSTANTS 


ICh.  10 


173.0  kcal  mol).  We  have  a  case  of  conjugation  of  the  C  =  0 
bond  with  an  unshared  pair  of  electrons  of  hydroxyl  oxygen  in  the 
carbonic  acids,  for  which  the  average  value  of  Ec=o  is  190  kcal/mol. 
This  is  appreciably  greater  than  the  value  for  carbonyl  compounds. 
An  outstanding  instance  of  the  strengthening  effect  of  double-bond 
conjugation  with  an  unshared  pair  of  electrons  (chlorine  atom)  is 
phosgene  Cl  ,C=0,  for  which  Ec=o=  183.7(cf.  Ec=o=  165.2  kcal/mol 
for  formaldehyde  H,C  =  0). 

An  examination  of  the  experimental  material  referring  to  the 
energies  of  chemical  bonds  shows  that  the  approximate  constancy  of 
binding  energy  of  a  given  pair  of  atoms  is  best  satisfied  in  the 
case  of  compounds  with  single  bonds  and  also  in  molecules  with 
similar  structure,  for  example,  in  homologous  series.  But  in  the 
case  of  compounds  of  dilTerent  classes  containing  both  single  and 
multiple  bonds,  the  assumption  of  constant  bond  energies  is  extremely 
crude;  this  is  clearly  exemplified  by  data  referring  to  C  =  0 
bonds. 

It  may  be  stated  that  the  constancy  of  bond  energies  and  the 
additive  formula  that  follows  therefrom  are  justified  satisfactorily 
in  those  cases  when  the  valence  scheme  of  the  molecule  expressed 
by  the  accepted  structural  formula  is  unique  or  at  least  is  predom¬ 
inant  over  other  possible  valence  schemes.  Only  on  this  condi¬ 
tion  can  the  heat  of  atomisation  of  a  molecule  be  represented  (to 
a  sufficient  approximation)  as  the  sum  of  energies  of  individual 
bonds,  constant  for  the  given  pair  of  atoms,  i.  e.,  the  additive 
formula 

A  =  2E|  (49.23) 

where  E,  is  the  energy  of  the  rth  bond  in  the  molecule.  However, 
in  the  case  of  several  possible  valence  schemes  (which  is  particu¬ 
larly  characteristic  of  conjugated  and  aromatic  systems),  we  can 
obviously  write-in  place  of  (49.23)  and  retaining  the  values  of 
the  bond  energies  — 


A  =  A"  +  AA  (49.24) 

where  A“  =  2E?  and  AA  is  a  term  that  takes  into  account  the  var¬ 
iations  in  bond  energies  which  violate  the  postulate  of  additivity 
and  which,  in  the  final  analysis,  are  conditioned  by  the  mutual 
interaction  of  the  atoms  in  the  molecules.  The  quantity  AA,  which 
is  ordinarily  called  the  energy  of  conjugation  or  the  resonance  energy, 
may  be  calculated  to  a  certain  degree  of  accuracy  by  means  of 
quantum  mechanics. 

Another  method  of  taking  into  account,  empirically,  the  changes 
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that  the  bond  energy  of  a  given  pair  of  atonic  undergo  in  dilTerent 
molecules  consists  in  the  following.  Depending  upon  the  class  of 
compound  to  which  the  molecule  belongs,  some  value  is  assigned  to 
the  bond  energy  of  each  pair  of  atoms  In  this  way,  we  distin¬ 
guish  the  bonds  Cji — H  and  C.,, — H.  i.e..  the  bonds  of  C  and  H 
atoms  in  aliphatic  and  aromatic  compounds,  to  the  energies  of  which 
somewhat  dilTerent  values  are  assigned.  ThebondsC.i — C.i.  C.,i — C.„. 
C.,r — Cj„  C.i — O.  C.r — O.  etc.,  are  further  dilTerentiated  as  having 
dilTerent  energies  as  well. 

This  empirical  method  has  been  most  consistently  applied  by  Ta- 
levsky.  who  used  hydrocarbons  of  dilTerent  structure  and  demon¬ 
strated  that  by  introducing  the  concept  of  the  types  of  C,  CandC. 
H  chemical  bonds,  which  is  determined  by  the  position  of  the  given 
bond  among  the  other  bonds  in  the  molecule,  and  by  assigning  to 
the  bond  energy  of  each  type  a  definite  and  characteristic  value, 
it  is  possible  (by  means  of  an  appropriate  equation)  to  compute  to 
a  sufTiciently  high  degree  of  accuracy  the  heats  of  atomisation  and 
the  heats  of  combustion  of  any  hydrocarbon. 

The  additive  formula,  as  a  purely  empirical  formula  (in  the  more 
simple  and  crude  form  that  it  is  ordinarily  used  or  in  the  more 
complex  form  proposed  by  Tatevsky  that  takes  into  account  a  va¬ 
riety  of  types,  and  even  subtypes,  of  bond  of  a  given  pair  of  atoms), 
re(|uires  theoretical  substantiation  and  a  theoretical  establishment 
of  the  range  of  its  applicability.  This  problem  reduces  to  the  gen¬ 
eral  problem  of  the  molecule,  a  rigorous  solution  of  which,  how¬ 
ever,  encounters  great  mathematical  difficulties. 

In  a  number  of  cases  the  bond  energies  do  not  remain  const.int 
even  very  approximately.  Thus,  from  the  heat  of  the  reaction 
N,-|-0  =  N',0  we  have  for  the  energy  of  the  N=0  bond  39  9 
kcal  in  place  of  the  normal  value  close  to  150  kcal.  There  is  a 
large  dilTerence  in  the  energies  of  the  Hg — X  (X  =C1. 
Br.  I)  bond  in  the  molecules  HgX,  and  in  the  radicals  Hg.X:  En„_\ 
calculated  from  the  atomisation  energy  of  HgX,  molecules  is  2  to  3 
times  the  heats  of  dissociation  of  Hg — .X  radicals.  .Xs  already  point¬ 
ed  out  (p  303),  this  great  lack  of  constancy  of  bond  energies  in 
these  and  analogous  cases  is  to  be  explained  by  excitation  of  va¬ 
lence.  i.e.,  by  the  variations  of  energy  associated  with  changes  in 
the  valence  state  of  the  atoms. 

Double-bond  character.  In  concluding  this  section  let  us  consid¬ 
er  the  problem  of  the  relationship  between  the  bond  energy  of  a 
given  pair  of  atoms  and  the  distance  between  these  atoms  ( bond 
length)  in  the  molecules  of  dilTerent  compounds.  From  calculations 
of  the  energy  of  chemical  bonds  in  diatomic  molecules  it  follows 
that  between  the  energy  of  the  bond  (the  heat  of  dissociation)  and 
the  equilibrium  distance  between  the  atoms  there  is  an  inverse  rela- 
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tionship  that  finds  expression  in  a  decrease  in  the  equilibrium  dis- 
tance  with  strengthening  of  the  molecule.  This  relation  is  reflected 
in  numerous  empirical  formulas  connecting  D  and  r.  A  similar  re¬ 
lationship  exists  between  the  bond  energy  of  a  pair  of  atoms  and 
the  length  of  the  respective  bond  in  the  case  of  polyatomic  mole¬ 
cules  as  well. 

Fig.  126  gives  the  earlier  found  C.  C-  and  C.  O-bond  energies 
in  diflerent  molecules  as  a  function  of  the  distance  between  the 
corresponding  atoms  in  the  molecule.  These  data  for  C,  C-bonds 
refer  to  ethane  Ff,C — CH,  (82.9  kcal  mol.  1.543  A),  benzene  C,H, 
(121.3  kcal  mol,  1.387  A),  ethylene 

H. C=CH.  (143.4  kcal  mol,  1.353  A),  al- 
lene  H,d  =  C=CH,  (140.6  kcal  mol. 

I. 309  A),  and  acetylene  HC=CH  (195.0 

kcal  mol,  1.207  A);  it  is  assumed  that 
the  additive  formula  holds  for  heats  of 
atomisation  of  these  compounds  for 
Ec-h  =  98,75  kcal  mol.  The  data  for 
C.  O-bonds  refer  to  CO  (257.2  kcal  mol, 
1. 131  A),  CO,(192.2  kcal  mol.  1.163  A), 
and  to  methyl  alcohol  CH,OH  (80.2 
kcal  mol.  1.427  A),  lor  which  it  is 

taken  that  the  additive  formula  holds 
lor*  Ec-n  =  98.75  and  Eo-h=  110.8 
kcal  mol.  An  analogous  monotonic  rela¬ 
tionship  is  observed  between  the  energy 
and  the  bond  length  in  the  case  of  other 
pairs  of  atoms  as  well.  Attempts  have 
likewise  been  made  to  establish  analytical 
relations  between  E  and  r. 

The  curves  in  Fig.  126  are  in  close 
accord  with  the  so-called  double-bond- 
character  curve  introduced  into  the  theory 
of  chemical  bonds  by  Pauling.  The  term 
“double-bond  character"  signifies  the  de¬ 
gree  to  which  a  bond  between  a  given  pair 
of  atoms  (carbon  atoms,  for  instance)  approaches  a  double  covalent 
bond.  In  the  case  of  two  carbon  atoms,  the  degree  of  the  double¬ 
bond  character  of  an  isolated  single  C — C  bond  is  assumed  equal  to 
zero  and  that  of  an  isolated  double  bond,  to  unity.  In  the  benzene 
molecule  with  its  six  identical  carbon-carbon  bonds,  each  of  which 
may  be  considered  50'’  ,  single  and  50“/„  double,  the  degree  of  double- 
bondedness  is  assumed  equal  to  one  half.  Finally,  in  the  case  of 
graphite,  the  valence  scheme  of  which  may  be  represented  (schema¬ 
tically)  by  the  following  structure: 


See.  50 1 
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the  degree  of  doiible-bondedness  will,  obviously,  be  equal  to  one- 
third  because  here,  on  the  average,  every  third  bond  is  double.  The 
double-bond-character  curve  plotted  from  these  four  points  is  shown 
in  Fig.  127;  the  abscissa  is  the  degree  of  doubic-bondedness  .\.  the 


Fil>.  127.  Doublc-boniJ-charactvr  curve 


ordinate  is  the  distance  between  carbon  atoms  in  ethane  (1.543  A), 
graphite  (1.42  A)  benzene  (1.387  A),  and  ethylene  (1.353  A). 
According  to  Pauling,  the  double-bond-character  curve  may  be  ap- 
pro.ximately  represented  by  the  following  formula 


where  r,  and  r,  are  the  distances  between  the  given  pair  of  atoms 
in  isolated  single  and  double  bond,  r  is  the  distance  between  these 
atoms  in  the  case  of  a  bond  intermediate  between  double  and  single. 
On  the  basis  of  the  curve  in  Fig.  127  and  similar  curves  plotted 
for  other  pairs  of  atoms,  one  can  judge  the  nature  of  the  respective 
bonds,  and  this  is  of  great  interest  for  elucidating  the  nature  of 
bonds  in  general. 

50.  Vibrational  Frequencies  of  Molecules 

Relations  between  vibrational  frequencies.  The  vibrational  fre¬ 
quencies  of  molecules  are  the  ne.xt  important  molecular  constants 
after  the  dissociation  energy  and  the  energy  of  chemical  bonds.  As 
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may  be  seen  from  (37.8)  (p.  354),  we  have  the  following  approximate 
relationship  between  the  heat  of  dissociation  of  a  diatomic  molecule 
D  and  the  vibrational  frequency  <o; 

o)'^D.  (50.1) 

From  this  equation  it  follows  that  the  greater  D  the  greater  should 
be  the  vibrational  frequency.  Experiment  shows  that  this  relation¬ 
ship  is  qualitatively  fulfilled  in  practically  all  cases. 

One  of  the  most  reliable  and  exact  methods  of  experimental  de¬ 
termination  of  the  vibrational  frequencies  of  molecules  is  the  spec¬ 
troscopic  method,  developed  for  the  study  of  the  structure  of  rota¬ 
tion-vibration  (infrared)  and  electronic  spectra,  and  also  Raman 
spectra,  \'ery  important  lor  analysing  the  vibrational  structure  of 
the  spectra  of  complex  molecules  (due  to  the  great  comlexity  of 
these  spectra)  is  the  possibility  of  theoretically  establishing  defi¬ 
nite  relationships  between  the  separate  frequencies  of  a  given  mole¬ 
cule  (ci)|)  and  also  between  the  frequencies  o),  and  those  of  the  cor¬ 
responding  diatomic  molecules.  To  illustrate,  we  take  the  case  of 
linear  vibrations  of  a  symmetric  triatomic  linear  molecule  YXY. 

To  establish  a  relationship  between  the  frequencies  of  this  type 
of  molecule,  one  has  to  solve  the  problem  of  small  vibrations  of 
the  molecule.  Its  potential  energy  U  may  be  given  approximately 
as 

U(q,.  q..  q.)  =  f,(q,)  +  f.(q,)  +  t.(q.) 


where  q,,  q,.  and  q.  are  the  relative  displacements  of  the  atoms. 
The  functions  f,,  f,,  and  f,  represent  the  interaction  energy  of  atoms 
Y  and  Y  (f,).  Y  and  X  (f,).  and  X  and  Y  (f,).  Disregarding  the 
interaction  of  the  end  atoms  (Y  and  Y)  due  to  the  great  distance 
between  them  and  expanding  the  functions  f,  into  a  Taylor  series  in 
powers  of  q,,  we  get  (to  a  first  approximation) 


U(q)  =  U 


(0)  +  -i 


ajU) 


By  virtue  of  the  symmetry  of  the  molecule,  obviously. 


and,  hence. 


U==U(0)  +  4(q;-l-q;). 


(50.2) 


Then  writing  the  expression  for  the  kinetic  energy  of  the  vibrations, 
T  t=  j  (mvj  +  MvJ  -j-  mvj) 


See.  SOI 
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where  V,.  v,,  and  v,  are  the  velocities  of  the  atoms  Y,  X,  and  Y. 
m  is  the  mass  of  the  Y  atom  and  M  is  the  mass  of  the  X  atom, 
and  introducing  the  relative  velocities  of  the  atoms 

q,  =  V,  —  V,  and  q,  =  v,  —  v 
and  the  velocity  of  the  centre  of  gravity  of  the  molecule 


mv,  -h  .Mvj  -j- 
'  M+'2m 


0). 


we  can  transform  the  expression  tor  1  to 


1  (mi^ 

'  2  L  M  H 


2ni* 


.N\  -h  2m 


iiq>]  + 


2ni  +  M 


(50.3) 


Further,  combining  expressions  (50.2)  and  (50.3)  to  form  the  Ha 
miltonian  function 

H  =  T  +  U 


and  finding  the  momenta  p,  and  p,  that  correspond  to  the  coordi 
nates  q,  and  q,. 

<?H  m  (M  ni)  •  ■  nr  • 

P*  ~M-j-  2m“  '  M  +  2m 

and 


P. 


£H 

dq. 


m  f  At  -f-  m)  I  ni*  ^ 

At  +  2m  >  M  +  2m‘'>’ 


we  obtain  the  canonical  equations  of  linear  vibrations  of  the  mole¬ 
cule 

m  (At -I- ml  ■■  ,  m*  ■'  i  i,  _  n 
At-t-2m  ‘^■"'".\t-)-2m‘'>"'~ 
ni  (M  +  ni) 


II  (M  +  ni)  ••  ,  m*  ,  1, 

At-)-2ni  ‘'■"l"At-f-2ni‘*«T"^‘'» 


Solving  these  equations  by  substitution  of  q,  =  q5e"''“'  and 
q,  =  q;e='''"'  we  get  (eliminating  q,  and  q,) 

•  (M  +  m  m)  (2na))*. 


At  2m 

From  the  latter  expression  we  find  the  frequencies  a>,  and  u,; 


and 


— 2n  W- 


(50.5) 
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It  will  be  noted  that  the  frequency  of  asymmetric  vibrations  o>,  in 
which  all  three  atoms  participate  depends  on  the  masses  of  all  the 
atoms,  whereas  the  expression  for  the  frequency  of  symmetric 
vibrations  performed  only  by  atoms  Y  involves  only  the  mass  of 
the  latter. 

From  (50.4)  and  (50.5)  we  get  the  following  relation  between  the 
frequencies  o),  and  <0j; 

1^!=  Tj/AT+lm  /5O6) 

<0,  r  At 

Using  this  relation  it  is  possible  to  calculate  one  of  the  frequencies 
of  the  given  molecule  if  the  other  frequency  is  known.  The  degree 
of  accuracy  of  this  calculation  may  be  judged  from  the  following 
data  Obtaining  from  (50.6)  the  relation  of  frequencies  of  the  mol¬ 
ecules  CO,  and  CS,.  we  get  1.92  and  2.52.  whereas  experiment 
yields  1.83  and  2.32.  respectively.  It  is  also  possible  to  establish 
relationships  between  the  individual  frequencies  similar  to  (50.6)  for 
more  complex  tnolecules.  thus  greatly  simplifying  the  analysis  of 
their  vibrational  terms. 

The  o),  frequency  of  the  YXY  molecule  that  corresponds  to  bend¬ 
ing  vibrations  cannot,  of  course,  be  derived  from  a  consideration 
of  linear  vibrations  due  to  central  forces.  To  calculate  this  fre¬ 
quency.  it  is  necessary  to  introduce  a  certain  constant  A,  similar  to 
the  constant  U  and  characterising  the  quasi-elastic  forces  that  arise 
in  the  deformation  (bending)  of  the  molecule.  Using  the  constant  A. 
we  can  express  the  frequency  co,  by  the  formula 

=  (50-7) 


Experiment  shows  that  as  a  rule  the  constant  A  is  less  than  con¬ 
stant  k  by  one  or  two  orders  of  magnitude. 

Let  us  consider  the  case  of  a  symmetric  triatomic  molecule  of 
triangular  structure,  such  as  H,0.  Cl,0,  SO,.  In  this  case,  solution 
of  the  problem  of  small  vibrations  of  the  molecule  leads  to  the 
following  equation  for  frequencies  <i>,.  10,  and  to,: 


+ w  ® ^ ^  r  +  2"!)  “S'  6] 


I  , 

=0 


(50.8) 


where  k  and  k'  are  constants  of  a  quasi-elastic  bond  between  the 
atoms  Y.  Y  and  Y.  X.  respectively;  m  and  M  are  the  masses  of 
atoms  Y  and  X.  and  26  is  the  angle  YXY.  Equation  (50.8)  has 
three  independent  roots  X,.  X,.  and  X,,  which  yield  three  vibrational 
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frequencies  cd,.  and  co,  that  are  determined  from  the  relations 
=  ^-i-  (50.9) 

The  molecular  vibrations  correspond iiiH  to  these  three  frequencies 
were  displayed  in  Fiy.  83  (p.  352).  It  will  readily  be  seen  that  these 
vibrations  pass  into  the  vibrations  of  a  linear  molecule  (Fiy.  82)  as 
the  angle  26  increases  to  180  . 

It  will  be  noted  that  the  triangular  molecule  ^  hiis  throe  nio- 
ments  of  inertia  (three  rotational  degrees  of  freedo)n)  and,  hence, 
the  number  of  its  natural  frequencies  is  3N — ii —i.  This  is  the 
number  given  by  the  previous  calculation. 

We  shall  illustrate  the  possibility  of  calculating  the  vibrational 
frequencies  of  a  complex  molecule  from  the  frequency  of  a  diatom¬ 
ic  molecule  in  the  case  of  halogen  compounds  of  zinc,  cadmium, 
and  inercury.  The  Raman  spectrum,  the  dipole  moment  and  other 
properties  of  these  molecules  as  well  as  electronographic  iiieasure- 
ments  show  that  they  are  linear  in  the  gaseous  state  and  in  nona- 
queous  solutions.  Coisequently,  the  frequencies  of  valence  (linear) 
vibrations  of  these  molecules  (<o,  and  <o,)  may  be  expressed  by  the 
formulas  (50.4)  and  (50.5).  For  the  frequency  of  the  diatoinic 
molecule  Y.X  we  have  the  expression 


From  a  comparison  of  (50,4),  (50.5).  and  (50.10)  it  follows  that 


k  M  +  2m 


and 


,/"k  M 

CO  =  CO  |/  T—  TTi — ; -  • 

*  r  k„  .M  •+■  in 


(50.11) 


kj  4-  m 

In  order  to  make  use  of  formulas  (50,11)  it  is  necessary  to  know 
the  relationship  of  the  constants  k  and  k„.  Co)nparing  expressions 
(50.10)  and  (50.1),  we  can  put  k„  proportional  to  the  heat  of  dis¬ 
sociation  of  the  YX  molecule  (D„).  Assuming  a  similar  relationship 
in  the  case  of  triatomic  molecules,  we  put  constant  k  proportional 
to  hall  the  heat  of  atomisation  of  the  YXY  molecule. 
Consequently,  snd  equations  (50.11)  transform  to 


,\\  2fn 

1 

D 

(1),  — 

y  2D. 

M  4-m 

an 

2D. 

Since  the 

vibrational 
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just  like  the  corresponding  quantities  D„  and  D  (see  Table  30.  p.  303), 
it  is  possible,  from  (50.12),  to  calculate  the  frequencies  <o,  and  <o, 
of  molecules  ZnX,.  CdX,  and  HgX,.  These  values  of  O),  and  a>,. 
together  with  their  measured  values,  are  given  in  Table  61. 

Table  61 

Vibrational  frequencies  of  molecules  ZnXj. 

CdXj.  and  HgX,tX=CI.  Br,  I),  measured  and 
calculated  from  the  vibrational  frequencies  of 
diatomic  molecules  ZnX.  CdX,  and  HgX  (in 
cm"')-  The  calculated  values  are  given  in 
parentheses 


M'.tK‘ciilc 

u>,.  cm"' 

ZnCI, 

516  (507) 

—  (348) 

ZnBr, 

413 

— 

— 

Znl, 

^40 

— 

_ 

CdCl, 

427  (471) 

-  (337) 

CdBf, 

315 

— 

— 

Cdl, 

265  (250) 

— 

137  (130) 

HgCl. 

413  (413) 

70 

355  (355) 

HgBr, 

293  (294) 

41 

220  (220) 

Hgl, 

237  (237) 

33 

155  (157) 

It  is  seen  that  the  calculated  values  are  in  satisfactory  agreement 
with  the  measured  values.  In  the  case  of  HgX,  the  agreement  is 
practically  complete.  Apparently,  this  is  due  to  the  high  accuracy 
of  D,  and  D  in  this  case. 

ft  may  be  noted  that  an  analogous  calculation  of  the  frequencies 
of  valence  vibrations  of  the  molecule  CO,  from  (i)co  =  2168  cm"'. 
Dco  =  256.1  and  yDco,  =  190.9  kcal  mol  yields  <ij,  =  2350  cm"' 
and  o),  =  1230cm''  in  place  of  the  observed  2350cm"'and  1286  cm"'. 
The  worse  agreement  of  quantities  ro,  should  be  attributed  here  to 
Fermi  resonance  (see  p.  360). 

Characteristic  frequencies.  Measurements  of  the  vibrational  fre¬ 
quencies  of  different  molecules  show  that  molecules  containing  a  given 
pair  of  specifically  bound  atoms  or  a  given  group  of  atoms  have 
close  frequencies.  This  permits  speaking  of  characteristic  frequencies 
of  individual  groups  (cal led  chromophoric  groups). 

To  illustrate.  Table  62  gives  the  characteristic  frequencies  in  the 
homologous  series  of  mercaptans  RSH,  nitriles  RCN,  and  amines 
RNH,(R  is  the  alkyl  radical).  From  this  table  it  is  seen  that  for 
homologous  mercaptans  we  have  a  characteristic  frequency  close  to 
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2570  cm  tor  nitriles.  2240  cm"',  and  for  amines,  frequencies 
3320  and  3370  cm"'. 


Table  62 

Characteristic  frequencies  in  homologous  series 
(in  cm"') 


Mert-iptans 

Nitri  ks 

Amines 

CH, 

2572 

22-19 

3372  3315 

2570 

22-13 

3369  3310 

C,H, 

2575 

2244 

3377  3320 

C.H, 

2575 

2240 

3371  3319 

C.H.. 

2573 

2242 

-  3320 

Common  to  all  homologous  mercaptans  is  the  presence  of  an  SH 
group.  It  is  therefore  natural  to  a.ssign  a  frequency  of  2570  cm"' 
to  this  group.  This  is  confirmed  by  the  fact  that  of  the  three  fre¬ 
quencies  of  the  H,S  molecule,  one  (2611  cm"')  is  close  to  the 
characteristic  frequency  of  the  mercaptans.  That  frequency  2240  cm"' 
(which  is  characteristic  of  nitriles)  belongs  to  the  CN  group  Is 
confirmed  by  the  fact  that  all  molecules  containing  this  group  have 
frequencies  close  to  the  characteristic  frequency  of  nitriles  (for 
example,  CICN  has  a  frequency  of  2206  cm"',  BrCN,  2187  cm"',  ICN, 
2158  cm"',  C,N,,  2149  cm"',  etc.);  finally,  a  frequency  close  to  the 
characteristic  frequencies  of  amines  is  observed  in  the  case  of  N'H, 
(3337  cm"'). 

Table  63  gives  the  characteristic  frequencies  of  various  atomic 
groups. 

The  fact  that  the  frequencies  which  correspond  to  a  given  bond 
or  a  given  atomic  group  have  close  values  for  different  molecules 
is  a  simple  reflection  of  the  approximate  constancy  of  energy  of  the 
same  bonds  that  follows  from  the  approximate  proportionality  be¬ 
tween  the  quasi-elastic  constant  k  (which  determines  the  vibrational 
frequency)  and  the  bond  energy. 

Since  the  expressions  for  vibrational  frequencies  of  molecules 
involve  both  the  quasi-elastic  bond  constant  and  the  masses  of  the 
vibrating  atoms,  the  vibrational  frequencies  may  be  regarded  only 
as  conditional  characteristics  of  the  bond  energies  in  a  molecule. 
For  example,  due  to  the  difference  in  mass  of  hydrogen  isotopes 
the  vibrational  frequencies  of  the  H,0  and  D,0  molecules  are  equal, 
respectively,  to  (o,  =  3693.89  and  2758.06  cm"',  o),=  1614.50  and 
1210.25  cm"'.  co,  =  3801.78,  and  2883.79  cm"',  i.e.,  they  exhibit 
a  very  substantial  difference,  whereas  the  bond  energies  in  the  H,0 
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Table  63 

Ch.iractorist ic  frequencies  of  various  aloniic  groups  in  cm“’  (after  Herzberg) 


Group 

bond-slrctch- 

inir 

vibr.ll  ion 

Group 

Bond-Stretch* 
in;  vibration 

I  Group 

I 

Bond-bend¬ 
ing  vibra¬ 
tion 

=  C-  H 

3300 

—  C^C  — 

2050 

Uc-H 

700 

=  C—  H 

1 

3020 

>c  =  c< 

1659 

)C-H 

2960 

-c<-” 

1100 

— C  — F 

/ 

. H 

—  0  — H 

3680 

I  X 

\|/ 

U 

1 

1000 

-S-  H 

2570 

yC  -Cl 

650 

>C<|H 

U30 

>N  —  H 

3350  ! 

^C— Br 

560 

/!« 

C  H 

\h 

>c  =  o 

1700 

-C—  N 

2100 

7C-' 

c-c=c 

300 

and  D,0  molecules  are  practically  identical.  This  frequency  differ¬ 
ence  is  great  also  in  other  instances  of  bonds  with  the  H  and  D 
atom.  And  in  other  cases,  too,  it  always  occurs  to  one  degree  or 
another.  For  this  reason,  it  is  not  the  frequencies  but  the  quasi¬ 
elastic  bond  constants  calculated  from  them  that  represent  the  true 
characteristic  of  the  strength  of  chemical  bonds  in  molecules. 
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